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PREFACE. 

The volume now presented must be regarded as the opening 
one of a series forming a Text-Book on Physics, which the 
authors are preparing. The second volume, that on Sound, has 
already been issued, and the remaining volumes dealing with 
Heat, Magnetism and Electricity, and Light will be published 
in succession. 

As already stated in the preface to the volume on Sound, 
" The Text-Book is intended chiefly for the use of students who 
lay most stress on the study of the experimental part of 
Physics, and who have not yet reached the stage at which the 
reading of advanced treatises on special subjects is desirable. 
To bring the subject within the compass thus prescribed, an 
account is given only of phenomena which are of special 
importance, or which appear to thi*ow light on other branches 
of Physics, and the mathematical methods adopted are very 
elementary. The student who possesses a knowledge of 
advanced mathematical methods, and who knows how to use 
them, will, no doubt, be able to work out and remember most 
easily a theory which uses such methods. But at present a 
large number of earnest students of Physics are not so 
equipped, and the authors aim at giving an account of the 
subject which will be useful to students of this class. Even 
for the reader who is mathematically trained, there is some 
advantage in the study of elementary methods, compensating 
for their cumbrous form. They bring before us mow ^^vdsi^Vj 
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the points at which the varioas assumptions are made, and they 
render more prominent the conditions under which the theory 
holds good." 

In the present volume the authors deal with weight, mass, 
gravitation, and those properties of matter which relate chiefly 
to change of form, such as Elasticity, Fluid Viscosity, Surface 
Tension, Diffusion and Solution. The molecular theory of matter 
has necessarily been introduced, inasmuch as investigators have 
almost always expressed their work in terms of that theory. 
But the detailed account of the theory, especially as applied to 
gases, will be given in the volume on Heat, in connection with 
the account of the phenomena which first brought it into 
prominence. 
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PROPERTIES OF MATTER. 



CHAPTER I. 
WEIGHT AND MASS. 



I Cost E NTH, —Weight — Mas, 



' IntrOdUCtOr; Remarks.— Physics is the atudy of the propeitieB of 
m&tter, and of the action of one portion of matter upon another, and 
uttimately of the effects of tbeae actions upon our Kenses. The properties 
studied in tbe various bmncbes, Sound, Heat, Light, and Magnetism and 
Electricity, are for the most part easily classiBed under these headings. 
But there are other properties chiefly connected with ch&nges in shape and 
relative position within a system which are grouped together as •' General 
Frmerties of Matter," Among these latter properties are Elasticity, 
Surface Tension, Diffusion and Viscosity. 

The most geoeral properties of matter ai'e really those studied in 
Stntics and Dynamics : the relation between forces, when the matter 
act«d on is in equilibrium and the motion of matter under the mutual 
action of the various portions of a system. But in Statics and DynamicB 
the recourse to experiment is so smaU, and when the ezperimental foun- 
dation is once laid the mathematical sti-ucture is so great, that it is con- 
Tenient to treat tbeee branches of Physics separately. We shall assume 
ID this work that the reader has already studied them, and is familiar 
both with the conditions of equilibrium and with the simpler types of 
motion. 

We shall, however, begin with the discussion of some questions which 
involve dynamical considerations. We shall show how wo pass from the 
idea of teeuj/U to that of maaa, and how we establish the doctrine of the 
constancy of mass. We shall then give some account of the measurement 
of gravity at the surface of the earth, and of the gravitation which is a 
property of all matter wherever situated. We shall then proceed to the 
discussion of those properties of matter which are perhaps best described 
BB involving change of form. 

Welg'ht. — All matter at the surface of the earth has weight, or is 
pulled towards the ground, The fact that tlie pull is to the earth at 
all parts of its surface shows conclusively that it is due to the earth. 
Apparent exceptions, such us the rising of a balloon in air, or of a cork 
water, are of course explained, not by the levity of the rising bodies, 
b by the greater gravity of their surroundinge. Common experience 
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with the balance sibows that the nitio of the weights of two bodies is 
ooDstaut wherever they are weighed, so long as they are both weighed 
at the same point. Common experience shows too that the ratio is the 
tiame, however the bodies be turned about oa the scale-paa of the balance. 
The balance does not tell ue anything as to the constancy of weight of 
a given body, but only as to the constancy of ratio ; for if the weights of 
difierent bodies varied, and the vaiiation was always in the same mtio, the 
balance would fail to indicate it. But here experiments wilh pendulums 
supplement our knowledge. A given pendulum at a constant temperature 
Hnd in a fixed position has, as nenriy as we can observe, the aame time of 
swing from day to day and from yenr to year. This implies that the 
pull of the earth on the bob is constant — i.e., that the weight at the 
same place remains the same. 

This constancy of weight of a body at the same point appears to hold 
whatever chemical or physical changes the matter in it may undergo. 
Experinieats have been made in the weight of sealed tubes containing 
two substances which were at first separated, and which were then 
mixed and allowed to form new chemic^ compounds. The tubes were 
weighed before and after the mixture of their contents. But though 
Ldindolt' and Heydweillert have thought that the variations which they 
observed were real and not due to errors of experiment, Sanford and 
Ray:t have made similar experiments, and considered that the variations 
were observational errors. Where variations have been observed they are 
so minute and so irregular that we cannot as yet assume that there Is any 
change in weight. 

Again, temperature does not appear to afiect weight to any appreciable 
extent. It is extremely dilEcult to make satisfactory weighings of a body 
at two different tempei-atures. Perhaps the best evidence of constancy is 
obtained from the agreement in the results of difierent methods of 
measuiing liquid expansion. In Dulong and Petit's U-tube method of 
determining the expansion of mercury, two unit columns have difierent 
heights but equal weights, and it is assumed that the cold column would 
expand into the hot column without change of weight. But in the 
dilatiometer method nearly the wbole expansion is directly measured, and 
only the small expansion of the envelope, measured by assuming the expan- 
sion of mercury, introduces the assumption of constancy of weight with 
change of temperature. The close agreement of the two methods shows 
that there is no large variation of weight with temperature. 

We may probably conclude that, up to the limit of our present powers 
of measurement, the weight of a body at a given point is constant under 
all conditions. 

But when we test the weight at different points this constancy no 
longer holds. The common balance used in the ordinary way faiU to show 
variation, since both pans are equally affected. 

But very early in the history of the pendulum, hs we shall show in the 
next chapter, experiments proved that the seconds pendulum had different 
lengths at different places, or that the same pendulum had different times 
of swing at different places. In other words, the weightof the bob varied. 
Thus a body is about 1 in JiOO heavier at London than at the Equator. 
* Ztil./. Phgiit. raem., lii. 1, 1894, 
t Ztit.f. Phgtii.. AogOBt 25. 1900, p. 627. 
t Pkiji. lltv.. V. 1887, p. 217. 



As early ae UH'i'i an experiment whs made by Dr. Power* in which A 
vari&tion of weight with change of level over tbe Bitme point wafi looked 
for. A body was weighed by a tixed iaiance, being firbt placed in the 
scale-pau and then hung far below the same pan by a string. The 
experiment was repeated by Hooke, and lator by others, but the vaj-intioii 
WHS quite beyond the mngo of observation jiossible with these early 
expenmenters, and the results they obtained were due to disturbances in 
tiie surroundings. The first to show that the balance oould detect a 
T&ri&tion was von Jolly (chap. iii. p. 41), who in I>«78 described an 
experiment in which he weighed a kilogramme on a balance 5'5 metreii 
■ibove the floor and then hung the kilogramme by a wire so that it was 
near the floor. He detected a gain in the lower position of l'& mgm. 
I^ter he repeated the experiment on it tower, a o kgm. weight gaining 
inoT« than ill mgms. between the top of the tover and a point 21 metres 
below. More recently Richarz and Krigar-Menzel found a vm-iulion 
in the weight of a kOogi-amme when lowered only '2 metres (chap. iii. 
p. 42.) 

The evidence then is convincing that the weight of a body varies from 
point to point on the earth's surface, and also varies with its distance above 
the same point. 

The question now arises — -Is there any measurable quantity of matter 
which remains the same wherever it is measured ! Kxperiment shows 
that there is constancy in that which is termed the mass a/ miiihr. 

Mass. — Without entering into any discussion of the moet appropriate 
or most fundamental method of menjjuring force, we shall assume that we 
can measure forces exerted by bent and stretched npringa utid similar con- 
trivances independently of the motion tliey produce. We filial) assume 
that, when a given strain is observed in a spring, it is acting with a definite 
force on the body tu which it is attached, the force being determined by 
[irevious experiments on the spring. Let us imagine an ideal experi- 
ment in which a spring is attached to a certain body, which it pulls 
horizontally, under constraint free from friction. Let the spring be 
always stretehed to a given amount as it pulls the body along, so acting 
OD it with constant force. Then all experiments and obeervations go to 
show that the body will move with the same constant acceleration wherever 
the experiment is made, This constancy of acceleration under a given 
force is expressed by saying that the mass of the body is constant. 
Though the experiment we have imagined is unrealisable, actual experi- 
ments on the same line^ are made for us by good chronometers. The 
balance-wheel of a chronometer moves to and fro against the resistance 
of the hair-spring, and its acceleration is very accurately the Eame for the 
name strain of the spring at the same temperature in diflerent lati- 
tudes. The weight of the balance-wheel deci'eases by 8 in 1000 if the 
chronometer is carried from London to the Equator. If the acceleration 
under given force increased in the same ratio the rate of the chronometer 
would change by 3 in 2OO0, or by two minutes per day. and the 
chronometer would be useless for determinations of longitude. Again, a 
tuning-fork, making, say, 2.*ifi vibrations per second at Paris at lil° will 
have very accurately the same frequency attliesame temperature wherever 
tested. The same portion of matter in the prongs has the snme acceleration 
for the same strain and, presumably, for the same force all the world over. 

• Uackeuiie, The Mui o/Gntfitalion, p. a. 
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This oonstuicy of aooeleraticai of » ghvn body Hades' gimi fotee boUf 
true lAewise whatever the n&tiira of the body tXBtting the force nMy h»— 

I.e., whether it bee bent mniiiji. ■iipiiiiliniiiii|.. ■iiiji (wiw le iiij i<hii 

form of (oree. 

Further experiment ahows that tbe ■roeioieliuu ol ■ given Intlyii 
pmp>rtioiial to the force kcting on it. Tliaa, in k Teiy nutU nhmttgn of 
R jMndulum the fraction of the weight of tbebob tenaing to raatonitto 
ibf central position is proportional to tbe dispbeement, Mtd tbe miflit 
hnrmouic type of tbe motion with its isochnnism shows at oaoe tliat tbe 
accolemtion is proportional to the displaecmcsit, and t h w rfui e toUie fate 
acting. When a body vibrates op and doiwn at the end of a spiral sping 
we a^nia have tdinple harmonie motion with aoeelwatian proportional to 
the distance from the position of equilibriom. The variation in die force 
exerted by the spring is also proportion&l to this distance, or accderatam 
is proporttount to force acting. Indeed, elastic vibiations with tJMtr 
jsoohronism go, in general, to prove this proportionality. If, then, we 
Hccept the view that we can think of forcee acting on bodies as bong 
muasui^ble independently of tbe motion which they prndnoe — meaAmUe, 
say, by the stnun of tbe bodies acting — we have good ezpenmental pna 
that n given portion of matter always has equal acceleraUom onder eqnal 
foroe, iind that the acceleration under different forces is proportional to 
the fon«8 acting upon it. 

We can now go a step farther and use the acceleration to oompate 
diU'erent miuuttvi. 

Definition of Mass.— rAe rmmm of bodies an proportioutd to thtfava 
productnij er/iiat acoderationt in them. 

An Bcjuivalent statement is, that the masses are inversely as die 
nroiileration produced by equal forces. It follows from otir definition that, 
if equnl aocelerations are observed in different bodifs, then the munnnn are 
proportional to the forces acting. 

Observation and experiment further enable us to say that : 

The inaeiet of bodU» cart proportional to their weigltta at the same point. 
To prove thin it w only necessary to show that all bodies have equal 
acceleration at the same place when acted on by their weights alone — to 
allow, in fact, that the quantity always denoted by </ is constant at the same 
place. 

A very simple though rough experiment to prove this consists in 
tying a piece of iron and a piece of wood to the two ends of a thread and 
putting the thread across a horizontal ring so that the two weights 
depend at the same height above the floor. Tbe thread is now burnt 
in the middle of tlie ring and the ii-on and wood begin to fall at the same 
instant. They reach the floor so nearly together that only a single 
bump in boiird. If the surfaces presented to the air are verj' different the 
air resistance may interfere with tbe success of the experiment. But the 
more the air resistance is eliminated the more nearly is the time of fall the 
same. Thus, if a penny and n sheet of paper are placed on a board some 
height aliove the floor, and if the board is suddenly withdrawn, the penny 
falln stniigbt while the paper slowly flutters down. Now crumple up the 
paper into a little ball and repeat the experiment, when the two reach the 
ground as nearly as we can observe together. 

Newton {I'ritteipia, Book III., Prop. 6) devised a much more accurate 
form of the experiment, using the pendulum, in which any difference of 
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leratioQ would be cumulative and auspeniling in auccestuoD Mjual 
>ai-ious kinds of matter. He says (Motte's translatioD) : 

"It baa been, now of a long time, obserred b; others, that all eotta of heavj 
bodies (allowance beioK made for ttie icequalitr of letBrdation, which the; 
suRer from a Bmall power of resUl&iice in tite air) descend to the Earth from 
opial hrighit in equal times ; and that eqaallt; of tlmea we ma; dUtinfuUb to 
a great accuracy, by the help of pendolnms, 1 tried the thing in golo, silver, 
lead, glass, sand, commoD salt, wood, water, and wheat. I provided two 
wooden boxes, roond and equal. I filled the one with wood, and knapended an 
eqnal weight of gold (a« exactly as I conid) in the centre of oscillation of the 
other. The boxes banging b; equal threads ot eleven feet, made a couple of 
pendulums perfecCly equal in weight and lignre, and equally receiving the 
resistance of the air. And placing the one b? the other, I observed them to 
play together torwuds and bBckwuds, lor a long time, with equal vibrations. 
And tbersfocc the quantity of matter in the gold (by Cor. 1 and S, prop. 24, 
book 2) was to the quantity of matter In the wood, u the action of the motive 
force (or ria DioCrLr) upoD all the gold, to the action of the same cpon all the 
wood ; that is, as the weight of the one to the weight of the other. And the 
like happened in the other bodies. By these etpertmentH. in bodies of the same 
weight, I could manifestly have discovered a difference of matter less than a 
lboii»Ddlh part ot the whole, had any socb been." 

Newton here uses "quantity of matter" where we Hhould now §iiy 
ButES." Bessel {Berlin Abh., 183(1, A»n. I'oyg., sxv. ISM, or 
fimoirea rtUUifs d la I'hytujut, v. p. 71) made a series of most careful 
Eperimente by Newton's method, fully confirming the conclufiioti that 
eight at the same place is proportiotial to taasn. 

Constancy of Mass. — The experime&ta which have led to the con- 
clusion that weight at the liame place is constant tiow gain another 
significance. They .show that the mass of a given portion of matter is 
ctmstBot, whatever changes of positioo, of form, or of chemical or physical 
oonditioD it may undergo. 

When we " weigh " a body by the common balance, eay, by the 
oounterpoiae method, we put it on the pan, counterpoise it, and then 
replace it by bodies from the set of " weights " having an equal weight. 

But oar aim is not to find tlie weight of the body, the pull of the 
earth on it. We use the equality of weight posMeaaed by equal mafises at 
the same point of the earth's surface to find its mass. In buying matter 
by weight we are not ultimately concerned with weight but with mass, 
and we expect the same mass in a pound of it whether we buy in London 
or at the £quator. A set of weights is really a set of masses, and when 
we use one of them we ai'e using it as a mass through ite weight. 

Unit of M&SS>— We can make a, definite uuit of mass by filing on 
aome piece of matter as the standard and saying that it contains one unit 
or BO many units. So long as we are careful that no portion of the 
standard piece of matter is removed and that no addition is made to it, 
such n unit is both definite and cotisiftteut. 

In this country the unit of mass for commercial purposes is the piece of 
platinum kept at the Standards Office at Westminster, marked " P.S. 
1844 lib." and called the Imperial Avoirdupois Pound. But for scientific 
purposes all over the world the unit of mass is the gramme, the one- 
thousandth part of the mass of the piece of platinum -iridium called the 
" Kilogramme-International," which is kept at Paris. Copies of this 
kilogramme, compared either with it or with previous copies of it, are now 
distributed through the world, their values being known te less, ^iha^. 
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than O-Ol mgm. For example, the copy in the Standards OflBce at West- 
minster is ceitifieti to ]>e 

1()OOOU0070 kgm. 

with a probable error of 2 in the last place. 

According to a com|Mirison carried out in 1883, the Imperial pouud 
contains 

4:»8-51)24277 grammes, 

though PjU'liament enacted in 1878 that the pouud contained 

45*'$ '59245 grammes. 

Of course one piece of nuitter only can be the standard in one system d 
measurements, and the enactment of 1878 only implies that we should use 
a difiei'ent value for the kilogi'amme in England fiom that used in Fnuioe. 
The difference is, however, quite negligible for commercial purposes. 




CHAPTER 11. 



THB ACCELERATION OF GRAVITY. ITS VARIATION AND 
THE FIGURE OF THE EARTH. 

Cos TKarrs.— Early Uiatory— Pendulum Clock— PicardV Kxpeiimeole— Hujgem' 
Tbeory— Newion"« Theory an'! Kiperiments— Bouguer's Experiment — Ber- 
DOillIli'a Correction for Arc — EifierimeliU of Borda nnd Caasioi— K»ler'it Con- 

_ venibls Pendulum— BeiBel'a Experimenls and his Theory of the ReTeralble 
Pendulum— Kepaold'a Pendulum— Yielding ol the Support— Defforges' Pendnlnm 
— Varialion of Gmvity over the Earth's Surface— Richer— Me wton's Theory of 
the Figore of the Eartb^Measuremccts in Sweden and Peru— Booguei'a 
Conation to 8ea-Ievel— Clairaut'a Tbeorenj— Kater and Sabine- 1 nrariable 
Pendulum- Airy a Uydnoatatic Theory- Kay e's Kale- Indian Survey— Form nl« 
tor g in any Latitude— Von Stemeck's Half-Second Pendulnmt — Uia Daryinetor 
— OiavjCy Balance of Tbrelfall and Pollock. 

'e shall describe in this and the fullDwing chapter the inetbode of 

Msaring two quantities ; the ftccelertitioa of falling bo<lies ilue to the 

. at its sui'face (the quantity always deDoted by g) ; nnd the luvelera- 

due to unit masd at unit distance (the quantity Imown as the ^"artla- 

amttant and denoted by G). The two may be me^isured quite in- 

gpendently, but yet they are closely related in that y is the measin'e of a 

lirticular ca.3e of gravitation, while U is the expression of its genei-al 

Bsure. The two together enable us to find the mass and therefore tha 

an density of the etirth. 

The Acceleration of Gravlty.'^We shHll briefly trace the hintory 
f the methods which liuve been uhoiI in measuring 'j, for in so doing we 
set forth most clearly the ilifficiilties to be overcome and realise the 
:itude with which the meafiuroment cud now be made. We shall 
m give some account of the espei-imente made to determine the variu- 
ns of grarity and the use of the knowledge so gained to determine the 
ipe of the earth. 

Early History The first step in our knowledge of the laws of 

iiag hodies was taken about the end of the ei.xteenth centiiiy, when 
iviniis, Galileo, and their contemporaries were laying the foundations 
the modem knowledge of mechiuiicH. Stevinus, the discoverer of the 
igle of Forces and of the theory of the Inclined Plane, and Galileo, 

collection of the most imporfunt original papcra on the pendulum 
Tol". iv. and V. of Mfmoirci rrlali/i it la Phytiqw. It is preFaced by an 
silent blator; of the subject by M. Wolf, and contains a bibliography. The fifth 
me of The G. T. Surng nf India conaiats of an account of the pendulum 
'aUona of the aorvey, with some important memolrB. In the /mimo/ lU 
liqat, vll. 18S9| ara three important articlea by Commandant DeSorge.s on the 
•ry of the pendnlam, concluding with an account of hia own peDdulum. 1'he 
MctiptioD given Id this chapter is based on these works. 
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^kdt f/rstAet U iHiAMxa. WB% QcdL A«u« lAttS li* 4actnBe tiwn keld that 
r>!>iS«i IfcH visjk Of «&j prcfcrskxAl to uicix vBgks «a* qvife» Mm\, mad 

c£ iBiepr w^MM aiaeieall borfiei would 




U^tiM of SSenx.^^ vd^duft frcM ti* %op of sW Lmb^ Tow of Tim, 
MtA 9hcmm^ ihA %htj rtmAtd xht groimd im sW mmit toK^ Tlie air- 
pnibp «M ttoc Te( mTCbted, io tLai tbe kser ic tifcat ioo W the ''gniiiM 
Aul Imxhtr^ m not tlKo poflsliAp. Bos G^jko Sd Mt 'itep wiUi thk 
expcnflMst. He sdMie tht ynapm^ d djrmmia jmmdhit hw intEodiiciiig 
the t x$ uutflkMk of cquAl addhiQitf cf teiue ui in eqnid ^amat\ the eon- 
csf^ion of tmifonn Mcdaasion. His first idea vns that a fwilnnt fovoe 
vMiJd gire cqoad addhiof* of Telootj in eqpai djitanrwi timiotawl , bat 
iHTtttifirtirm kd faim to we tint tiiii klen ms nntennbie, and be then 
emuocisted the hjpotheus of eqnml additkos in tnpal tJmmL, He Aoved 
theiy bj this h jpcchedft. the difff ncr tm^ened is ptoportioiMl to the 
mjpuu:^ di the time. Not eontent with mere BetheBatknl dednetianSy 
he mede ezperimentson bodies moving down inrfinfd phnety end demon- 
«tf«ted that the dtrtenrw Ua te ia e d were actnenj proportiaBnl to the 
er|iieree of the times — ije., thst the eeodentian wns uniform. Bjr ex- 
periments with penduloms idling throo^ the ere <^ e circle to the 
krweet pointy and then rising throoj^ anoSdier are. he eandnded that the 
vekcitj aeqoired in Cilling down a dope dqiends onlj on the TertiBal 
heiji^t fallen throng and ncA npon the length of the slope, or, as we 
shcmld now pat it, that the aooderation is p r opu r ti ooal to the ooeine of 
the angle of the slope with the TerticaL He thus arriTed at qoito eoond 
ideas on the acoderation of falling bodies and on their onif onnify, and 
from bis indined plane exp er im ents ooold have obtained a roogh approxi- 
mation to the qoantitj we now denote bj g. Bat Galileo had no aocmato 
method of measaring small periods of time in seconds. Tbe pendnlom 
dods was not as jet invented, and he made merdr reladre measnrementB 
of tbe time intervals bj detqinining in his experiments the quantity 
of water which flowed throogh a simdl orifice of a veesd daring each 



To Galileo we also owe tbe foondalion of tbe stadj of pmdohim 
ribrstions. The isochronism of the pendolom bad been previoaslj ob- 
served bj others, but Cialileo rediscovered it for himself, and diowed by 
farther experiment that tbe times of vibration of different simj^ penda- 
lams are p ropor t ional to tbe square roots of their lengths. He also used 
the pendulum to determine the rate of beating of tbe puke and recognised 
tbe pombilitj of emfJojing it as a dock regulator. He did not publish 
bis ideas on tbe construction of a pendulum dock, and they were only 
disoovered among his papers long after his death. 

From Galileo, therefore, we derive the conception of tbe appropriate 
quantity to measure in the fall of bodies, tbe acceleration, and to bun we 
#/we the instrument which as a free pendulum gives us tbe aocderation of 
fall, arid, as a clock regulator, provides us with the best means of deter- 
mining tbe time of fall. 

Hoon after Galileo's death, Mersenne made, in 1644, the first determi- 
nation of the length of a simple pendulum beating seconds, and a little 
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suggested ae a, jiroblem tbe detenninatiou of thu Itngtli of k 
mple pendulum equivulent to a giveu compound pendulum. 
Pendulum Clock. — liut it was only with the iuveution of the 
penduloui olock by Iluygeoa in lli57 that the itecoud became an interval 
of time metLSuruble with coneistency and ea«e. At once the new clock waa 
widely used. Its rate could eainily be detei-mined by star observations, and 
determinHtions of the length of the seconds pendulum by its aid becnme 



ft 



Pieard's Experiment. — Id It^GU Picard determined tbis length at 
Paris, using a ccpper ball an inch in diamet«r suspended by an aloe flbra 
from jaw& This suepension was usual in early work, the nloe fibre being 
im&fiisctied to any appreciable extent by moisture. Picard'a vidue was ' 
36 inchee 8J lines Paris measure. The Paris Foot may be taken ns 
i^ or r065 English feet, and thei-e are 12 lines to the inch, so that the 
length found was 3Q()9 English inches. Picard states that the value had 
been found to be the same at London and at Lyons. 

Hoygrens' Theory. — In lfi73 Huygens propounded the theory of the 
cycloidal pendulum, proving its exact isocbronism, and he showed how to 
construct t^uch a pendulum by allowing the string to vibrate between 
cycloidal cheeks. He determined the length beating seconds at Paris, 
ifirming Pieard's value, and from the formula which we now put in the 

n't he found ? tbe distance of free fall in one second, the 



ntity which was at first used, instoul of the full acceleration we now 
employ. Uis value was 15 ft. 1 in. Ij Hoes, Paris measure, which would 
give y = 32-16 English feet. 

Huygens at the same time gave the theory of unifoi-m motion in a 
circte and the tlieory of the coni^ pendulum, and above all in importance 
he founded the study of the motion of bodies of finite size by solving 
Mereenne's problem and working out the theory of the compound 
pendulum. He discovei'ed the method of determining the centre of 
osdllation and showed its intercliaugeability with tbe centi'eof suspension, 

Newton's Theory and Experiments.— Newton in the Principia 

made great use of the theory of the pendulum. He there for the first 
time made the idea of mass definite, and by bis pendulum experimenta 
{Pritunpia, sect, vi.. Book II., Prop. 24), he proved that mass is 
proportional (o weight. He used pendulums too, to investigate the 
resistance of the air to bodies moving through it, and repeated the 
pandnlum experiments of Wren and others, by which the laws of impact 
had been discovered. But his great contribution to our present subject 
was the demonstration, by means of the moon's motion, that gravity is 
a particular case of gravitation and acts according to tbe law of inverse 
fiquareo, the attracting body being the eai-tb. In Book III., Prop. 4, he 
cabolatee the acceleration of the moon towards the earth nod shows that, 
starting from rest with this acceleration, it would fall towards the earth 
16ft. 1 in, 1^ lines (Paris) in the first minute. If at the surface of the 
euth 60 times nearer the acceleration is GO' times greater tbe same 
distance would here be fallen through in one second, a distance almost 
exactly that obtained by Huygens' experiments. 

" I a lat«r proposition (S7) he returns to tbis calculation, and now, 

ling the law of inverse squares to be correct, he makes a more exact 

■tion of the moon's acceletittion, and from it deduces the value 
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of gravity at tlio nuuti ruJjut, of the earth in lulttvule 4J''. Then hj- bis 
tlieory uf the vurintion of gravity with latitude, of which we shall give 
soiuu a«oaunt below, he finds the value at PoHk. He corrects the value 
tliua found for the centrifugal force at Paritt and (in Prop. 19) for the 
iiir dirpkced, -which he takes as j, j^ ^ of the weight of the boh used in the 
|>oii<luluiu e:( peri men t«, and finally arrivea at l.'i ft. 1 in. 1 J linea (FariB), 
diHVring from Iluygens' value hy about 1 in 7500. 

BoUg'Uer's Experiments. —Though Newton was thus awara of the 
ueeil of the correction for the buoyancy of the air, it doee not appear to 
have been applied again until Bouguer made his celebrated experimetits 
in the Andeii in 1737. Theee are especially interesting in r^ard to 
thti variations of gravity, but we may hei'o mention some importuit 
pointfl to which liougiier attended. While hi^ predecessors probably 
altered the length of the pendulum till it swung seconds as exactly 
as oould be observed, Bouguer introduceil the idea of an " invariaUe 
pondutumi" mnking it always of the same length and observing how long 
it took to lose ho many vibrations on the seconds clock. For this purpose 
the thread of the pendulum swung in front of a scale, and he noted the 
time when the thi-ead moved past the centre of the scale at the same 
iiiBtant that tlie beat of the clock was heard. Here we have an eJemflntory 
form of the " method of coincidences," to be described later. He used, 
not the nieiisured length from the jaw suspension to the centre of the bob, 
wliich wna a double truncated cone, but the length to the centre of oscilla- 
tion of the thread and bob, and he allowed for change of length of his 
tneantiring-roil witli temperature. He alao assured himself of the coinct- 
donee of tlio centre of figure with the centre of gravity of the bob by 
Hhowing that the time of swing was the same when the bob was inverted. 
He det«rmined the density of the air by finding the verticat height through 
which he must carry a barometer in order that it should fall one line, and 
ho thus estimated the density of the air on the summit of Pichincha at 
1 1000' that of the copper boh of his pendulum. Applying these ooirec- 
tionn to hin observations he calculated the length of the seconds pendultua 

Corractlon for Arc. — In 1747, D. Bernouilli showed bow to correct 
the oliservud time of vibmtion to that for an infinitely small arc of swing. 
The oliwrvod time is to ii first approximation longer than that for an 

infinitely small are in the ratio 1 + ^ whei-o a is the amplitude of the 

angle of swing, The correction has to be modified for the decrease in 
amplitude occurring during an observation. 

Experiments of Borda and CaSSini.—The next especially note- 
worthy experiments are those by llorda and Casstui made at Paris in 1 . 92 
in connection with the investigations to determine a new staiidard of 
length when it was still doubtful whether the seconds pendulum might 
not be preferable to a unit related to the dimensions of the earth. The 
form of pendulum which they used is now named after Borda. It con- 
sisted of a platinum ball nearly 11 inches in diameter, hung by a fine iron 
wire about 12 Paris feet long. It had a half-period of about two seconds. 
The wire was attached at its upper end to a knife edge - the advantages of 
a knife-edge suspension having been already recognised — ttod the knife 
edge and wire-holdei' were so formed that their time of swing alone was the 
same ns that of the pendulum. In calculating the moment of inertia, 
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Y oould Ihoreforo be left out of accouat. At the lower end the wire 
attached to a shallow cup with the concavity downwards, and the boll 
itlj fitted into this cap, being made to adhere to it by a little grease. 
baU could therefore be enaily and exactly revereed without aitering 
) pendubim length, and any iion -coincidence of centre of gravity and 
e of figure could be eliminated by taking the time of swing for each 
ion of the boll. The peodiilum was hung in front of a seconds clock, 
I its bob a, little below the ulock bob, and od the latter was fi3(e<l a 
paper with a white X-sba[ied croes on it. The vibrations were 
watched through a tele;^o[:>e from a short distance away, and a little in 
front of the pendulum vis^ a. blikck screen covering half tbe field. When 
the pendulums were at rest in the field the edge of this Kcreen covered 
half the cross and half the wire. When the swings were in progress the 
times were noted at which the pendulum wire just bisected the cr06s at the 
instant of disftppearance behind the screen. This was a "coincidence," 
and, Bince the clock bob ntnde two swings to one of the pendulum, the 
interval betweeu two successive " coincidences " was the time in which the 
clock gained or lost two whole to-and-fro swings or four seconds on 
the wire pendulum. The exact second of a coincidence could not he 
determined but only estimated, as for many seconds the wire and cross 
iqtpeared to pass the edge together. But the advantage of the method of 
coincidences was still preserved, for it lies in the fact that if the uncertainty 
is a small fraction of the interval between two successive coincidences the 
error introduced is a very much smaller fraction of the time of vibration. 
For, suppose that the wire pendulum makes ii half swings while the clock 
makes in + 2. If the clock beats exa^t seconds the time of vibration of 
the wire pendulum is 



=..(,, 



rJ 



there is a possible en'ur in the determination of each of two .si 
iddences of m seconds, or at the most of im in the interval of 2n + 2 
the observed time might be 



I one case Borda and Cassini employed an interval of 2n >? .'toOO seconds, 
d found an uncertainty not more than 3U seconds for the instant of 
incidence. Thus 



n' ifiuo' imm 

pow, BjB they observed for about four hours, or for five intervals in succee- 
■»on, the error was reduced to J or 3- jij-jju of the value of {. Practically 

I method of coincidences determined the time of vibration of the 

penduIiUD in terms of the clock time with sulticient accuracy, and the 
respoiisibility of error lay in the clock. The pendulum was treated as 
Earming a rigid system, and the length of the equivalent ideal simple pen- 
^atum was calculated Uiarefrom. Corrections were made foi' air displaced, 
r ara of swing, and for variations in length with temperature. 
The final value obtained was : Seconds pendulum at Paris = l'ti)-&5'J.'t 
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tines (Paris). As tbe metre ^ 44$-296 Puis liiMtt, this gtvee 'i^S-^ mm., 
Hod, corrected to ttea-level, it gives 993'8f> mm. 

Kater'S Convertible PeDdulum.— The diffimiUies in mnsariiig the 

leii){t.h aud in ualculatin^' the moment of inertis of th« wire-suspended tx 

MO-eiiUed simple pendulum led Proof in ItHH) to propoee a pendolnm 

cmuloying the principle of intercbBngeabiiity of the oentreB of osciUation 

and siispensioD. The pendulum was to have two knife ed^es tonud 

inwnttU on opposite sides of the centre of graritj, bo that it could be 

I HWung from either, and was to be so adjusted that the time <A 

I Nwing was the same in both cases. The distance between the 

I '- knife edges would then be the length of the equivalent simple 

V [mndulum. Prony's proposal was unheeded by his cont«]iiparan«fi, 

^^^^ and the paper describing it was only publi^ed eighty jenrs later.* 

^^^L In 1811, Bohnenbei]g;or made tbe same propo^l, and again 

^^^H in 1^17 Captain Kater independently hit on the idea, and ler 

^^^^^ ' S th« first time carried it into practice, unking his celebrated 

^^^^K determination of ^ at London with the form of instrument since 

^^^^H known as " Kater's convertible pendulum." This pendulum is 

^^^^H shown in Fig. I. On the rod are two adjustable weights, m and i. 

^^^^F I ** The lurger weight to is moved about until the times of sfimg 

t^^^^ fnmi the two knife edges i, 4, are nearly equal, when it is 

Hcrewed in position. Then a is moved by means of n screw to 

imika the final adjustment to equality. Kater determined the 

time of vibration by the method of coincidences, his use of it 

being but slightly diA'erent from that of Borda. A white circle 

on hlnck paper was fastened on the bob of the clock pendulum ; 

tliii convertible pendulum was suspended in front of the dock, 

nnd when the two were at rest the tail-piece t of the formei- just 

covered the white circle on the latter as viewed by a telesc*^ a 

few feet away. A slit was made in the focal plane of the 

eyepiece of the telesco])e just the width of the imagee of the 

white patch and of the pendulum toil. A coincidence was the 

instant during an observation at which the white circle waa 

quite iuviitible as the two pendulums swung pa^t the lowest 

I point together, A series of swings were made, first from one 

I*" knife edge and then from the other, each series laating ovvr 

' four or five coincidences, the coincidence interval being about 

Fia, 1,— filH) Mooonds. The fine weight waa moved after each series tDl 

p J'*^"'.'V Um uuinbei' of vibrations per twenty-four hours only differed by 

rimduUiiu, <^ Ninall fitkution of one vibration whichever knife edge was utjed, 

nn<t then the ditferenc^ was less than errors of observation, for 

the time was sumetimes greater from the one, sometimes greater from the 

I other, The tnenn time observed when this stage wns reached was corrected 

for amplitude, and then taken as the time of tbe simple pendulum of 

length equal to the distjince between the kuite edges, this distance being 

carefully meiuurcd. A correction was made for the ^r displaced on the 

nwumution that gravity was diminished thereby in the ratio of weight of 

pendulum in air t<i weight of pendulum in vacuo. The value was then 

corrected to sea-level. Tlie final value of the length of the seconds pendulum 

at nea-level in the latitude of London waa determined to be 3!l- 1 3!t39 inches.t 

Mimoira rrialifi rt lu Phgtupir. iv. p, flB- 

The exporinealB are de*cribed iu a paper in the iVnV. Tniru. for 181S "An 
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Bessel's Experiments and his Theory of the Reversible 

[iduluni. — In 1S36 Beasel made experimeata to determine the length 

the seconds peodulum at KoenigBberg. He used a wire-Bunpended 

idulum, swung first from one point and then from another point, 

;ly a " Toise of Peni " bigbev up, the bob being at the same level in 

saoe. Assuming that the peadulums are truly simple, it will easily be 

that the difference in the squares of the times is the square of the 

for a ^mple pendulum of length equal to the difference in lengths, 

therefore the actual length need not be known. But the practical 

departs from the ideal simple type, and so the actual lengths 

ive bo he known. As, however, they eater into the expression for the 

Terence of the squares of the times, with a vei-y small qmintity as co- 

;ient, they need not be known with such accuracy as their ilifferences. 

Bessel took especial care that thiu dlB'erence should be accurately equal to 

the toise. At the upper end, in place of jaws or a knife edge, he used a hori- 

sontal cylinder on which the wire wrapped and unwrapjierf. He introduced 

eorrections for the stiffiiees of the wire and for the want of rigidity of 

connection between bob and wire. The necessity for the latter correction 

was pointed out by Laplace, who showed that the two, bob and wire, could 

not move as one piece, for the bob acquires and loses angular momentum 

around its centre of gravity, which cannot be accounted for by forces 

passing through the oentre, such as would alone act if the line of the wire, 

produced, always passed through the centre. In reahty the bob turns 

through a slightly great«r angle than the wire, so that the pull of the wire 

is now on one aide and now on the other side of the centre of gravity. 

The correction is, however, small if the hob baa a radius small in comparison 

with the length of the wire. 

If i is the length of the wire, r the distance of the centre of gravity of 
the bob from the point at which the wire is attached to it, and k the radius 
<tf gyration of the bob about an axis through the cenlire of gravity ; then, 
neglecting higher powers than k*, the equivalent simple pendulum can be 
^own to be 

i + r r(i + r)»' 

tiie last t«nn being due to the correction under consideration. As an 
illustration, suppose the bob is a sphere of 1 inch radius and the wire 
ia 36 inches long ; then the equivalent simple pendulum in inches is 
39 + -010256 + -000102 
the last term, 1/400000 of the whole length, need only to be taken 
account in the most accurate work. 

alao made a very important change in the air correction. The 
feet of the air on the motion may be separated into three parts — 
(1) The buoyancy, the weight of the pendulum being virtually 
eased by the weight of the air which it displaces. 
^2) The flow of the air, some of the air moving with the pendulum, 
And BO virtually increasing its mass. 

Laccoant of eipetiinents for determmiDg the length of Ibe pendulam vibraliiig 
•eoonds in the latitude of London," and in a paper in ibe Fhil. Tmnt, for I81B, 
" Kiperimenta for determlniEg the TarlationB In the leDgtb of the pendaliun 

I vibrating Becondf,-' Hater applies futthcr corrections and gives the above value. 
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{^1 TLe adr drag a tmooos resucaoce vbieh rinieg into plaj betwaen 
the different bjcn of air, mofiDg at different istesy a mnintanm tnu»- 
mitted to the pendalam. 

Aa far back as 17^(> Da Boat had pamtod oat tiie rTiatffirfr of the 
Moond effect, and had made experiments with pendoloms of the suae 
lenirth and form, bat of didferent densities, to decmainethe extrmmaas for 
Tarioas shape& Bo s hJ , not knowing Da Boat s work, leinTeetigated the 
nuitter, and again bj the same method determined the virtual addition to 
the mass for varioas shapes, and among others for the pendolom he used. 

The Titfooos resisunce was first i^aoed in its trae relatian by Stoked 
investigations on Fluid Motion in 1847. In pendulum motion we maj 
regard it as tending to decrease the amplitude akme. for the eflfiBctoo th e 
time of vilvation is ina^^edable. We maj represent its eBeer~^ 
intfodocmg in the equation oT modon a term proportional to the velocitj, 
which becomes 



The sedation of this is B-\e ^ oos 
where A and a are constants. 



In/"-!* " 



The period is T = **' where c depends oa the viscosity. 

Approximately T= --^(Ih ), or the time is increased by the 

-J 

viifCOHity in the ratio 1 + — : 1, 

or since m = rp,- (°®ar^y)» in the ratio 1 + — -- : 1. 

To see the order of this alteration, suppose that p, p, represent two 
succeeding amplitudes on opposite sides of the centre — i.e., values for which 



COS 



I /^ - -<-a)=±l; then 2i = « * or taking logarithms 



iogei=x=!j 
Pi 4 

Now in one of Kater's experiments the arc of swing decreased in 
alwut 5()0 seconds from 1-41° to 1-18°, or in the ratio 1*195 : 1. 

Then (^i) =M95 and 500X«%,1195 = 0178 

whimce X - OOOHm and J^ = — - = 6 x 10"» about. 

In I^rda's pendulum the effect w^ ^bout the f^anie — i.e., one that is 
pnu;tically quite negligible. 
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BeK«l alfo used the peniluluin Ui investigate afrmii bhe coii'ectneeii of 

'ewtoo'^ proof that mastj is proportion&I to weight, carrying nut a series 

BXperimentji which still remain the beston the subject. But'Besael's 

ief contribution to gravitational research consiisted of hie theory of the 

reverrible pendulum." He showed that if a pendulum weie made 

symmetrical in external form about its middle point, but loaded at one 

end, to lower the centre of gravity, and provided with two knife edges, 

like Rater's pendulum, one very nearly at the centre of oecillatiou of tlio 

other, the length of the seconds pendulum could be deduced from the 

two times without regard to the air effects. \ Laplace had shown that the 

knifeedges must be regarded as cylinders, and not mere lines of euppoit. 

Beesel showed, however, that if the knife edges wei'e exactly equal 

cylinders their effect was eliminated by the inversion, and that if they were 

different cylinders their effect was eliminated by interchanging the knife 

edges, and again determining the times from each — the " erect " and 

" inverted " timee as we may conveniently term them. 

We sliall consider these various points Heparately. 

In the first place, Beesel ehow»l that it was onneceesary to make the 
erect and inverted times exactly equal. For if T, and T, be these timee, 
U h, h he the distances of the centre of gravity from the two knife edges, 
and if « be the radius of gyration round an axis through the centre of 
pBvity, the formula for the compound pendulum giTes 



Multiply ^ei^pectively by h,. A,, subtract and divide by A, — h, and 

Let iM put ^'YZa'^'' = '^ 

'e shall term T the computed time. We see that it is the time corresponding 
a length of simple pendulum h, + h,. It may be expressed in a more 
Dvenient form, thus : 



A,A, 



= r* - o', and substituting in T' we get 

.,A, + A,_T,' + T,'^T|'-T,' A, + A, 



't' + a 



A, -A" 



A, -A. 



Now h, + h, is measurable with great exactitude, but A, and A„ and 

A, — A„ cannot be determined with nearly such accuracy. The 

^^nethod of measuring them consists in balancing the pendulum in horizontal 

position on a knife edge and measuring the distance of the balancing knife 

edge from each end knife edge, liut tlie formula shows that it is not 

to know A, - A, exactly, for it only occurs as the coefficient of 

- T,', which is a very small fraction of T^' + T,'. Knowing, then, A[ + A, 

ly and h^ - A, approximately, we can compute the time corresponding to 
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i. ^ i« fiv>ac u>e TUBCi^iii ibeer«ct mad invetted poeitioiis and avoid the trcmble- 
5«wie ;Mviecs^ of uiak which Kater made hefoi« obtaining exact equality for 
thMa fiooL Mch knilv dice. 

Nov Vk b$ <ottsid«f- the air etfect. Tbke first the erect podticm of the 
pMhiuIuBL We mar igp ie ee n t the booTancj bj an upward foroe applied 
at th« oectv^ cf ^rmTitr of the displaced air, and equal to its weight mg. 
Let this oKitrp of gn^itj he distant « from the cent«e of suspenidon. 

The ma^ of air dowing with the pendulum will have no effective weight, 
5iiM>^ it is baoT«d op br the sniroiiDding air. It is merely an addition to 
the mas^L movvd and wrrei^ to increase the moment of inertia of the 
pendulum. Lrt as represent it bj the addition of a term m'(P when the 
I^NKlulum is eriKt. 

A, ^ A, MA, MA, 

neglecting :iquaree> and prcKlucts of ^ and rr|, since in practice theee 

qiiantiti^ an^ of the ivder 10~\ 

Now invert and swing from an axis near the centre of oscillation. 
The x-alue of m is the »me« but its centre of gravity may be at a different 
distance from the new sosfiension, say t\ The air moving may be different, 
so that ^*e must now put m'xP instead of m'd*. We have then 

Q^.. A/4.«»^A« + «»aw' ••"(P 
4r^ * A, A, MA, MA, 

m 

If we put A^A, = i:' as an approximation in the coefficients of the 

CM 

small terms containing ^ the computed time T is given by 

Tr "AwA \-*, '-^^^ V^' M ^M{A,-A,) 

C But if we make the external form of the 

X ' pendulum symmetrical about its middle point, 

^v ^'^^ ^ so that the two knife edges are equidistant 

d^^ from the centre of figure, thcii « = «' and m = m" 

andXT» = A, + A, 

Then the air effect is eliminated in the 

computed time. It is necessary here that the 

/ barometer and thermometer ^ould give the 

same readings in each observation ; if not, 

corrections must be made ; but, as they will be 

/ veiy small, an exact knowledge of their value is 

unnecessary. 
^' In investigating the effect of the cylindrical 

Fio. 2.-Effect of cylindricml ^^rm of the knife edges we shall for simpUdty 
Form of Knife Edge. suppose them each to have constant curvature. 
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the radius of the erect one being p„ that of the inverted one p,. If 0, Fig. 2, 
is the centre of curvature of the knife edge, O the point of contact, G the 
centre of gravity, then CQ=h^ + p^ and the work done is the same as if 
G were moved in a drde of radius A^ + pp since the horizontal travel of C 
does not affect the amount of work. The instantaneous centre of motion 
is the point of contact O. The kinetic energy is therefore 

But OG«=OC« + CG'-20CCGcoe^ 

=3 A|' neglecting p,^|^ and smaller quantities. 

Then the kinetic energy is M(A}' + r')-r^ 

The work done from the lowest point is 

Mi?(*, + p.) (1 - COB tf) = Mj,(A, + p.) J 
Hence the erect time is given by * 

W A,+p, A, V A,/ 

the inverted time is given by 

gT,'_A,' + «'A_p.\ 
4x» A, \, aJ 

In the computed time we may put ^ = A^A, in the coefficient of the small 
quantities p| and p^ and therefore 

yT»,/ A,T,'-A,T,' \ ^ +A Arh±hlU -p) 

Now interchange the knife edges. Assuming that no alteration is 
made except in the interchange of p| and p„ the computed time Y is 
given by 

adding the two last equations together and dividing by 2, 

* If in simple harmonic motion the kinetic energy at any point is Jo^ and the 
work irom the centre of swing is ^6^, then the periodic time is easily seen to be 
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Repsold's Pendulum. — Bessel did not himself coiu>truct a pendulum' 

to fulfil these conditions, but, after his death, Repsold in 18C0 devised a fonn 

^ with interchimgeable knife edges and of symmetrical 

N form now known as Repsold's Reversible Pendulum 

I_-JL_ (^ig- ^}i ^ which he carried out Bessel's suggestions. 

~M~ The stand for the insta-ument wns, perhapfi fortunately, 

.-^\ fur from sufficiently firm, for aa the pendulum, swun) 

([ 11 to and fro the stand swung with it. Attention wi 

directed to the investigation of the source of error. 

Its existent^ was already known, but its magnitat 

was not suspected till Feirce and others showed hi 

sei'iously it might affect the time. 

Yielding- of the Support.— The centre of gravity 
moves as if all the forc«s acted on the whole mass 
collected there, so that if we find the mass acceleration 
of the centre of gi-avity, and subtract the weight. 
Ml/, we have the force due to the support. Reversing^, 
we have the force on the support. 

The aoceleration of the centre of gravity is Afi 
along the arc and h,6- towards the point of support.. 
n )i Resolving these horiiontaUy and vertically, 

^^M/ horinontal acceleration 

w = k,e cos fl - A,*" sin 6 = hfi approximately ; 

" vertical acceleration 

Fia.S.— Repwild'B Ke- 

veraibla Peadulum. = A.S "sin + h.S' COS 6 = k,66 + h.ff approximately ; 

dulom uiei in Che , ah 8 

IndiiD SurvBy. but fl= " ),V -i 



id«S 

I0W~H 



Then the horizon tal force on the stand is ^^ffj-4 

" ^r+T *■""= V'. 

If a iH the amplitude of 6, then e^= -?-J_(u= - 
and ihe vertical force upwards, on the pendulum 



h' 



Now in finding the yielding of the stand we only want the v^ 
part of this. Reversing it, the variation in the force on the stand 



.2M,j^ 



which is of the second order in 
the time of swing is negligible 
yielding. 



and it can be shown that the effect oa m 
1 comparison with that of the horizontal] 
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Let the yielding to a horizontal force be e per Jyne. Let OC (Fig. 4) 
be the vertical positioo, AG the poeiUon when displaced through O. 

Then the yielding OA ^e^^yS 
produce GA to O', th^n 00' = 0A/e=e^^3 = J, sny, 

or the instantaneouB centre is raised (i^ a)>ove O, niid the 
centre of gravity is moving in a circle of mdius 

Let the instantaneous centre be ntisiKl rl, = t-^^^g 
when the pendulum is inverted. 
Henoe tlie erect time is given by ol 

it' a, + rf, ' ' A, + rfi 

the inverted time by 

r' A, + (i, ' ' A, + if, 

and the computed time by ^— = /if + h,+eMg, since h,il, = h,d,. 

We see that eUg is the horizontal displacement of the support due to 
the weight of the pendulum applied horizontally. 

DeffOPges' Pendulums. — Starting from this point, Commandant 
Oefforges liaa introduced a new plan to eliminate the eflect of yielding, 
ueing two eonverlihlt pendulums of the Repsold type, of equal weight, of 
different lengths, and with a single pair of knife edges, which can be ti-ans- 
ferred from one to the other. The ratio of A, : A, is made the same for 
esch. 

Let the radii of curvature of the knife edges be denoted by p, p,, let 
A, + A, = i, refer to the fii'st pendulum, /t', + A',= /, refer to the second. 

The effect of yielding is the same for each, increasing the length by 3. 

Let T r be their computed times, 



i^ = 



l, + S + 



h,+h. 



'(^,-h) 



so PROPERTIES OF MATTER. 

„di,T.-r.)=,,-u(,.-P,)(rix-j^), 



to interchange the knife edges on the same pendului 
dulums are convertible, and ne have 



The United States Coast and Geodetic Survey have recently constructed 
a pendulum in which the planes are on the pendulum and the knife edges 
on the support. The one disadvantage is the difficulty of so suspending 
the pendulum that the same part of the plane is BlwayH on the knife edge, 
but against this is to be set the probable greater accuracy of meosure- 
meiit of A, + A, and the freedom from the necessity of interchange of 
knife edge. Further, should a knife edge be damaged it can be reground' 
without affecting the pendulum, whereas in the ordinary constrnctioa i 
regrinding really alters the pendulum, which practically becomes ft' 
different instrument. 

Variation of Gravity over the Surface of the Earth. 

Richer. — The earliest observation showing that gravity changes with 
change of place was made by Bicher, at the request of the Fren<^; 
Academy of Sciences, in 1G72. He observed the length of the seconds' 
pendulum at Cayenne, and returning lo Paris found that the same' 
pendulum must there be lengthened 1| Paris lines, 12 to the inch. ' 

Newton's Theory. — This observation waited no long time for ani 
explanation. Newton took up the subject in the Prhtcipia (Book III.j i 
Props, ia-^0) and, regarding gravity as a terrestrial example of uni-, 
versal gravitation, be connected the variation with the form of the 
earth, He showed fii>t that if the earth is taken as a homogeneous 
mutually gravitating fluid globe, its rotation will necessarily bring about a 
bulging at the Equator, for some of the weight of the ecjuatoriol portion 
will be occupied in keeping it moving in it^ daily circle while the polar 
part has but little of such motion. A column, therefore, fiom the centre 
to the surface must be longer at the Equator than at the Pole in order 
that the two columns shall produce equal pressures at the centre. Assuming 
the form to be spheroidal, the attraction will be different at equal distances 
along the polar and equatorial radii. Taking into account both the 
variation in attraction and the centrifugal action (^\^ of gravity at the 
Equator), Newton calculated the ratio of the axes of the spheroid. Thou^ 
his method is open to criticism, his result from the data used is perfectly 
correct, vix., that the axes are as 2'Mi : 2:^0. Taking a lately meamirea 
value of 1" of latitude, he found thence the radii, and determined their 
difiereoce at 17'! miles. He then found how gravity should vary over 
such a spheroid, taking centrifugal action into account, and prepared 
a table of the lengths of 1° of latitude and of the seconds pendulum 
for every h° of latitude from the Equator to the Pole. From his t&bl« 
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I 



dulnm length at Cayenne, in latitude 4'^ 55', should ba I line 
1 at Paris in latitude 48'' ol)'. He assigns part of the difference 
of this from the diminution of 1 J lines observed by Richer tn expansion 
of the scale with higher temperature near the Equator. 

The Swedish and Peruvian Expeditions. — Newton's theory of 
the figure of the earth as depending on gravitation and rotation led early 
in the eighteenth century to measurements of a degree of latitude in Peru 
and in Sneden. If the earth were truly spheroidal, and if the plumb- 
line were eferywhere perpendicular to the surface, two such measwements 
would suffice to give the axes a and b, inasmuch as length of arc of 1° 



« + 3( sin 



X + X'\ 



aooosi 



I" where . 



a-b 



the ellipticity and X X' 



are the latitudes at the beginning and end of the arc.* 

We know now that tlirough local variations in gravity the plumb-line 
is not perpendicular to a true spheroid, but that there are humps and 
hollows in the surface, and many measurements at different parte of the 
earth are needed to eliminate the local variations and find the axes of the 
spheroid most netirly coinciding with the real surface. But the Swedish 
and Peruvian expeditions clearly proved the increase of length of a degree 
in northerly regions, and so proved the flattening at the Poles, These 
expeditions have another interest for us here in that pendulum observa- 
tkms were made. Thna Maupertuis, in the northern expedition, found 
that a certain pendulum clock gained fj!)'l seconds per day in Sweden on 
its rate in Pariii, while Bouguer and La Condamine, in the Peruvian 
expedition, found that at the Equator at sea-level the seconds pendulum 
was r26 Paris lines shorter than at Parifi. Bouguer's work, to which we 
bave already referred, was especially important in that he determined the 
length of the seconds pendulum at three elevations ; (1) At Quito, which 
may he regarded as a tableland, the station being UfiG toises + above sea- 
level ; (2) on the summit of Pichincba, a mountain rising above Quito lo 
n height of 2431 toises above seo-level ; and (3) on the Island of Inca, on 
the river Esmeralda, not more than thirty or forty toisea above sea-level. 
The B^uator runs between QuiU) and the third station, and they are only 
a few miles from it. In space free from matter rising above sea-level gravity 
might be expected to decrease according to the inverse square law starting 
from the earth's centre, no that if A is the height above sea-level and r is 



...,.„. 


S«-1«r<!l 
Ln TuUq. 


pendulum 


Comctfou 
lorTeni- 


CorrecUOD 
for 


hsi 


fs^az 


Sqtutre 
LawXA/r. 


E^chincba . 


2431 


138-70 


-■05 


4-04 


438 ■eg 


■b 


• fi 


Qnilo. 


1466 


438-83 


- 


+ ■05 


4S8^8B 


rAr 


iA» 


Isle of iDca 


- 


439-07 


+ ■075 


+ ■06 


439 ^21 


- 


- 



?ii : ?^E2:rzij? :f 




f% • 




_r Til 1*- '^— a. la r izn * . i- ' 

iRy-'Tr'^L i4ii:i^ JB^ ^niixB jl l :=?^b^ '™ia^ snK Miariji * be maa^iuBd to the 
&rrr-uniEiL if ni* ssriar lui^v^ 'sii» 4e»-ji«vL B tttLit ctanasd lor the 
Xk^irt T ir:v~r7 /^ m. t itMOssax if ijw^rm: iL Hi —■!■[■■ ' T^ vilfc ibi ivliie at 

• ^ • % 



Till* ~ Tinxiiiii^ 3iiw iniiwo. K ^ijurass:* fiaub. sbbh to hacre dropped 
-.ir: :f -vxin "lH x ^vritr utuzl :qizlziih£ \f T^nxx ic 1^19, list on its 

n iz. uii» rariL ^- — — = — . 



B922r:e7 r«=A7k£ti ibki -Li^ res^zh ?c;&cd to diov that the density of 

zar tLkz. ibi? ci il^' C<KiIlcn& and eonsequentlT that 



\tjt e&nc -r^ grea:«r \£sik^ ics^z. cc zzji^ Cc^s£^cn£^ and eonsequentlj 
ii»K tiAtii. «&£ Zi^zixT £i>I^T rrZf f::!! cf w%icr, as some physictstB had 
m:kii.*j^iz^' ^e cot kr<v th&i tii« vmloe c£ a fo obcained is &r too great, 

Clairaot'S Theorem. — Ix^ 174-^ Clainnt published his great treatiBe, 
Fiynr^i d/t hi Tnr^^ which pat the inrefrti^tion of the figure of the earth 
ux% iines which h&re erer ance been followed. In this work he takes the 
tiurfaof: of the caarth as a spheroid of eqailibriom — ije., such that a hyer of 
water would spread all over it. and assumcK that the internal denrily 
varies HO tfiat layers of equal density are concentric oo-aadal q»heroids. 
IhiUfAiufi^ frr^vity at the Equator. Pole, and latitude X, by g^ g^ g^ respec- 
tivffly, and putting m = centrifugal force at Equator jg^ and c = elliptidty = 
f]inV;n;nce of cK|uatorial and polar radii / equatorial radius, he shows (1) tiiat 

^A=^r(l+nsin»X) (1) 

wImyh) n iM a conHtant : (2) that 

Krotii (I) iirid (2) we got 



r/A=!/,[l +r|m-cJ8m-XJ, 



II riiMtiK. known iin Olainiui'H Theorem. 

|iii|iliiofi fihowrd thitt (ho Hurfaoes of equal density might have any 
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nearly spherical form, and Stokes (MiUh. Phy$. I'apnra, vol, ii, p, 
goiog further, showed that it wiu unnecessary to assume any law of 
density eo long as the external surface is a spheroid of equilibrium, for 
the theorem still remains true. 

Prom Clairaulfs Theorem it follows that, if the earth is an oblate 
spheroid, it«i ellipticity can be determined from pendulum experiments on 
the variation of gravity without n knowledge of its absolute value, except 
in BO far as it is involved in m. And if the theorem were exactly 
true, two relative determinations at stations in widely different latitudes 
should suffice. But here again, as with ai'c measurements, local variationB 
interfere, and many determinations must be made at widely scattered 
tttations to eliminate their effect. 

Kater and Sabine. Invariable Pendulums.— iJuring the last h&if 

of the eighteenth century much pendulum work was carried on, but hardly 
■with sufficient accuracy tu make the results of value now, and we may con- 
sider that modern research begin.^ with Kuter, who constructed a number of 
** invariable pendulums," nearly beating seconds, and in shape much like 
bis convertible [>endulum without the reverse knife edge. The principle 
of " invariable pendulum " work consists in using the same pendulum at 
different stations, determining its time of vibratioD at each, and correcting 
For temperature, air effect, and height above sea-level. The relative values 
of gravity are thus known, or the equivalent, the relative lengths of the 
seconds pendulum, without measuring the length or knowing the moment 
of inertia of the pendulum. Kater himself determined the length of the 
seconds pendulum at stations scattered over the British Islands, and 
Sabine, between \>^'J,*) and 1425, carried out observations at fictions 
ranging from the West Indies to Greenland and Spitzbergen. About the 
same time Freycinet and Duperry made an extensive Eeries ranging far 
into the Southern Hemisphere, and other observers contributed observa- 
tiona. Now, though different pendulums were used, these series over- 
lapped and could be connected together by the observations at common 
stations; and Airy in 1H30 (Kiiojc. Mel., " l-'Hgiireof the Earth ") deduced a 
▼alue of the ellipticity of about 5^. 

BreakinET down of Bougner's Rule.— Subse<]uent work brought 
into ever- in creasing prominence the Icn:».I divergences from ClairBUt'ii 
formula, and it gradually became evident that on continents and on high 
ground the value of gravity was always less than would be expected from 
Clairaut's formula when corrected by Bouguer's rule, while at the sea 
coast and on oceanic islands it was greater. 

Indian Survey.— Thus, in the splendid series of pendulum ex- 
periments carried out in connection with the Indian Trigonometrical 
Survey between IH60 and lft7i> {G. T. Survey of India, vol. v.) the 
variations were very marked. In these experiments, invariable pen- 
dulums, Kater's convertible and Repsold's reversible pendulum were all 
used, and observations were made by Basevi tind Heaviside from M.or6, on 
the Himalayas, at a height of i.'>,427 feet, down to the sea-level. The series 
was connected with others by swinging the pendulums at Kew before 
their transmiaeion to India, and very great precautious were tjiken to 
correct for temperature, and the air effect was eliminated by swinging iu 
a VBtnum. At Mori the defect of gravity was very marked. 

Alry's " Hydrostatic " Theory. Faye's Bule.— Airy {/'Ai7. Trans., 

lHo5, p. lUI) bad already suggested that elevated masses are really 
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— Tte ktnoi' of tfas 

I fitoiMf^ akMk llSo, (< hd-oeeood inwnUe 
'1 hat* gmtly in- 
CMMi4 the Mcmcy of niativ* d a tawiM tiuM at ctatkna etameotod hy 

Wtth b&lf the time of swing the ^^Matos baa oalj one-foiartli the 
liiMar diiiK-rwtons, and it can be made at aac« mon McmIt and notie 
|HniAtili>. The kuec of lh« pesdolum being tbm radnoed— it is aboat 
10 iticium Uji>k — it coo without mncli trouble be placed in a chamber wlijcli 
citn }h) axhaiutMl aiid whicli can be maintained at any desired temperature. 
Kajih [fMKliiliini can therefore be made to give it« own temperature and air 
UHTM'tlona by preliminary obHervations. The form of the pendulum is 
■lioivn ill Fi)(. D. The chief iroprorementK in the mode of obeervation 
introdiiuMl by von Ktemeck cDDsist, 1i«t, in the ^iimultaneous comparison 
with tlio Maroo flock of the nwiiiging of two pendulums at two stations at 
which ({rrtvity Ih to bn iTompnred. For this purpose the two stations are 
I'liriiiiiilnl by (in I'liMTtrifi rircuit containing a half-8e«onds " break circuit" 
iiln'itinfiiiiliir, w)jiuh MKiicIn n xignn] through each Ktation every half-seoond, 
nr>il Until I'lrmk mtM are of little importance. And, 2nd, the m'etbod of 
•ii-lii(( (III* DiiindilfinooH of tho pendulum with the chronometer signals, 
Hiri Hi\n\ frinn tliliaruniiiNtH III attaching aKtnall mirror on the pendulum 
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koife edge (not shown in Fig. 5, which represeats an earlier form) pet- 
pendicalar to the plane of vibration of the pendulum, and pl&cing a fixed 
mirror close to the other and parallel to it when the pendulum is at rest. 




The chronometer hignals work a relay, giving a horiiontnl ppark, and this 

ifl reflected into n telescope from both mirrors. When the pendulum is at 

rest the image of the spai-k in both mirrorR appenrx on the horiiiontal 

i OroBS-wire, and when the pendulum is vibrating a coincidence occurx when 

I the two images are in this position. The method admits of exceedingly 
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Dtfferentlal GrsTfty ■rten.^Bcfora umrmbto i 

brm^t to their preMnl aeaar»ef end pcrUitlttjr, tbes« wee ■ 
that for reJfttire detenninetioiw tl» pcodnhuu might be snpeiBeded b 
W of gisvitj wbicb mmU do mny with tbe need for ti 
Socli an instrament naet eeeaitiall; oonsst of a i 
•nppotted by ft eprtiig, and the vsrifttioa in grSTitj mnst be shown bj the 
■HOTatton in tbe eining doe to the eheretian in the paD of the eerth on 
tbe —"* ^Die eartier inBtnim«Dta devised fm the pnrpoee need not ba 
deacHbed, f<n- tbey were quite incftpnble of the accuracy attained b^ 
invariable pendalnmi). The fir«t instrument which promised any re^ I 
mcoeas was deviited by von Btemeck, and ia termed by him the Barymetar J 
{XiUMlu7,^en. 'ha K. K. MUitarGmg. Inst.. Wien, v. 1885). 

Von Stemeck's Barymeter. 

— AbrassplawP (Fig. 6),3ycm, x 
fOcm., isliulanced on a knife edge, «. 
Along a diagonal is a glass tube 
terminating in bulbeOaDdTJ,5ctn. x 
G cm., so that in tbe eqniUbrinm 
poritioo O is about 25 cm. above IT, 
The tube and about | of each bnlb 
is filled with mercury, and above the 
mercury is nitrogen. The apparatus 
ia adjusted so that, at <!' C. and for . 
a certain value of gravity the edges- J 
of the brass plat« are horizontals 
and vertical, a level W show: 
when this position is attained. If now gravity i 
weight of the mercury would be greater, and it would tend to flow from O^l 
and cciinpi'eHS the gas in V. Thus the balance would tilt over to the left^.l 
and the tilting still further increasing the pressure on V, the flovl 
downwards is lucreased. The inslrument can thus be made of any T 
doHired Hensitiveiieiui, and Its deflections can be read by scale and measured 
in the usual way. To compenstit* for changes of temperature, a second 
tubo tiOrminating in smaller bulbs o and u, each about (i cm. x '3 cm., is 
tixod tilong the other diagonal. This contains some mercury, but above 
th<i morcury in u is alcohol, aud only o contains nitrogen. If chs j 
teiii)iorntiiri> rises the mercury becomes less dense, and on this Recount it i 
iM driviin from U to U iu the larger tube, but still more is it driven in tbis | 
direction from the fact that the increase of pressure of the gas in U i 
greater than in 0. Meanwhile, the alcohol in u expanding, drives the j 
mercury in the smaller tube into o, and by suitable adjustments of volume ■ 
the two can lie made to balance sufficiently for such small temperature J 
vnriAtionii as will arise when the whole is placed in a box surrounded witltfl 




Fio. 9,— Von BtBmi-ck 



I Barymeler. 
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melting ice, and it is thus that the instrument it^ used. With this 
instrument von 8t«meck could detect the ohange in gravity in going from 
the collar of a building to a height of 25 metrsN. 

Thpelfall and Pollock's Quartz-thread Gravity Balance.— 

In the PhU. Trails., A. l'.)3, 1890, p. 215, llirclfall nod Pfillock describe an 
instrument for meiksuring variations in gravity Htiiticjilly which is both 
accurate and portable. 

The eeaential features of the instrument are represented in Fig. 7. 

A and B are two met&i rods which can nlide along their common 
axis. Cis a coach-spring attached to A. H I is a quartz thread 305 cm. 
long and '0038 cm. in diameter stretched horizontally between B 
■nd C. D is a piece of gilded brass wire soldered to the quartz thread. 
Its weight is '018 gm., its length .V.S cm., and its centre of gravity is 
a little to one side of the quartz thread. Its weight therefore tends 
to pull it into the vertical position and twist the quartz. But such a twist 
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I be put on the quartz thread by rotating the arm U, which curries a 
vernier, that D is brought into the horizontal portion. For this about 
three whole turns are required. The end of D when in the horizontal 
position ii on the cross-wire of the horizontal microscope E. The hori- 
zontal position of the brass wii'e is only just stable. If it be twisted a few 
degrees more the point of in.^tabi]ity is reached aud the wire tends tn 
continue moving round, and would do so but for an arrester. The mode 
of using the instrument consists in determining the twist put on the quartz 
thread by the wm G to bring it into the horizontal position. If gravity 
increases, the moment of the weight of D increases and n greater twist is 
required. To calibrate the instrument the change in reading of the vei'nier 
on G is obsei'ved in parsing from one station to another, at both of which 
g is known — the two stations selected being Sydney and Melbourne. Of 
course, temperature corrections are necessary both on account of the chiinge 
in length of D and the change in rigidity of the quartz. Preliminary 
determinations of these were mode at one station. For the details of the 
iostmment and the mode of using it we refer the reader to the original 
account. It sutHces here to say that it has given very fairly consistent 
resultd at stations wide apart and that it promises to rival the invariable 
pendulum. 




The full statement of Kewton'd law of Gravitation is tbat any partocla 
of muM M, attracts any otber particle of ma^ M, distant d from it with a 
force in the line joining them proportional to M,M,/d'. The evidence for 
the law may be briefly summed up as follows : 

Starting with any single planet — fay the earth — and referring its 
position to a system, fixed relatively to tbe sun and the distant stars, direct 
astronomical observation sliows that it may be deecribed with a cloea 
approAimatioD to the truth, as moving in an ellipse with the sun in 
foeus, at such speed that the line from the centre of tbe sun to the centra 
of the planet sweeps out equal areas in equal times. This implic 
Newton showed, that tbe acceleration of tbe planet is towards tbe sun 
inversely aa the square of its distance from that body. 

Now, comparing the different pianetf, observation shows that (length of 
year)7(inean distance)' is the same for each, and from this it follows tbat 
tbe constant of acceleration is the same for all, or that at tbe unit distance 
tbey would all have the same acceleration if the law holding for each in ita 
own orbit held for it at all distances. 

So far this ia mere time-geometry, or a description of position and rate 
of change of position, and we might have otber equally true, if less 
convenient, modes of description referred to other standai'ds, such at 
epicyclie geocentric mode of the ancients, or the practical mode in common 
use in which the co-ordinates of a planet are meaaured with regard to i 
observatory, its meridian, and horizon. 

But if we regard tbe accelerations as indicating forces, the difierent 
methods of description are no longer equivalent. We must select that 
which gives a system of forces most consistent in itself and most in accord 
with our terrestrial experience. Here tbe heliocentric method, with the 
modification described hereafter, is immensely superior to any other, and, 
adopting it, we must suppose tbat the accelerations of the planets indicate 
foit^s towards tbe sun, and since the constant of acceleration is the same 
for all, tbat the forces on equal masses are inversely as their distances 
squared from the sun, whatever planets the masses belong to. In other 

* ThiB chapter is largelj taken Irom T^c Mean Deniity of the Enrth, and papeiK 
comma nictated to tbe Rojal Inititution and the Biiminghtim Natnrat Hialoij anf* 
Philosophical Society. 
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jvords, the sun has no favourite among ite att«n(Unb<, but pulk on each 

d of each according to the same rule. 

But the assumption that the accelemtions indicate forces of the kind 

e experience on the earth, carries with it the suppotition of equality of 

n and reaction, and so we conclude that each planet reacts on the sun 

a force equal and opposite to that exerted by the sun on the planet. 

ce, each acts with a force proportional to its own mass, and inversely 

le square of its distance away. If we suppose that there is nothing 

a1 in the attraction of the sun beyond great magnitude corresponding 

• to great mass, we must conclude that the suu also acts with a force propor- 

I tional to its msss. But we have just shown that the force is proportional 

to the mass act«d on. Hence, we have the force on any planet proportional 

mass of sun x mass of planet / (distance apart)'. 

Now, turning to any of the smaller systems consisting of a primary 

and its satellites, the shape of orbit and the motion of the satellites agree 

with the supposition that the primary is acting with a force according to 

the inverse square law. It is important for our special problem to note 

here that in the case of the earth we must include in the term " satellite " 

any body at its surface which can be weighed or moved. 

We are therefore led to conclude that the law is general, or that if we 
^fcave any two bodies, of masses M^ and M,, at il distance apart, the force 
a either is 

gm;,m. 



iiere G is a constant — the constant of gravitation. 

The acceleration of one of them, say M„ towards the other is 



If this conclusion is accepted, we can at once determine the masses of 
■te rarious primaries in terms of that of the sun for— 



elftratioa of satellite towards primary = G 
] accelemtion of primary towards s 



Mass of primary 

distance of satellite' 
„ Mass of sun 
distance of p 



By division G is eliminated, and we obtain the mtio of the masses in terms 
cf quantities wliich may be measured by observation. 

As an illustration, let us make a rough determioation of the mass of 
the sun in terms of the mass of the earth. 

We may take the acceleration of the moon to the earth as approxi- 
ifttely wm* X du, where <«„ is the angular velocity of the moon and d„ its 
iietance from the earth, and the acceleration of the latter to the sun as 
'K'd where ut is the angubir velocity of the earth, und d^ its distance from 
son. Let the mass of the sun be S and that of the earth be E. 



Acceleration of Moon wu' x r^u 

Acceleration of Earth wh' *< (^ " 
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A confiraiation of the generality of the Uw is obtained From th« 
perturbiitionB of the planetB from the elliptic orbits which we have for 
simplicity supposed them to describe. 

Thetie perturbations, in any one planet, can at least approximately be 
analysed into separate disturbances, each due to cue of its fellow plaaett^ 
acting with a force inversely as the square of its distance away, and if we 
assume this force proportional to the mass of the disturber we obtain 
another measure for this mass in terms of that of the sun. 

The coDcordaDce of the two methods is as complete as we could 
expect. 

Tbe determination of the masses of the diAerent members of our system 
in terms of that of the sun enables us to choose a still more satisfactorj 
origin for our system of reference than the centre of the sun — vii., Um 
centre of amfis of the whole system. The change is small, but without it 
we could not account for all the motioQs merely by a set of inverse Bquara 
forces in which action and reaction were equal and opposite. 

We have for simplicity oonsicilered the sun and planets as without 
appreciable dimensions as compai-ed with their distances apart. But 
measurement shows that they are all approximately spheree, and I ' 
attraction on a spher-e with density varying only with the distance from 
the centre — i.e., consisting of homogeneous concentric sheUs,if itis coneidereA 
as the resultant of the attractions on the separate particles, all according 
to the same inverse square law, is the some as that on the whole i 
collecteil at the centre of the sphere. Further, if the attraction is due,noft 
to the attracting body as a. whole but to its separate parts, each acting, i 
it were, independently and according to the same law, then an attracting 
sphere acts an if it were all concentrated at its centre. Since the plaaet% 
with a close approximation, bebtive as if they were merely uoncentrata* 
masses at their centres, and since the deviations fi'om this behaviour, sud ^^ 
as the earth's preceesion, can all be accounted for by their departure troM 
sphericity, we have strong presumption that the attraction is realty 1' 
resultant of all tbe attractions, each element m, of one body acting o 
element m, of the other with force Gm^mJ^. 

Astronomical observation enables us, then, to compare the mai 
the variouti members of the solar system with eacli other, and, by takingi 
into account the sixes of the planet^, to make a table of specific gravities, 
choosing any one as tbe standard substance. Thus, if we take the eartT 
as standard, the mean specific gravity of the sun is about (1-25, that e 
Mercury about 1-25, that of Venus and Mars about O'lt, and bo on. 

But this does not give us any idea of the specific gravity in tenuE o 
known terrestrial substances or any idea of the masaes in terms of thl| 
terrestrial standards, the kitogrammeor the pound. It is true that Newton, 
with little more than tbe astronomical data at his command, made i 
celebrated guess on the specific gravity of the earth in terms of water, 
which runs thus in Motte's translation of the Prineipia (vol. ii. p. 2S(^ 
ed. 1729, Book III., Prop. 10) : " But that our globe of earth is of greatoi 
density than it would be if the whole consisted of water only, I thus n 
out. If the whole consisted of water only, whatever was of lees density 
than water, because of its leas specific gravity, would emerge and floa ' 
above. And upon this account, if a globe of terrestrial matter, covered on a 
sides with water, was less dense than water, it would emerge somewhers 
and the subsiding water falling bock, would be gathered to the oppoeiti 
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And such U the condition of our earth, nhidi, in great n 
' with eeaa. The earth, if it was not for its greater density, would 
from the aeas, and according to ite degree of levity, woiitd be raJseO 
' lees above their surface, the wnt«r and the Mas flowing bnckwards 
opposite side. By the same argument, the spota of the Kiin which 
float upon the lucid matter thereof, are lighter than thnt matter. And 
however the Planets have been form'd while they were yet in fluid niaiu>c«i, 
all the heavier matter subsided to the centre. Since, therefore, the common 
nutter of our eartli on the surface thereof, is about twice ant heavy aa 
WKter, and a little lower, in tninee is found about three or four, or even five 
tames more heavy ; it ia probable that the quantity of the whole matter of 
the earth may be five or tiix times greater than if it consisted all of water, 
especially since I have before shewed that the earth ia about four times 
ire dense than Jupiter." 

It is not a little i-emarkable that Newton hit upon the limits between 
which ttie values found by subsequent i-e^earchea have nearly all laid. 

In order, then, to complete the expreutdon of the law of gravitation we 
must connect the celestial with the tert'estrial scale of dentiitieA. In f&ct, 
we muAt do for the masses of the eolar system thnt which we do for their 
distances in the determination of the Golar parallax, though we cannot 
proceed quite so dii-ectly in the former cAtfp. as in the latter in connecting 
the celaitial and terrestrial measures. If we could measure the accele- 
ration, say, of the moon, due to any terrestrial body of known shape 
and density ; if, for instance, we knew the form and extent of our 
tidal-wave and its full lunar efi'ect, we could at once hnd the mass of 
the earth in terms of that of the wave, or its density as compared with 
aea-wat«r. 

But at present this cannot be done with any approach to accuracy, and 
the only method of solving the problem consists in finding the attraction 
between two bodies on the earth of known masses a known distance apart, 
ftnd comparing this with the attraction of the earth on a known mass at 
ita surface inBt«ad of its attraction as a heavenly body. 8ince the law of 
attraction is by observation the same at the surface of the earth and at a 
distance, we can thus find the mass of the earth in terms of either of these 
known niaiises. 

To take an illustration from an experiment hereafter described, let us 
suppose that a spherical mass of 20 kUoa. is attracted by another spherical 
tnassof 1 50 kilos, when the centres are SO cm. ajiart with a force equalto 
the weight of \ mgm. or soon'oaoo °^ ^*>® weight of the 20 kilos, when 
the Iatt«r is on the surface of the earth and G x 10* cm. from ita centre, 
we have : 

Mass of Earth , l.'iOUCiiJ _ , . __, _ 

(li X iu»)' ■ Siy 

whence mass of eaith = 5 x 10" grot 

The volume of the earth is about 9 x 10" c.c, whence the mean density 
of the earth ^ in about -rb. 

Or, using the experiment to give the constant of attraction, and 
expressing the masses in grammes, the weight of J mgm. or 

50000 X 20000 
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Wlie: 



',ifjf = 981 G = 



150000x20000 10* 



(nearly). 



A detorminiition of Q completes the expresdoii of the l&w of 

gravitation. 

This ex&mple ebows that the two problems, the determiaation of the 
gravitatiou coo.itant G und the dutermination of the meaD deiixi^ of the 
earth A, are practically one, inasmuch as our knowledge of the dimensions 
of the earth and the acceleration of gravity g at its surfuce at oi 
t to determine O if we know A, or to determine A if 
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These naturally fall into two classes. In the one class some natural 
ass is selected, either a mouotain or part of the earth's crust, aud 
its mass aud form are more or less accurately 
determined by surveys and minerali^eal 
examiuation. Its attraction on a plumb- 
bob at one side, or on a pendulum above o: 
below it, is then compared with the attrac- 
tion of the whole earth on the same body. 

In the other, the laboratory class of 
experiment, a Rmaller mass, such hs may 
be easily handled, is placed eo as to atttsct 
some small suspended body, and this attrac- 
tion is measured. Knowing the attracting 
and attracted masses, the attraction gives G. 
Or, comparing the attraction with the attrac- 
tion oftheearthonthesomebody, weget A. 

The Experiments of Bouguer in 

Peru. — The honour of making the first 
oxpei'iments on the attraction of terrestrial 

s is to be accorded to Bouguer. 
attempted both by the pendulum experi- 
ments de^ribed in the last chapter, and by 
plumb-line experiments, to prove the exist 
ence of the nttraction of mountain masses in the AndeG, when engaged i 
the celebrated measui'ement of an arc of the meridian in Peru about tha 
year 1740. The pendulum experiments are sufficiently described in tha 
last chapter. 

In his plumb-line experiments he attempted to estimate the sideway 
attraction of Ohimbonuo, a mountain about 20,0i.l0 feet high, on a plumb- 
line placed at a point on its side. Fig. 8 will show the principle of the 
metbod. Suppose that two stations are fixed, one on the side oE the 
mountain due south of the summit, and the other in the same latitude, 
but some distance westivai'd, away from the induence of the mountain. 
Suppose that at tbe second station a star is observed to pass the meridian — 
we will say, for simplicity, directly overhead, then a plumb-line bung 
down will be exactly parallel to the observing telescope. At the first 
station, if the mountain were away, it would also hang down parallel to 
the telescope when directed to the same star. But the moujitniD piUls the 
plumb-line towards it, and changes tbe overhead point so that the star 
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appears to Dortiiw.ird insteud of in the Eaaitb. The melhtxl simply ooii- 
sists in detenaiDing liow much the star appear^ii to be 9hift«d to the north. 
Tlie angle of apparent shift is the ratio of the horizontal pull of the 
mountain on the plumb-bob tj the pull of the earth. 

To cari-y out the experiment., Bougutir fixed the first station on the 
soDth slope uf CiiiRihoraxo, just above the peri)etual enow-line, and the 
MKond nearly on the same level, several miles to the we.-^twanl. lie 
describes (Figure df la Tarrt, 7th section) how his expedition reached the 
finit station after a most toilsome journey of ten hours over rocks and 
snow, and how, when they rencbed it, they had all the time to tight Against 
the snow, which threateneii to bury their tent. Nevertheless, they 
succeeded in making the necessary observations, and a few days later they 
wei-e able to move on to the stvond station. Here they hoped for better 
things, as they were now below the snowline. But their difficulties were 
Etven greftter than before, as now they were exposed to the full force of the 
wind, whicli filleil their eyes with sand and wa£ coutitiimlly on the point 
of blowing away their tent. The cold v/tm intense, and so hindered the 
working of their instruments that they had to apply fire to the levelling 
ecrewa before they could turn them. Still tht^y made their observations, 
and found that the plumb-line was drawn aside about ^ seconds. Had 
ChimbomKO been of the density of the whole earth, Bouguer calculated, 
from the dimensions and distance of the mountain, that it would have 
dmwn aside the vertical by about twelve times this, so that tlie earth 
Appeared to be twelve times as denaeas the mountain, a result undoubtedly 
very far wide of the truth. But it is little wonder that under 
such arc urns tan ces the experiment failed to give a good result, and all 
honour is due to Bouguer fur the ingenuitrf and perseverance which enabled 

kbim to obtain any result at all. At least he deserves the credit of first 
diowing that the attraction by mountain masses actually exists, and that 
the earth, as a whole, is denser than the nurface strata. As he remarks, 
bin experiments at any rate proved that the earth Has not merely a hollow 
shell, as some had till then held ; nor was it a globe full of water, as others 
had maintained. Ue fully recognised that his expenmentii wc-re mere 
trials, and hoped that they would be repeated in Europe. 

Thirty years later his hope was fulfilled. Maskelyne, then the 
English Astronomer Royal, brought the subject before the Hoyal Society 
in 1772, and obtained the appointment of a cummittee " to consider of a 
proper hill whereon to try the experiment, nud to prepare everything 
necessary for carrying the design into execution." Cavendish, who was 
himself to carryoutan e.irth-weighing experiment some twenty-five yean 
Inter, was probably a member of the committee, and was certainly deeply 
interested in the subject, for among his papers have been found calcula- 
tions with regard to Skiddaw, one of several English hills at first con- 
sidered. Ultimately, however, the committee decided in favoui' of 
Scliiehallion. a mountain neiir L. Rinnocb, in Perthshire. 3:>47 feet high. 
Here the astronomical ]uirt of the experiment was carried out in 1774, 
and the survey of the dis-trict in that and the two following years. The 
mountain has a short enst and west ridge, and slopes down steeply on the 
north and south, a shape very suitable for the purpose. 

Maskelyne, who himself undertook the astronomical work, decided to 
work in a way very like that followed by Bouguer on Chimbowzo, but 
modified in a manner suggested by him. Two stations were setooCed, one 
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on the Botitb anJ the other on the north alope. A small obBcrvatory wss 
erected Brat at the eouth station, and the angular distance of some ^tnrs 
from the lenith, when thej were due south, was most carefully measured. 
The stars selected all passed nearly overhead, so that the angleiS measiuvd 
were very small. The instrument used was the zenith sector, a telescope 
rotating about a horiwmtal east and wtst axis at the object-glass end, and 
provid^with a plumb-line hanging fi-om the asia over a gradunted M»le at 
the eyefiiece end. This shuived how far the telescope was from the vertical. 
After aliout a month's work at this station the observatory was moved 
to the north station, and again the same stare were observed with the 
zenith sector. Another month's work completed this pai-t of the ex- 
jieriment. Fig. i' will show how the observations gave the attraction 
due to the hill. Let us for the moment leave out of account the cuivatum 
of the earth, and suppose it flat. Further, let us suppose that a star i>i 
Iwing observed which would be directly overhead if no mountain existed. 
Then evidently at S. the plumb-line is 
« J 1 pulled to the noi-th, and the zenith is 

', .' shifted to the south. The star therfcfore 

\ appears slightly to the north. At N. 

\ ■ there is an opposite effect, for the moun- 

tain pulls the plumb-line southwards, 
and shittK the zenith to the north : and 
now the star appears slightly to the 
south. The total shifting of the star is 
double the deflection of the plninh-line 
r at either station due to the pull of the 
mountain. 
If.™ a «..!, i™ ■, i>i.,™i. II,.. p- But tlie curvature of the earth also 

pmmeatoti Balilrliillion, deflects the veiticals nt N. and S., and 

in the same way, so that the observed 
shift of the star is partly due to the mountain and partly due to the 
curvatui'e of the earth, A careful measure was made of the distanos 
between the two stations, and this gave the curvature deflection as about 4A". 
The obsei-ved deflection waa about .*>.'>", so that the effect of the mountain, 
the difference between these, was about 12" 

The next thing was to tind the form of the mountain. This was lie'ors 
the days of the Ordnance Survey, so that a complete survey of the district 
was needed. When this was complete, contour maps were made, giving, 
the volume and distance of every p^rt of the mountain fjom each station. 
Hutton was associated with Maskelyne in this part of the work, and h» 
carried out all the ailculitions based upon it, being much ayai-ted by 
valunble suggestions from Cavendish. 

Now, had the mountain had the same density as the earth, it was 
calculated from its shape and distance that it should have deHected thft 
plumb-lines towardw each other through n total angle of iiO-!)", or 1 J tini«a 
the observed amount. The eai-th, then, is 11^ times as dense ns tli« 
mountain. From pieces of the rock of which the mountain is composed, 
its density was estimated as 2i times that of watei-. The earth should 
have, therefore, density 1 J x ^J or Ji. An estimate of the density of the 
mountain, baeed on a survey made thirty yeais later, brought the result 
up to 6. All subsequent work has shown that this number is not very 
far from the truth. 
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MiMitly FimilM,!' ezperiinent was made eighty years later, on the 
completioD of the IJniniini'* Survey of the kiDgdotii. OerlAin nnomalias 
in the direction of the vertical at Edinburgh led Colonel Janien, the 
director, to re{>eat the Schiehalllon e^cpenment, using Arthur's Seat v* 
the deflecting uountAin. The vulue obtnined for the meiLii density of the 
eu-th Wfmabout 5^. 

I Repetitioiia have also been made of the pendulum method, tried liy 

I Bouguer in the Andes. 

The first of these was by Carlini. in 1x2!. He obser^-ed the length of 
a pendulum swinging seconds nt the Hos|)ii'e on Mont Ceuis, about (KxHI 
feet above sea-level, and so obtninfd the value of gravity there. The 
viilue due to mere elevation above the Mrt-level was ejwily calculaC«d, but 
the ob^ierved value vias greater than thiit calculaled by about 1 in riOUO. 
In oilier word^, the pull of the whole eitrth wsb r><i(H) times greater than 
that of the muuntiiin undei' the UoHpice. Knowing approiim.'vtely the 
shape of the mountain, and estimating iis density 
from fpecimens of the rock, Cariini found the 
density of Ibe earth to be about 4^ times thiit of 
water. 

Another experiment of the xume kind wns 
made by Mendenhall, in Japan, in l«Mli. Here I 
he determined the vrilito of gravity on the 
SDmmil of Fujiyuma, a mountuin nearly L't miles 
He found it greater than the value 

i calculated from the increased di^ttonce from the 
BBrth'a centre by about 1 in iVMiO, ns. Carlini had 
done on Mont Cents. Fujiyama, though the 
higher, is more gwinted and less den^e than 
Moat Cenia. Mendenhull estimated the mean density of the earth as 

Airy applied the pendulum to solve the problem in a somewhat different 

way, nsing, instead of a mountain, the crust of the earth between the top 

and the bottom of a mine- Hie Grst attempts were made in In2(I, at the 

Dolco&th copper mine, in Cornwall. Here he swung a pendulum first at 

the surface and then at the bottom of the mine. At the point below we 

may cooKider that the weight of the pendulum was due to the pull of the 

I part of (be earth within the sphere with radius reaching from the earth's 

^ eentre to the point (Fig. JO). Knowing the value of gravity below, it 

I VMS esay to calculate what it would have been at the level of the surface 

iUtcr shell existed, ami had the change in value depended merely 

J on the greater d'i'tniice from the earth's centre. The observed value was 

l^reaterthan this through the pull of the outer shell, and it was hoped 

that the difference would be measureil eutHciently ncciirately to show how 

much greater is the mass of the earth than that of the crust. The first 

attempt was brought to an end by a curious accident. As one of the 

idulums used was being raided up the shaft, the box containing it took 

', the rope was burnt, and the pendulum fell lo the bottom. Two)ear8 

r another attempt was made, but thi^ was brought to an end by a 

le mine, which stopped the pump fo that the lower station was 

•ded. 

Many years later, in 1854, the experiment was again undertalteu by 
', this time in the Harton coal-pit, near Sunderland. The method was 
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ezActljr the same, a pendulum being swung above and below the eurfaoe, 
and tbedimioutionin gravity above carefully determine. The experiment 
was cariied out with the greatest care and in a moet thorough way, two 
pendulums being swuog at the same time — one above and one below — llie 
two being interchanged from time to time. Several assistants were 
occupied in taking the observations, which extended continuously night 
and day for about three weeks. Now gravity at the surface was greater 
than it would have been, bad no outer shell existed of thickness equal to 
the depth of the pit, by about 1 in 14,000, so that the pull of the eai-tb 
was about 14,000 times that of the shell. The density of the shell was 
determined from specimens of the rocks, and Airy found the density of 
the eai-th about (i^. 

B<ime very interesting experiments have since been mode in a similar 
way by Von Sterneck in silver mines in Stixony and Bohemia. Using the 
invariJible pendulums da-cribed in the Inst chapter he obtained difierent 
results with different depths of mines^ the value of the mean density 
increiising with the increasing thickness of the shell used. This shows 
very evidently that there were sources of disturbance vitiating the method. 
Von Sterneck found, on comparing his observations at the two mines, that 
the increase in gravity on descending was much more nearly proportional 
to the rise of temperature than to the depth of descent. This appears to 
indicate that whatever disturbs the regularity of gravity disturbs also the 
slope of temperature. 

All the methods so far described use natural masses to compare the 
earth with, and herein lies a fatal defect as regards exactness. We do not 
know accurately the density of these masses and what U the condition of 
the surrounding and underlying strata. We can really only form at the 
best rough guesses. Indeed, the experiments might rather he turned the 
other way about, and assuming the value of the mean density of the earth, 
we might me.innre the mean density of the mountain or strata of wbidi 
the attraction is measured. 

The Cavendish Experiment. 

We turn now to a different class of experiment, in which the attracting 1 
body is altogether on a smaller scale, so that it oiu be handled in the 1 
laboratory. The smallness of the attraction is compensated for by the 
accuracy with which we know the size and mass of the attracting body. 

The idea of such an experiment is due to the Bev. John Michell, wi 
completed an appanitus for the purpose but did not live to esperimentJ 
with it, ■ 

Michell's plan consisted in suspending in a narrow wooden case i 
horizontal rod 6 feet long, with a S-iocli sphere of lead bung at each eoCa 
by a short wire. The suspending wiie for the rod was 40 inches long. T 
Outside the case were two lead spheres 8 inches in diameter. These wete j 
to be brought up opposite the suspended spbereri, one on one side, the 
other on the other, so that their attractions on those spheres should con- 
spire to turn the rod the same way round. Now moving each large sphere 
on to the othtr side of the case so as to pull the suspended sphere with 
eijual force in the opposite direction, the rod should turn through twice the 
angle which it would describe if the spheres were taken altogether away. 
Hence half this angle would give the twist due to the attractions in one 
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a alone. Knowiiig the torsion couple of the suspentliDg 
given angle of twttit and the length of the rorl, the attracting force would 
be calculable. To find the torsion iMiuple, Michell proposed to set the rod 
vibrating. From its moment of inertia and time of vibration the couple 
could be found. 

Keglecting all corrections, the mathematics of the method may be 
reduced to the following : 

Let the two suspended balls have mass m each, the two attracting bnlla 
mass M each. Let the rod have length 3o and with the suspended balls 
moment of inertia I ; let <i be the distance apart of the centres of attracting 
and attracted balls, and let H be the angle through which the attraction 
twists the rod. 

If ;> is the torsion couple per radian twist, and the gravitation 
constAnt, then 
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:ence, eliminating n 



N = 21 s/l/;- 
■lx'19 _ 20M 



may obtain another equation containing G by expressing the 
acceleration of gravity in terms of the dimensions and density d the 



9 = G.] 



= ^GiC 



prbere r is the radius, C the circumference, and A the density of the 
Eliminating G between the last two equations and putting for 
Mffw' the length of the seconds pendulum L — a useful abbreviation — we 
■end 
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lert) all the terms on the right hand are kn 
•nred. 

On Micfaell's death the apparatus which he had collected for his 
experiment came into the possession of Frof. Wotkston, who gave it to 
Cavendish. Cavendish determined to caixy out the experiment, with 
certain modificatioas ; but he found it advisable to make the greater part 
of the apparatus afresh, though closely following Michell's plan and 
dimeusions. 

The actual work was done in the fiummer of 1797 and the following 
spring of 1 7'JS. 

He selected tor the experiment, according to Baily, an outhouse iu his 
'den at Claphnm Common, and within this he appears to have constructed 
inner chamber to contain the apparatus, for he states that he "resolved 
place the apparatus in a room which should remain conbtantly shut, and 
to observe the motion of the arm from without by means of a telescope," 
in order that inequalities of temperature and consequent air currents within 
the ca«e obould be avoided. 
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Tlie torsion nxl A A (Fig. 11, reduced fitim the figure in CuveudisL'ti 
paper) wab of dtal, U feet long, etrecigthtned by & tilvei- wire t^iDg tlie ends 
to an apright m g in the middle. The two attracted halls x .r wei« lead, 
2 incliea in diameter, and hung by ehort wires from the ends of the rod. 

The coi Mon wire was Sil J iucfaes long, of silvered «>pper, and at first of 
suoh cross Eectioa as to give a time of oscillation about 15in. This was 
soon changed for one with a time of oscillation about 7ui. 

The position of the rod was determined by a fised scale on ivory divided 
to !;Vth inch near the end of the arm, the arm itself carrying a vernier of 
five divisions This was lighted by a lamp outside the room, and was 
viewed through a. telescope passing through a hole in the wall. 

The torsion case wa.s Riippovled on four levelling strews. The atti-actiug 




sfa s AppalBtDs. 
AUtaotfd bslls bung from iu puds I W W, Bltmclin^ 
ruuud axis P. T T, loisDCopi-B to vi^* poallirm ol t( 

masses, lead spheres 12 inches in diameter, WW, hung down from a erai 
bar, being suspended by vertical copper rods. This bar could be rotat"^^ 
by ropes passing outside the room round a pin fixed to the ceiling in t 
continuation of the torsion axis. 

The masses were stopped when J infh fi'om the case by pieces of wood 
fastened to the wall of the building. When the masses were against the 
stops their centres were 8 85 inches from the central line of the case. 

The method of experiment was somewhat ns follows: The torsion rod 
was never at rest, and the centre of swing was taken as the position in 
which it would be if all disturbances could be eliminated. This centre of 
swing was determined from three succeeding extremities of vibratioD when 
the attracting masses WW were against the stops on one side, They were 
then swung round so as to come against the stops vn the other side of tike 
attracted masses, and the new centre of swing was observed. In ft 
particular experiment the difference between the two centres was aboot 
eix scale division,<:. The time of vibration was observed from several suc- 
cessive passages post the centre of swing, the value obtained in the same 
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' experimeot being about i'Jl seta., and the massea wt-ru ilim inoveil biwk 
to tUeir lirst position, giving a seoonil vuhie for tUe ilt-Qectiuii. 

In computing the reunite vurioua correctiuns had Ui be intitiduoed into 
the equivntentK of the simple funiiulni which have been given above. 
Taking the attraction formula. 



,,8 = V 



a correction had to be made, beciiuse the attiiLcting mosse.^ were not (|uite 
opposite those attracted, as the suspendiog bar wa» a little too short. 
Then allowance was necessary for the attraction on the torniun rod, and a 
negative correction had to be applied for the attraction on the moi-e 
distant ball. The cupper Kuspendiug roda were ali^o allowed for, and a 
further correction was made for the change in atti'action with change of 
scale reading— i.e., forchange of distance between attracting and attracted 
ma.S3eti. This correction was proportional to the deviation from the centi'al 
position, and may be regarded as an alteration of fi. 

As to the case, it would evidently have no ett'ect when the rod was 
central, but it was neces^uiry to examine it-t attraction when the rod was 
deflected. Cavendish found that in no case did it exceed l/lliU of the 
attraction of the masses, and therefore neglect«d it. 

Turning now to the vibration formula, 

n = -Vv'i/a.; 

this waa correct when the manses were in the " midway " poBition— i.e., in 
the line perpendicular to the torsion rod. Sut when they were in the 
positive nr negative position, the variation in their attraction, as the balls 
approached or receded from them, made an appreciable alteration in the 
value of the restoring couple, and thus virtually altered fi. The time had 
therefore to be reduced by S/lHii of its observed value where B was the 
deflection in soale divisions due to the change of the masses from midway 
to near position. 

But it is to be observed that, if the weights were moved from one near 
poeition to the other, and the time of vibration was taken in either 
position, then the same correction having to be applied to /i in buth 
foruiulie, it might he omitt«d from lioth. 

In all, Cavendish obtained twenty-nine resiillB with a mean value of 



D = 



i'448±-U33. 



By a mistake in his addition of the results, jxiiiited out by Baily, he 
gave as the mean S-48. 

Repetitions by Belch, Baily and Cornu and Bailie.— His 

experiment has since been repeated sevei-al times. Reich made two 
experiments in Germany by Cavendish's method, obtaining in 1837 a 
value 5'Jil, and about 184!) a value 5'^8, In England it was repeated 
by Daily about 1>44 1 and lSi'2. Baily's experiment excited great, attention 
nt the time, and the i-esult obtained, S-fi74, was long supposed to be very 
near indeed to the truth. But certain dincrepanciea in the work gradually 
impaired confidence in the final result, and in 1870 MM. Cornu and 
Bulle, in France, undertook a repetition, with various improvements and 
refinements. In planning out their own work they sutuieeat^ in detecting 
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pmbaUy tlte datX «nm» of error in Bulk's work. They b«ve ks yet only 
giran sn interim recoJt of about oo, and haw ^own that Baily s work, 
if fmpttij iiiterprc4«d, should bring out a not very differ«ot reeutt. Tbeic 
final canclnsioD is «tiU to be published. 

BOJTS'S Cavendish ExperimeDt. — In the PhUctopAient TrantaeHom 
tar 1695 (vol. I k6, A. p. 1 ) is an aiocoant of a deiterDUnatiai) oi the gnriu- 
tioo constant carried out with the greater care by Prof. Boys. He had 
di8CO V CTtd ■ method of drawing exceedingly fine qoarts filwes and had 
found them ejtceedio^j 
strong and true in tbtnr 
elastic properties, lliey are 
therefore pre-eminently ap- 
plicable in tordon experi- 
ments where Bmall forces art 
to be measured. Using i 
qunrti fibre as the tomoo 
wire in a Cavendish appsra- 
tue, he nas able to reduce 
the attracted weight and 
the whole apparatus and yet 
reduce the diameter of the 
suspending fibre so £ar that 
the sensitivenesH was as great 
as in earlier experimeote. 
At the same time the small- 
DeH8 of the apparatus allowed 
it to be kept at a much more 
uniform temperature, and 
the disturbances due to con- 
vection air currents were 
much lessened. These dis- 
turbances bad much troubled 
the earlier workers. In Fig, 
Id is a diagrammatic repre- 
sentation of the apparatus. 
The attracted musses mm 
' were of gold, one pair 0'2 
inch, another pair 0'35 inch 
[ in diameter. The torsion 
rod N was 0'!) inch lotig 
and was itself a mirror in 
which the reflection of a scale diRtant about 23 Feet, and divided to SUlhs 
of an inch, was viewed. The quartz fibre was 17 inches long. 

The attracting masses MMwer« lead balls 4j inches in diameter. Had 
the mfiHsee all been on one level, as in the original arrangement, with such 
a short toreioa rod the attracting masses would have attracted both gold 
balls nearly equally. To avoid this, Ikiys had one attracting and one 
attracted mass at one level and the other two at a level six inches below. 
The balls mm were hung from the torsion i-od by quarts fibres inside a 
tube about I J inches diameter. The attracting masses MM were hung 
from the revolving lid of a concentric tubular case about 10 inches in 
diameter. These masses were arranged in the position in which they 



I the results were very coficordant. i^^^^^H 

The final value, probably the bent vet obtained, was : ^^^^^^H 

and 
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exerted the maumHin couple on the gold balls first in one direction and 
then in the opposite. The deflection varied from ;i;il to .'i77 divisioi 
according to the balls used and the times oF vibration frum 1W8 to 2 
xecondiii. The upptmitus was most exactly con^trueted and measured, and 
[the results were very concordant. 

The final value, probably the bent vet obtained, was : 

G = tl-G.i7fix Kr*; i = 5-5270 

Braun's Experiment {/)*»le»Ari/t. da- M<ah. Nat. Clone dm- Kai 
\iad. Wim. 1H96. Bd. Ixiv.).— In lliitfi Dr. Braun published an account 
t an experiment carried out by him. Ue used the torsion-rod method, 
and though his apparatus was con-'iderably larger than that of Boyc, it 
waa still much smaller than that of CavenditJi, Reich or Uaily. The 
rod was aV^ut 21 cm. long and was suspended from a tripod by a bmsa 
tordon wire nearly one metre long and 1.iII.'j5 mm. in diameter. The 
whole torsion arrangement was under a glass receiver, about a metre high 
and 30 cm. in diameter, resting on a flat gla^e plate. The receiver could be 
exhausted and in the later ex|.eriment« the pressure was about 4 mm, of 
meroury and the distuibanues due to air currenbt were very greatly 
reduced. The attracted miitse« at the end of the rod were gilded brass 
spheres each weighing about -ii gma. Rouml the upper part of the 
receiver, nnd outside it, wb« a graduated metal ring which could be 
tevolved about the axes of the torsion wire; from this were suspended, 
ibout 42 cm. apart, the two attracting ma^seH. Two pairs were used, one 
pair of brass spheres about five kgmM. each, the other a pair of wire 
'leres filled with mercury and weighing about nine kgms, each. 
Special arrangements had to l>e used t« determine the position of the 
rod by means of a mirror fixed on ila centre, the beam being reflected 
down through the bottom of tlie plat*. Tlie time of vibration was about 
liTi sees. The result obtniued was very near to that of Boys, viz. : 

= 6-t;.'>7S(;x 10'; A = fiv272;i 

A result very nearly the same has recently been obtained by vun 
Eiitvos {Wied, Ann. r>9, 1«91J, p. 354), but he has not yet completed the 
rork. 

WUsillg''s Experiment. — About IHKO, Dr. Wilsing, of Potsdam, 
ivised a modified form uf Cavendinh's experiment, in which a soit of 
touble pendulum is used — i.e., one with a ball below and another at a 
irly equal distance above the suspenfion. The pendulum is then in a 
r sensitive state, and a very small horizontal foi-ce pulls it through a 
^e angle. 
It is then just like a torHion bilance, but with a verticn) in-tend of a 
'contal rod. If weights are brought up, one to pull the upjwr ball to 
side aud the other to pull the lower ball to the other side, the 
a twists round slightly. From the observed twist and the time 
f swing ihe attraction cun be measured and compared with the pull of 
""e earth. Wilsing found that the earth had a mean density of 5-679. 

Experiments with the Common Balance. 

Von Jolly's Experiment.— in 1h7H and inI«HI Professor von Jolly 

*■ ■ a meihod wiiich he had devised. He hud a Imlance fixed at the 
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top of a tower in Munich, and from the scale-pans hung wires supporting 
two other scale- pans at the bottom of the tower (21 metres below). 
Imagine that two weights are balanced against each other at the top of 
the tx>wer. If one is now brought down and put in the lower scale-pan on 
the same side it is nearer the centre of the earthy and, therefore, heavier. 
Von Jolly found a gain of about 32 milligrammes in 5 kilogrammes. He now 
built up a large lead sphere under the lower pan, a yard in diameter, so that 
its attraction was added to that of the earth. The gain on transferring 
the weight from the upper to the lower pan now came out to about half a 
milligramme more, so that the attraction of the sphere was this half milli- 
gramme. The earth's attraction was about 10,000,000 times that of the 
sphere, and its density was calculated to be 5*G9. 










Fio. 13.— Riohaiz and Krigar-Meozers Experiment. 



Experiment of Richarz and Krig'ar-Menzel.— An experiment 

very much like that of Von Jolly in principle has been carriwi out by 
Drs. Richarz and Krigar Menzel at Spandau, near Berlin (Abhatid. der 
Koniyl. Preu88 Akad. Berlin, 1898). A balance with a beam 28 cm. 
long was supported at a height above the floor, and from each end 
were suspended two pans, one near the beam the other near the floor, 
more than two metres lower. Fig. 13. In principle the method was as 
follows : Spherical gilded or platinised copper weights were used, and to 
begin with these were placed, say, one in the right-hand top pan, the other 
in the left-hand bottom pan. Suppose that in this position they exactly 
Imlanced. The weights were then moved, the right-hand one into the 
right lower pan, when it gained weight through the increase of gravity 
w^ith a descent of over two metres ; the left-hand one into the left upper 
pan, when it lost weight through the ascent of the same amount. The 
result after corrections was that the right-hand pan appeared heavier by 
l*24r>3 mgm., half this being due to the change in position of a single 
kilogramme. 



ORAVITATION. l'' 

A lenil pai-allelopiped was now built up of separate blocks, between the 
upper and lower puD8, i melr^ high and 21 uietres wjuure, horixoutally, 
with passages for the wires suspeading the lower pans. The weighing 
of the kilogrammes was uow repeated, but the attraction of ihe lead, 
which was reversed when a weight was moved from bottom to top, was 
mure than enough to make up far the decrease in gravity, and the right- 
hftnd now appe-ared lighter on going through the same operntion by 
0'12ll mgm.i whence the attractiuu of the lead alone made a difference 
of l'36tU mgm. Thid is four times the attraction of the lead on a single 
kilogramme. Knowing thus the pull of a block of lead of known form nnd 
density on the kilogramme at a known distAoce. and knowing too the pull 
of tLn earth on the same kilogiiuume, viz., Ill" mgm., the mean density of 
the earth could bo found. 

The final result was ■ 



POynting'S Experiment.— The method of using the balance in this 
experiment will be gathei-ed from Fig. 14. A B are two lead weights, 
about 50 lb. each, hiuiging down from the ends of ii very large and strong 
balance inside a protecting wood case. M is a large lead sphere, weighing 
about •S5U lb., on a tiirn-tablt, so that it can move round from under A till 
it comes under B. The distance between the centres of M and A or M 
and B iii about oae foot When under A, M. pulls A, and so increases it« 
weight. When moved so as to come under B the increase is taken from 
A itnd put on to B. The balance is free to move all the time, so that it 
titts over to the B side an amount due to double the attraction of M 
on either, tn was a balance weight half the mass of M, but at double the 
distance. Before this wai used it was found that the movement of M 
tilted the Soor, and the balance, which wa? a very sensitive level, was 
aSected by the tilt. 

To observe the deflection due (o the alteration in weight, a mirror was 
connected with the baluuce pointer by the " double suspension " method, 
due to Lord Kelvin, and shown in Fig. l.'i. 

With the Buspenxion the mirror turned through an angle 1^0 times as 
great as that turned through by the balunce h^m. In the room above 
was a telescope, which viewed the reflection of a scale in the mil ror, and 
AS the mirror turned round the scale moved across the field of view. The 
tilt observed meant that the beam turned tlirough rather more thnn 1", 
and that the weight moved nearer to the mass hy about ^jfi^ of en inch. 
The weight in milligrammes producing this tilt had to be found. This was 
done virtually {though not exactly in detail) by moving a centigi'nmme 
rider aboitt 1 inch along the beam, which was e<(uiva]ent to adding to one 
side a weight of about ^'^ milligramme. The tilt due to the transfer was 
observed, and was found to be very nearly the same as that due to the 
attraction, so that the effect of moving M round from A to B was 
equivalent to increasing B hy ^^ milligramme, or jTretruinjij of ilsprevious 
weight. The pull on either is half this. In other words, the earth pulled 
either about ll)0,<HH>,()UU times as much a» the mass M, and the earth, 
which is 20,i".«i,lJUU times as far away, would at the same distance have 
exerted 400,000,000,000,000 times UH>,00O,O(M) times the pull, and is. 
therefore, so many times heavier. Thus wo find that the eaith i 
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the nttnction in thie position. The difference was due to the change 
in A and B alone, for the attraction on the beam remained the same 
throngliout. 

The final result was — 

O_«-([«84x]0 ' 
A-5-4!)»4 
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Experiments on the Qualities of Gravitation. 

The Rang'e of Gravitation.— The first question which ames is, 
whuther the law of gravitation holds down to the minutest nuHees and 
distHricea which we can deal witli. All our obuervationn and experimeuts 
go to show that it holdij throughout the long riinge from interplanetary 
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I dtstanceti down to the distances between the attracting bodi«e in the 
laborAtoiy experiments described above. 

The finit step in the descent from celestial spaces is justified by the fact 
that the acceleration oF gravity at the earth's surface agrees with its value 
on the moon, as attracted by the earth. The further step downward 
appears to be justified by the fair agreement of the results obtained by the 
various forms of Cavendish, balance, and pendulum experiment:^ on the 
mean density — experiments which have been conducted at distances varying 
from feet down to inches, Whei« the law ceases to hold is yet a matter for 
experiment to determine. When bodies come into what we term " contact,'' 
the adhesion may possibly still be due to gravitation, according to the inverse 
N]Uare law, though the varying nature of the adhesion in different cases 
s to point to a change in the law at such minut« distances. 
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Gravitation not Selective.— it might be po-sible that some umtter 
is ftttrdcted more thuii in pmporiion toitfi mass and some Iwii. Xbe agree- 
ment of ustronomical obsei'vntionB with deductioDs from the general law is 
not perfectly ileciaive as to this possibility, for there might be such a 
mixture of different kindR of matter in all the planets that the general 
average nttraciion was in accordance with the law though not the attraction 
on each individual kind. A supposition somewhnt of this description is 
required in an expliination which bus been given of the formation of 
comets' tails, some matter in the comet being supposed to be acted on by 
the sun, not by the ordisaiy law but by a repulsion. This explanation ia, 
however, now generally abandoned, an electrical origin of the tails being 
regarded as more probable. 

But, with regard to ordinary terrestiial matter, Newton's hollow 
pendulum esp.-riments (Principia, Book III., Prop, fl) repeated with mora 
detail and pi'ecisimi by Bessel ( VersiaJte iiher die Kraft, viit lotlcher di« 
Erde Korper von ttrachiedme HtvJmffenktit anseiAl, At)l]and. der Berl. 
Ak. 1830, p. 41 ; or Memoim relttifs ft la Phi/sique, tome v. pp 72- 
133) prove that the earth as a wbols is not selective. Still, the results 





might just oonceivably be due to an average of equal excesses and defects. 
But again we may quota the various mean density experiments, and espedally 
those made by Baily, in which a number of different atti-atting and attracted 
substances have been used with usnrly (he name i-esults. 

Gravitation not AlTeeted by the Medium.— When we compare 

gi-avitition with other knuwn forces (and those which have been most 
closely studied are electric and magnetic forces) we are at once led to 
inquire whether the lines of gravitative force are nlwaj-s straight lines 
radiating from or to the mass round which they centre, or whether, like 
electric and magnetic lines of force, they have a prefej«nce for some media 
and a distn.'.te for others. We know, for example, that if a magnetic 
sphere of iron, cobalt or manganese is placed in a previously straight field, 
its permeability is greater than the air it replaces, and the lines of force 
crowd into it, as in Fig. 16. The magnetic action is ihen stronger in the 
pi-esence of the sphere neai- the ends of a diameter parallel to the original 
course of the lines of force, and the line.'* are deflected. If the sphere be 
diamagnetic, of water, copper, or bismuth, the permeability being leas 
than that of air, there is an oppiwite effect, as in Fig. 17, and the field is 
weakened at the ends of a diameter parallel to the lines of force, and again 
the lines are deflected- Similarly, a dielectric body placed in an electric 
field gathers in the lines of force, and makes the field where the lines enter 
and leave stronger than it was before, 
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Astronomi»il ohservations are not conclusive Against any surli ( 
the meiJiuin ou gravitation, for the medium intervening between the sun 
anil pi inela approaches a vacuum where so far we have no evidence for 
variation in quality, even for electric and magnetic induction. lu the cufb 
of the eirth, too, its spherical form might render observation inconclusive, 
for just Afi n sphere compced of concentric dielectric ehellH. each with its 
surface uniformly electrided, would have the same external field in nir, 
whatever the dielectric constant, if the quantity of electrification within 
were the same, bo the earth might have the same field in air irhatever the 
vnrj-ing quality of the underlying strata ns regards the transmission of the 
action acroeti them, if they were only suitably arranged. 

But common experience 
might lead us at once to 
Bay that there is no very 
considerable effect of the 
kind with gravitation. The 
evidence of ordinary weigh- 
ings may, perhaps, be re- 
jected, inasmuch as both 
sides will be equally af- 
fected as the balance is 
commonly used. But a 
• spring bnlance should show 
if there is any large effect 
when used in different positions abov< 
enclosures. And the ordinary Imlance 
which one weight 
perhaps, by 




used in certain < 

luspended beneath the bilance CA.se, ai 
or, perhaps, by a water-bath. 



different 
: peri men ta in 
ded. 



appreriable 

variation of weight on that account has yet been noted. Nor does the 

direction of the vertical change rapidly from place to place, as it would 

with varying permeability of the ground below. But perhaps the agreement 

k of pendulum results, whatever the block on which the pendulum is placed, 

Kand whatever the case in which it is contained, gives the best evidence 

■ that there is no great gathering in, or opening out of the lines of the 

I earth's force by different media. 

I Still, a direct experiment on the attraction between two masses with 

Kdiffereut media interposed was well worthy of trial, and such an experiment 

B been carried out by Messrs, Austin and Thwing.* The effect to be 

understood from Fig. 18. If a medium more peimeable 

interposed between two bodies, the lines of force will 

it from each side, and the gravitative pull on a body, near the 

medium on the side away from the attracting body, nill be 

increaeea. 

The apparatus they used was a modified kind of Boys appai-atua 
(Fig. 1 0). Two small gold masses in the form of short vertical wires, each 
"4 gm. in weight, were arranged at different levels at the ends virtually of 
L torsion rod 8 mm. long. They are represented in the figure by the two 
• Phytieal SupUw, v. 1807. p 294, 
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ihickejiingK on theeuHpendiiig tibre. The attractini;mHiiseBM,M, were lead, 
each about 1 kgm. These were first in tie positioDS sliown by black Hues in 
the figuiVi aDd wei'e iLen moved into the poeitione fIiuwd by dotted lini«. 
The attraction wns measured first wheti merely the air and the oaee of the 
instrument interveoed, and then when various slabii, each S cm. thick, 10 
cm. wide and 2'J cm. high, were interposed. With screens of lead, Kinc, 
mercury, water, alcohol or glycerine, tlie change in nttDK-tiou was at the 
most about 1 in 500, and this did not exceed the errors o( experiment. 
That is, they found no evidence of ft change in ptdl with change of medium. 
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of the change of electric pull I 
with change of " " 
but something far smsller^fl 
It slill remains jiint pos-T 
Bible, however, thai there I 
are variations of gravitft- 
tional permeability oompaiN , 
able with the variationa at -i 
magnetic permeability 
media such as water and] 
alcohol. 

Gravitation not Di- 
rective. — Yet another 

kind of effect might be sus- 
pected. In most crystalline 
substances the physical pro- 
perties are diflerent along | 
different directiona in a , 
crystal. They expand dif- 
ferently, they conduct h 
differently, nnd they tra 
mit light at different spee(ic< 
in different directions. Ws ' 
might then imagine that 1 
the lines of gi'avitative force i 
spread out from, say, a erya- 
tal sphere unequally in dif- 
ferent directions. Soma 
years ago Dr. Mackenzie* mode an experiment in America, in which he 
sought for direct evidence of such unequal distribution of the liuM af_ 
force. He used a form of apparatus like that of Profe.>*or Boya (Fig, 12] 
the attracting masses being calc spar spheres about 2 inches in dinmi 
The attracted majwea in one expeiimcnt were small lead spheres abonf 
) gm. each, and he measured the attraction between the crystals and 
lead when the axes of the crystitis wei-e set in various positions. But 
variation in the attraction waN merely of the order of error of experimenl 
In another espeiiment the attracted masses were small calc spar crysf 
cylinders weighing a little more thau ^ gm. each. But again there was 
evidence of variation in the attiuction with variation of axial direction, 
Practically the same problem was attacked in a diUerent way 
Poynting and Gray.+ Tht-y tried to find whether a quarts crystal spij( 
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had any directive action on auotber quarts crystal sphere close to it, whetht^r 
they tended to set with their axes parallel or crossed. 

It may easily be seen that this is the same problem by considering 
what must happen if there ia any difference in the attraction between two 
such spheres when their axes are parallel and when they are crossed. 
Sappo(>e, for example, that the attraction is alwayn great«r when their axes 
ore para.llel, and this seems a reasonable suppotition, inasmuch as in 
stmightforward crystallisation successive parts of the crystal are added to the 
existing crystal, all with their axes parallel. Begin, then, with two qoarti 
crystal spheree near each other with their axes in the same plane, but 
perpendicujar to each other. Remove one to a very great distance, doing 
work against their mutual attractions. Then, when it is quite out of range of 
appreciable action, turn it round till its axia is parallel to that of the fixed 
crystal. This absorbs no work if done slowly, Then let it return. Th« 
force on the return journey at every point is greater than the force on the 
outgoing journey, and more work will be got out than was put in. When 
the sphere is in its first position, turn it round till the axes are again at 
right angles. Then work must be dune on turning it through this right 
angle to supply the difference between the outgoing and incoming works. 
For if no work were done in the turning, we could go through cycle after 
cycle, always getting a balance of energy over, and this would appear to 
imply either a cooling of thecrystals era diminution in their weight, neither 
auppOKition being admissible. We are led then tosay tliat if the attraction 
with parallel axes exceeds that with crossed axes, there must be a directive 
action resisting the turn from the crossed to the parallel positions. And 
conversely, a directive action implies axial variation in gravitation. 

The straightforward mode of testing the existence of this directive 
action would consist in hanging up one sphere by a wire or thread, and 
turning the other round into various positions, and obi^erving whether the 
hanging sphere tended to twist out of position. liut the action, if it exists, 
is so minute, and the disturbances due to air currents are so great, that it 
would be extremely difficult to observe its effect directly. But the prin- 
ciple of forced oscillations may be used to magnify the action by turning 
one sphere round and round at a constant rate, so that the couple would 
act first in one direction and then in the other alternately, and so set the 
hanging sphere vibmting to and fro. The nearer the complete time of 
vibration of the applied couple to the natural time of vibration of the 
hanging sphere, the greater would be the vibration set up. This is well 
itrated by moving the point of suspension of a pendulum to and fi-o in 
Inally decreasing periods, when the swing gets longer and longer till 
le period is that of the penilulum, and then decreases again. Or by the 
:periment of varying the length of a jar resounding to a given fork, when 
the sound suddenly swells out as the length becomes that which would 
the fork. Now, in looking for the couple 
vo possible cases. The most likely is that 
way while the turning sphere is moving 
the opposite way during the next quarter 
That is, the couple vanishes four timea 
may term a quadrantal couple. But it 
just possible that a quartz crystal has two ends like a mngnet, and that 
tike poles tend to like directions. Then the couple will vanish only twice 
In a revolution, and may be termed a semicircular couple. Both were 
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DAturally give the 
between the crystals, thtre are t 
in which the couple acts in on 
from parallel to crossed, and ii 
turn from crossed to parallel, 
during the revolution, and this n 
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looked lor, but it is enough now to consider the poesibility of the quadi«nt>l 
couple only. '-^ m\ 

The mode of n-orking will be seen from Fig. 20. The hanging sphere, 
'9 cm. in diameter and 1 gm. in weight, wus placed In a light aluminium 
wire cage with a mirror on it, and suspended by a loog quartz fibre in a 
brass case with a window in it opposite the mirror, and surrounded by a 
double-walled linfoiled wood case. The position of the sphere was read in 
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the usual way by scale and telescope. The time of swing of this little 
sphere was 120 seconds. 

A larger quartz sphere, 6'G cm. diameter and weighing 400 gme., was 
fixed at the lower end of an axis which could be turned at any desired rate 
by a regulated motor. The centres of the spheres were on the same level 
and ^'9 cm. apart. On the top of the axis was a wheel with 2U equidistant 
marks on its rim, one passing a fixed point every 1 1 '5 seconds. 

It might be expected that the couple, if it existed, would have the 
greatest effect if its peiiod exactly coincided with the 120-^econd period of 
the hanging sphere — i.e., if the larger sphere revolved in 240 seconds. But 
in the conditions of the experiment tlie vibrations of the small sphere were 
very much damped, and the forced oscillations did not mount up us they 
would in a freer swing. The disturbancen, which were mostly of an im- 
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ive kind, L-ontiniiftlly set the hanging sphere into large vibration, and 
these might easily ■« taken as due to the revolving sphere. In fact, 
Wkiug for the couple with exactly coincident periods would be something 




"fce trying to find if a fork set the nir in a resonating jar vibi'ating when 
* brass band was playing all ronnd it. It was necessary to make the 
•^oujile period, then, n little different from tlie natural 12()-secoiid period, 
**»«J accordingly the large sphere was revolved once in 230 seconds, when 
the Buppoaed quadrantul couple would have a 
P»*"i<)d of 1 15 seconds. 

Figs. 21 and 22 may help to show how 
this tended to eliminate the disturbances. 
>-«* the ordioalea of the curves in Pig. 21 
^^present vibrations set out to a horironlid 
titoe scale. The upper curve is a regular 
'ihrHtion of range ± 3, the loweradistiirbauce 
tt^ginning with range + K'. The fii'st has 
' I, the second period l'2f). Now, cutting 
rves into lengths equal to the period of 
ahorter time of vibration, and arnmging 
lengtliB one under the other, aa in Fig. l''J, 
^ill bo seen that the maxima and the i 
iinui of the regular vibration always fail at 
points, so that, taking 7 periods, and 
p the ordinates, we get T times the 
t., t 21. But in the disturbance the 
nod minima fall at diil'erent points, 
1 with 7 periods only the range is 
to - 1^, or less than the range due - 
lie addidon of the much smaller regular 

ition. ltl0»KUU'roD«. 

It the experiment the couple, if it existed, 
Id very soon establish its vibration, which would always be there, and 
"•^Ici go through all its values in IIB seconds. \n observer, viatdiVR^ 
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the wheel at the top of the revolving axis, gave the time eignale every I Vii 
secondB, i-egulating the speed if uecessary, and an observer Ht the teleecope 
gave the scale reading at every signal, that is, 10 times duiing the peiiod. 
The values were arranged in 10 colunms, each horizontal line giving the 
readings of a penod. The experiment was carried on for about 2j hourfi 
at a time, covering, say, 8U periods. On adding up the columns, the 
maxima and minima of the couple efiect would always fall in the Game two 
columns, and bo the addition would give 80 timeii the swing, while the 
maxima and minima of the natural swings due to diiiturbancee would fall 
in different columns, and so, in the long run, neutrulise each other. The 
results of different days' work might, of course, be added together. 

There always was a small outstanding efiect such as would be produced 
by a quadrantal couple, but ite efiect was not always in Ibc siime columns, 
and the net reoult of observalious over about 350 periods was that there WM 
no 1 15-Beeond vibration of more (ban I second of arc, while the dbturbances 
were sometimes 50 times as great. 

The temiciicular couple requirpd the turning sphere to revolve in 
115 seconds. Here, want of symmetry in the appaj-atus would come in 
with the same effect ns the couple sought, and the outstanding result was, 
accordingly, a little larger. 

But in neither cai^e could the experiments be taken an showing a rod. 
couple. They only showed that, if it existed, it was incapable of produciiigr< 
an effect greater thnn that observed. 

Perhaps the bebt way to put the result of the work is this: Imngiut- 
the amall sphere set with its axis at 45° to that of the other. Then tilft 
couple is not greater than one which would take 5} hours to turn it 
through that 45° to the paiullel positioo, and it would oscillate about that 
position in not less than 2\ hours. 

The semicircular couple is not greater than one which would turn fnnt' 
crossed to parallel position in 4) hours, and it would oscillate about Uiri| 
position in not less than 17 hours. 

Or, if the gravitation is less in the crossed than in the larallel poeitioif 
and in a constant ratio, the difference is less than 1 in 16,000 in the oal^ 
case and less than 1 in 2800 in the other. I 

We may compare with these numbers the difference of rate of tiaT(| 
of yellow light through a quartz crystal along the tixis and perpendicnkir 
to it. That difference is of quite another order, being about 1 in 170, 

Other possible Qualities of Gravitation.— Quite indedaive ex-. 

peiimeuts have been made to discover n pos.-sible alteration of masi< ( ' 
chemical combination.* Alterations have ap[ieared, hut they are too t-m) 
and too irregular to enable any conclusion to be drawn as jet. i 

So far, loo, there is no reason to supjiose that temperature affectf 
gravitation. Indeed, as to temperature effeit, the agreement of wei^ 
methods and volume methods of meatiuriny expansion is good, as far r ■ '* 
goes, in showing that weight is independent of temperature. 

Ko research yet made has succeeded in showing that gravitalio — __ 
related to anything hut the masBes of the attracting and the attracted 
bodies and their distance apai't. It appears to have no relation to phyaiad 
fir chemical conditions of the acting ma>ses or to the intern ninp medium.^ 



<i : S»nfiirci and R.v, Mliyi. Rtr., < 
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I this chapter we shall consider clitinges in the coDformation of solid 
I and the counection betweea these changes aud the forces which 
pTvdiice them. 

Many of the points with which we shall have to deal are well 
iUusiriited hy the simple case of a vertical metal wire the upper end of 
"Uirh is 6xed while the lower end carries a scale pan. If we measure the 
increments of elongation of the wire when different weights are placed in 
tht ursle-pan and plot our results as a curve in which the ordinate are 
'iip elongations of the wire — i.e., the extension of the wire divided by its 
iuiKtret«hed length, and the atMwiseie the stretching weight (inclusive of 
^e weight of the scale-pim) divided by the area of cross section of the 
Diutt«tched wire, we obtain the results shown in Fig. '2S, which is taken 
fiom Todhunter and Pearson's A Hwtanj of the Kla»ticilij and UtrtngUi of 
^at^riaU, and represents the i^esults of experiments made by Professor 
Kednedy on a bar of soft steel. 

The first port of the curve — when the stretching force per unit area is 
'"^ ihnn a certain value, is a straight line ; i.e., up to a certain point the 
"Otigntion is proportional to the load p^r unit area of cross section,* an<l 
''{> to this point we find that when we reuio\e the weight from the scale- 
i"!! the stretched wire shortens until its length is the same as it was 
'■efotQ the weights were put on (the elongations in this stage are so small 
J"*l on the scale of Fig. 23 this part of the curve is indistinguishable 
■'otn the axis A B). When, however, we get beyond a certain point B on 
'he curve — i.e., when the stretching force per unit area is greater than 
'■"e value represented by AB, the curve becomes bent, and we find on 
•^moving the weights that the wire does not ri^turn to its original length 
"^t ia permanently lengthened, and is said to have acquired pemianenl set. 
The mnge of elongations over which the wire, when unloaded, recovers 
'"* origitiul length, is called the range of perfect elaeticdtf ; when we 
^ beyond this range we are said to exceed the elastic limit. 

After passing the point i-epresented by li a ntjige is reached where the 
"^U^Tidioij becomes very large. The scale-pan runs rapidly down and the 
"•t^ looks us if it were about to break. By far the greater part of this 
"^tflneioii is permanent, and the wire, after paesitig C, is not able to 
'*i»tain as great a pull as before without suffering further elongation; this 
'* *bovib by the bending bock of the curve. The place where this great 
*^n«ioii begins is called the jrield-point ; it seems to be always further 
■"wg llin curve than the elastic limit B, 
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The part of the increment of elongation which disappears on the 
removal of the stretching weight, between the elastic limit and the yield 
point, is proportional to the stretching weight, and th^ ratio of the 
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IdiaAppeariDg elongation to the stretching weight per unit area ifi, 
racooniing to the experiments of Professor Kennedy, the same as tijat 
witltii) the limits of perfect elasticity {eee Todhunter and Fearron's 
IfialoT}/ of Elasticity, p. 88ft). 

Afier passing the yield point the elongation increases rery rapidly 
with the load, and at this otage the wire is plastic, the elurgation 
depending upon the time the stretching force acts. The extension rapidly 
increases and the area rapidly contracts until the breakmg-point K is 
reached. The appai-ent maximum for the load per unit oreii shown in 
Rg. 2.'i is due to the contraction of the area, so that the pull per unit area 
of the stretched wire is no longer represented even appro](imnt*ly by the 
abscissip, About the point D the wire lie^ins to thin down or flow 
loolly, so that its cross section is no longer uniform, some parts being now 
sm&ller than the rest. 

The portion GHG' of the curve represents the effect of unlonding 
and reloading at a point G past the yield point. We Pee, from the shape 
oE this portion of the curve, that the limit of perfect elasticity for thia 
pennanently stretched wire has been extended beyond the yield-point of 
the wire before it was permanently stretched. The range between the 
limit of perfect elasticity and the breaking-point is very different for 
different mibstances ; for ductile substances, such as lead, it is considerable, 
while for brittle ones, such as glass, it is evanescent. 

We are thus from our i<tudy of the loaded wire led to divide the 

phenomena shown by substances acte<l upon by forces into two divisions — 

- one division in which the solid recovers its original form after the 

Ltemoval of the forces which deformed it, the other division in which a 

Kjtermanent change is produced by the application of the force. Even 

Kmthin the limits o( perfect eliisticitv different bodies show distinct 

BdifferenceB in their behaviour. S-juie recover their form immediately 

Hkfter the removal of the force, while others, though they recover it 

Kiltimately, take considerable time to lio fo. Thus a thread of qunrti fibre 

Pirill recover its s}ia|)e immediately after the removal of the tensioual 

and torsional forces acting upon it, while a glass fibre may, if the forces 

have been applied for a considerable time, lie several hours before it 

renins its original condition. This delay in recovering the original 

condition of the substance is called ihe elastic after-effect; it may be 

nveniently studied in the case of the torsion of glass fibres. 

Take a long glass fibre ond fasten to it a mirror from which a spot of 

jht is reflected on to a scitle, twist the fibre about its axis and keep it 

risted for a considerable time. Then remove the twisting couple ; the 

)ot of light will at once come back a considerable distance taT\'ard8 its old 

isitioD, but will not reach it, and the rest of the journey will be a slow 

>ep towards the* old position, and several hours may elapse before the 

Ibnmey is completed. The larger the initial twist and the longer the 

" lB for which it was applied the greater is the temporary deflection of 

spot of light from its original position. 

The general shape of the curve which represents the relation between 

the dis-placement i f the zero— i.?,, the displacement of the jiosition of the 

ppot of Itght^ — and the time which has elapsed since the removal of the 

twist, is shown in Fig. 2J. In this curve the ordinates represent the 

displscement and the abscissa? the time since the removal of the twitt. 

The altitude PN, when the abst-issa ON is given, depends upon the 
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Bignitode of the initial twist mud the time for which it was applied ; the 
corre Ih steep at first bat gets flatter and flatter as the time increases. 
The loDgfT the initial twist is applied the more slowly does the zero 
^proach its origiDal positioo. ^erj complicated movements of the zero 
maj occur if the fibre has been twisted first in one direction and then 
in the opposite for a considerable namber of times. The general features 
of this phenomenon will be illustrated by the following simple case. Suppose 
that immediately after the removal of the first twist, whose after-effect, 
if it were alone, would be represented by the curve (I), Fig. 24, a second 
twist in the oppusite direction is applied for a time represented by ON and 
then removed. Suppose that the deflection of the zero due to this twist 
alone is represented by the dotted curve (II) (as the twist is in the opposite 








Fio. 24. — Curve showing the Elastic After-effect in a Twisted Glass Thread. 



direction, the ordinates represent negative deflections). Then if we can 
superpose the effects, the displacement of the zero at a time NK after the 
removal of the second twist will be represented by the differences between 
the ordinates KR, KS of the two curves. The ordinate of the second curve 
may be above that of the first at the time the second twist is removed, and 
yet, as the curve is very steep just after the removal of the twist, 
curve (II) may drop down so quickly as to cut the first, as shown in the 
figure. Thus in this case we should have the following effects: immediately 
after the removal of the second twist there would be a displacement of 
the zero in the direction of the last applied twist, the spot of light would 
then creep back to the zero but would not stay there, but pass through 
the zero and attain a maximum deflection on the other side ; it would then 
creep back to the zero and would not again pass through it. In this 
way, by superposing twists of different signs, we can get very complicated 
movements of the zero, which are a source of trouble in many instruments 
which depend upon the torsion of fibres. With quartz fibres the residual 
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S exceedingly email, and IhiH is one of the cbief causes which e 

their use so valuable. The residual aft^r-elTect in glniis is a cause of 

trouble in thermometry, each change of temperature 

ctiange in the zero. 

The magnitude of the elastic after-effect seeme to 

when there is a want of homogeneity in the 

constitution of the body. In the mmt homo- 

geneiius bodies we know, crystals, it is exceedingly 
11, if it esiste at all, while it is very large in 
[ glass which is of composite character, being a 
t mixture of difl'erent Rilicatee; it exists in metutti, 
[ Although Dot nearly to the same extent an id 
I glass. A similar dependence upon want of 
I qaiformity seems to characterise another similiir 
* effect— the retiidual charge of dielectrics (we 

volume on Electricity and Magnetism), the laws 

of which are closely analogons to those of the 

elastic after-effect. 

The phenomenon of elastic after-effect miiy 

be illustrated by a mechanical model MmiJar to 

that shown in Kig. 2.\ 

AB is a spring, from the end, B, of which 

another spring CD is suspended, carrying a 

damper D, which moves in a very viscous 

liquid. If B is moved to a position B' and kept 

there for only a short time, so short that D has 

not time to move appreciably fi'om its original 

position, then when B is let go it will return at 

once to its original zero, for I) has not moved, eo 

that the conditions are the same as they were 

before B was displaced. If, however, B is kept 

in the position B' for a long time, T) will slowlv m 

such (hat D' is as much below B' ofi I) was below i 

it will not at once return lo B, for in this position the spring between B 

uid U ia exlended. B will slowly nio-e back towards its old zero, and will 
I only reach it when the slow moving D' hns returned to D. 

' Viscosity of Metals and Elastic Fati^e.- if two vertical wires, 

one made of steel and tlie other of 

Kinc, are of the same length and ^. O' o" ^ 

(tiameter, and carry vibration bars Fio. 26. 

of the sane diameter, then if 

these bars are set vibrating the vibrations die away, but at very different 
rates: the steel wire will go on vibrating for a long time, but the zinc 
wire will come to rest after making only a small number of vibrations. 
Thia decay in the vibrations of the wire is not wholly nor even mainly 
jdae to the resistance of the air, for thia is the same for both wires ; it is 
e to a dissipation of enei'gy taking place when the parts of a metal wire 
: in relative motion, and may, from analogy with the case of liquids 
, be said to bo due to the vueoaitj/ of the metal. We can 
< that elastic after-effect uould cause a decay in ibe vibrations of 
suppose O, Fig. 21), represents the original zero — i.e., the 
3 where the force acting on the f^stem vanishes, then if the wiie is 
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disiilaced to A nml then let ^o thi 
A and O; thus the force will 



will be At O', A point Wtwrctt 
to stop the vibrmtion i 





wire nnsses O' — sooner, that i», tlmn it would do if there were no after- 
effect. Again, when the wire is on tlio other side of 0, the sero will be 
displaced by the elastic after-effect to O", a point between O and B, and 
thus Dgaiii the forc« tending to stop the vibration will begin to act sooner 
thiin it would it there were no 
elastic after-effect. We can aee the 
same thing from the study of the 
model in Fig. ^-'i, for some of the 
kinetic energy will be converted into 
hiat by the friction between the 
viscous fluid and the damper D. 

Lord Kelvin discovered a remark- 
able property of tiie viscosity of 
metrtls which he called elaetie /aligae.^ 
He found that if A wire were kept 
vibrating almott continnously tha 
rate nt which the vihrations died' 
away got greater nnd greater; \a 
fact, the wire behaved as if it god 
tired and could only with difficult 
keep on vibrating. If the wirs 
were given a rest for a time il 
recovered itself, and the vibrationi 
for a (ilini't time after the rest di£ 
not die away nearly so rapidly aa 
they had gone just before the re«t 
began. Muir (Proc. Hoy. Soe., Ixiv. 
''">'"'■ [,. ;5;57) found that a metal wirt 

recovered from it^ futigue it it were warmed up to a temperature abowi 

^""Anomalous Effects on first Loading: a Wire.-The extension . 

diiced hy a given load placed on a wire for the 6rsl time is not m gener^ 
quite the same as that produced by subsequent loading ; the wire reqi 
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I to he loaded and unlntuled several times before it gets into a steady vbite. 
I Tbe first load lifter a rest also gives, in genera!, nn iiTegular result. It 
s if straining a wire produced a change in it« structure from which 
I it did not recover for some time. 

tireat light will probably be thrown on this and the other effects we 
Kjiave been considering by the examina- 
Rfion by the microscope at sections of 
I metals. When examined in thii; 
ray it is found that metals possess a 
i-iicture coarse enough to be easily 
rendered visible. FigB. i*7, '2x, 
le appenrance under the mic 
»pe of certain metnb. It will be | 
•ea from these figures that in tlje^^e 
letalK we have aggregates of crystals 
f <rf very great complexity — ^the linear 
dimetuiioD of the^e aggregates is some- 
times a considerable fraction of a 
millimetre. These large aggregates 
are certainly altered by large Htmins. 
(Thus Ewing and Rosenhain (PriMj. t'lu. 3o. 

gS"}/. Soe., xlv. p. So) have made the 

Kvery interesting discovery that when :i metal is strained pikst its yield- 
Vjwint there in a slipping of the cry stAlt^, which build up the aggregates 
Bklong tlieir planes of cleavage. The appearance of a piece of iron ufter 
■.Straining {Mst the yield-poiot is shown in Fig. :lti ; the markings in 
J figure are due to the steplike structure of the aggregates caused 
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fcy the slipping past each other during the strain of the crystals in 
ifehe aggr^ates, as in Fig. SI. Plasticity may thus be regni-ded as the 
yielding, or rather slipping ptt't ench other of the crystals of the large 
aggregates which the microscope shows exi.-it in metala. 

In harmony with this view is the observation of McConnel {Pmc. 

. Soe., xiiv. p. :1H1) that, although ice in mass is plai<tic, a single 

ratal of ice is not so. 

If there is a general change in these aggregates under large strains it 

I possible that there are some aggregates which are unstable enough to 
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be broken up br KRMller Btnios. &nd that the tirvt appUcatioa i& acoom- 
puued by a breaking ap oS ecme of the more uostable groups, so that the 
■tnicttm of the tnefjt) is sUgbtlj dunked ; we can then undetnttuid the 
iireguUrities iJNerved when a wire is first loaded and also the pxi&tence 
of the aUstic after-effect. Iitdeed, it would eeem altnoat ineritahle that 
anj strain among sorh irregatar- shaped bodiee as those shown in Fig, 2X 
would result in some of them getting jambed, and thns becoming eipiwed 
to very great preaBiires, pressures vhiuh might be sufficient to break up 
some of the weaker aggT^at«K, and thus give relief to the sjgt«m. The 
existence of such a btructure as that bbown in Fig. 2** causes w to 
wonder whether, if a suoceGsion of very accurate observations of the 
elastic properties of a metal wer« made, the resulta would not differ 
from each other by more than could lie accounted 
for by the errorc of experiment. 

The term viscosity is often used in another 
sense betfides that on p. 57. We call a substance 
viscous if it raaooc resist the application of a 
smaJI force acting for a long time. Thus we call 
piUrh viscous because, if given a sufficiently long 
time, it will flow like water ; and yet pitch can 
susEain and recover from a considerable force if 
this acts only for a short time. Fig. 32 shows 
the way in which some very hard pitch has 
flowed through a vertical funnel in which it has 
been kept in the Cavendish Laboratory for nire 
ye»rs. In an eicperiment, due to Lord Keh'in, 
piec<« of lead placed upon a plate of pit«h found 
in course of time their way through the plate. 
Many substances, however, show no traoe of 
viscosity of this kind, for the existence of sharp 
impre^ions on old coins, the preservation of 
^'°' ^^' bronze statues and the like, show that metats can 

sustain indefinitely (or at any rate so nearly 
indefinitely that no appreciable change enn he detected after thousands of 
years) their shape even under tlie application of small forces. 

Breaking- of Wires and Bars by Tension.— The following table, 

due to Wei-theim, gives t)i<- load iu ktlogrammcs per square milliux-tie 

necessary to break will's of different substances: 




Zinc 



Copper 


. 40 3 


Platinum . 


. 34-1 


Iron . 


. i;i 


Steel Wiie . 


. Til 



13-8 



The prooew of drawing into wire ceenis to stiengthen llie uiaterinl, 
and the finer the wire the greater is the pull, cstiuiated per unit area of 
cross section, required to break it. This is shown in the following table 
given by Bauraeister (Wiedemann, Annalen, xviii, p. 60i): 



] 

Material. 


?.T.ASTICITY. 

Diameter of wire ^"" '" k.logrammej 




in luni. 


to break the wire. 


Swedish Iron 


. •72 


(»4 


>» »> 




•50 




83 


j» •» • ' 




•30 




9() 


»» >» • ' 




•25 




. 94 


91 ♦> 




. 15 




. JiH 


»> »» 




•10 




. 123 


Brat» . . . . 




•75 




7G 


?» • 




. 25 




. 98 


j> • 


I i 


. 10 




98 
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The effect of temperature on the pull required to break a wire is com- 
plex. Iron wire shows several maxima and minima between 15° G. 
and 400° 0. (Pisati, Jiend, Aoc, Lincei. 1876, 76); the strength of copper, 
on the other hand, steadily diminishes as the temperature increases. 

The strength of a material is sometimes very seriously affected by the 
addition of only a small quantity of another substance. Thus Sir William 
Roberts- A listen found that gold, to uhich 2 per cent, of potat^sium had 
been added, could only sustain 1/12 of the weight required to break 
pure gold. In the case of steel, the addition of small quantities of carbon 
to the iron increases the strength. Tlie microscopical examination of the 
structure of metals, such as is shown in Figs. 27-30, may be expected to 
throw a good deal of light on effects of this kind. In this way it has been 
shown that the foreign substance is sometimes collected between the 
aggregates of the crystals of the original metals forming a weak kind of 
mortar, and thus greatly reducing the strength of the metal. In other 
cases, such as steel, a carbide is formed, and the appearance of a section 
of the steel under the microscope shows that the structure is much 
finer than in pure iron. It would seem from Sir William Roberts- Austen's 
experiments that the addition to gold of a metal of greater atomic volume 
than the gold diminishes, while a metal of hmaller atomic volume increases 
the strength. 



CHAPTER V. 
STRAIN. 

Contents. — Homogeneous Strain — Principal Axes of Strain — Pure Strain — 
Elongation — DiUition or Compression — Contraction — Shear— Angle of Shear. 

When a body changes in shape or size it is said to be strained, and the 
deformation of the body is called strain. 

HomOg'eneOUS Strain. — We shall restrict ourselves to the most simple 
class of strain to which bodies can be subjected ; this is when any two lines 
which are equal and parallel before straining remain equal and parallel 
after straining. This kind of strain is called homogeneous strain. 

Thus by a homogeneous strain a parallelogram is strained into another 
parallelogram, though its area and the angle between its sides may be 
altered by straining; parallel planes strain into parallel planes, and 




Fig. 3d. 

parallelopipeds into parallelopipeds. Figures which are similar before 
straining remain similar after the strain. 

It follows from the definition of homogeneous strain that the ratio of 
the length of two parallel lines will be unaltered by the strain. Let AB 
and CD (Fig. 33) be two parallel lines. Let the ratio of AB to CD be m : n. 
Then, if m and n be commensurable, we can divide AB and CD respectively 
into Nm and Nn, equal parts each equal to a. Then, as before straining all 
these parts are equal and parallel, they will remain so after a homogeneous 
strain. Thus AB, after straining, will consist of Nm and CD of Nn parts, 
each equal to a ; and the ratio of the strained lengths is m : n, the same 
as that of the unstrained lengths. If m and n are not commensurable we 
can deduce the same result in the usual way by the method of limits. 

From this result we can at once prove that a sphere is strained into an 
ellipsoid, and that three mutually perpendicular diameters of the sphere 
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strain into three conjugate diameters of the ellipsoid. As some of our 
readers may not be familiar with solid geometry, we shall confine our 
attention to strains in one plane and prove that a circle is strained into 
an ellipse; the reader who is acquainted with solid geometry will not 
have any difficulty in extending the method to the case of the sphere. 
Let ABA'B' (Fig. 34) be a circle, centre C, which strains into abah\ 
corresponding points on the two figures being denoted by corresponding 
letters. Let P be a point on the circle, PL and PM parallel to CA 
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And CB respectively ; let these points on the strained figure be denoted 
by p,l,m. 

Thus, since the ratio of parallel lines is not :iltered by the strisiin 

PL^^ 
CA ca 

PM^^m 
CB cb 

But since P, A, B are on a circle whose centre is C 

PL;' PAl- 
CA» CB* 



hence 






ca 



or /> is on an ellipse of which ca and cb are conjugate diameters. Thus 
a circle is strained into an ellipse, and two diameters at right angles to 
each other in the circle strain into two conjugate diameters of the ellipse. 
Now there are two, and only two, conjugate diameters of an ellipse 
(unless the ellipse degenerates into a circle) which are at right angles to 
each other. Hence there are two, and only two, diameters at right angles 
to each other before straining which remain at right angles after the strain. 
Now, though in general these diametei*s will not have the same direction 
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i» ">5f:r». For. inpooK •> 
Cm. *'jn, zh^ 



• -Ti 



<liftll ncK be mtrododDg any 
in. jo £ir a* it affects the foceescalled into play 
rccftiiL the aune dircctkm after straimDg 
OB ' Fig. ^V are the imstTmined directioDS, 
ake Om. Oh eoioctde with OA, OB by 
a rigid bodr through the angle AOa. 



\ 




Th» roCAaua aei a ri^id bodr viii net in^^olre anj relative motion of the 
par^ of zhtt svTstes^ aai 90 will iic< call into play any forces depending 
upoa liife Attwckxtj of the ^^ste^ ; if. then, as is at present the case, our 
object i:» TO inTBifCigace the rocoectioii between these forces and the strains, 
we BuaT leave zh^ ntasicMi oot of areoouL 

The ihree dircccipjii:^ at right acgies to each other which remain at right 
angfes^ to CAch other after straining are called the principal axes of stnixL 
If the^e xseat have the same direction after straining as before, the strain 

is said to be a pure stnin; 
\ 4X ! U it requires a rotation to 

make the principal axes 
after straining coincide 
with their position before 
the strain, the st>aiD is 
said to consist c»f a pure 
strain and a rotation. 

Thus the most general 
homogeneous strain may 
be resolved into extensions 
(regarding a compression 
as a n^ative extension) 
Fig. 3a. along three directions at 

right angles to each other. 
Take the^ directions as the axes of x^ y^ z respectively, then if a line of 
unit length parallel to the axis of x has, after the strain, a length 1 +e; 
one parallel to the axis of y a length 1 +/; and one parallel to the axis of 2 
a length 1 + ^, e, /, g are called the principal elongations. If e =/= ^, 
then a sphere strains into a sphere, or any figure into a similar figi>re, 
the strained figure being an enlarged or diminished copy of the unstrained 
one. These cases, which are called uniform dilatation or compression, 
involve changes in size but not in sha{>e. 

A cube whose sides were parallel to the axes before straining and one 
unit in length becomes after straining a rectangular parallelopipf d, whose 
edges are 1 +e, 1 +/, 1 +^ respectively, and whose volume is (1 -f c) (I +/) 
(1 -\-g). If, an we shall suppose all through this chapter, the elongations 
0,y, y are such small fractions tl.at the products of two of them can be 
neglected in comparison with e,y*, or^, the volume of the parallelopiped 

is 1 ■\-e-\-f-\-g. 

Honce the increase of unit volume due to the strain is e+f+g. This 
is called the cubical dilatation. We shall denote it by d, and we have 

h = e-\-/-\-g. 

If the Htmin is a uniform dilatation e^/=g, and therefore 

NO that in this case the cubical expansion is three times the linear elongation. 
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solation of a Homogreneous Strain into Two Strains, one of 
which ehangres the Size but not the Shape, while the other 
changres the Shape but not the Size. 

Let us consider the case of a strain in one plane. Let OA, OB ( Fig. 36) 
3 the principal axes of strain. Let P be the position of an unstrained 
oint. Then if e, f are the elongations parallel to O A and OB, £ and ly 
he displacement of P parallel to OA and OB respectively, 



jhen 



£ = eON = \(t +/)0N + \(e -/)0N, 
,, ^yOM = \(t +/)0M - \(t -/)0M. 



N 









o' 




% 


- ■ -»/ 

1 
1 




^t 





M 
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From the second expression we see that we may regard the strain e,/ 
as made up of a uniform .4. 
dilatation equal to ^«+/), 
together with an elongation 
^(c -/) along OA, and a con- 
traction K*-/) along OB. 
Thus the strain superposed 
on the uniform dilatation con- 
sists of an expansion along 
one of the principal axes and 
an equal contraction along 
the other. This kind of strain 
does not alter the size of the 
body ; for if ^ is the elonga- 
tion along OA and the con- 
traction along OB, then a 
square whose sides are one unit in length and parallel to the principal 
axes becomes a rectangle whose sides are 1 + o^, and \ -tr respectively ; the 
area of this rectangle is 1 - or*, or since we neglect the square of <r the area 
is unity, thus the area is not altered by the strain. A strain which does 
not alter the size is called a shear. Thus any strain in one plane can be 
resolved into a uniform dilatation and a shear. 

We have considered a shear as an extension in one direction and an 
equal compression in a direction at right angles to this ; there i>«, however, 
another and more usual way of considering a shear, which may be deduced 
as follows : 

Let OA, OB (Fig. 37) be the axes along which the extensions and 
contraction take place. Let OA = OB = OA'==OB'=: 1, so that before 
straining ABA'B' is a square ; let this square after straining be represented 
by ahah , which will be a parallelogram. 



Since 



4A*a. 



Oa = 1 + 0- 
06=1 -a 

= 2 



as we suppose that o^ is so small that its square may be neglected. Thus 
06 = AB. Hence we can move ahah' as a rigid body and place it so that ab 
coincides with AB, as in Fig. 88. Then, since the area of ahah' is equal to 
that of ABA'S', when the figures are placed so as to have one side in common 
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they will lie between the same parallels. Thus, if a'b" be the positioD of ah' 
when ab is made to coincide with AB, a"b" (Fig. 38) will lie along A'F ; 
hence, except with r^ard to the rotation, the expansion along OA and the 




contraction along OB is equivalent to the strain which would bring ABA'B 
into the position ABa''6". But we see that this could be done by 
keeping AB fixed and sliding every point in the body parallel to AB 
through a distance proportional to its distance from AB. We can illustrate 

this kind of strain by a pack of 
cards lying on the table, with 
their ends in vertical planes ; now 
slide the cards forwaixi, keeping 
the lowest one at rest in such a 
way that the ends are still flat 
although the planes are no longer 
vertical ; each card will have been 
moved forwards through a distance 
proportional to its distance from 
the lowest card. The angle A'Ba" 
through which a line is displaced 
which to begin with is perpendi- 
cular to AB is called the angle of 
shear. The plane of the shear is 
a plane parallel to the direction of 
motion and at riglit angles to the 
fixed plane. 

The relation between 6 — the circular measure of the angle of shear — and 
the elongation a along OA, and the contraction o- along OB can be found as 
follows. Before the rotation making ab coincide with AB, ba make« 
with BA' the angle Bqb ; to make ab coincide with AB(Fig. 37) the system 
has to be rotated through the angle Bpb, so that after the rotation ba will 




= (fi 



STRAIN. 67 

make with BA' the angle Bqb + Bpb. Now by the figure, Bqb = Bpb, hence 
the angle of shear is 2 Bqb = 2 ^op A. If Am is perpendicular to ajo (Fig. 37), 
then, since the angle apA is by hypothesis small, its circular measure 

(^n^ Aasin45 A a 

hence 0, the circular measure of the angle of shear, = 2(t. 

If e and / are the extensions along two principal axes in the general 
cajse of homogeneous strain in two dimensions, we see from p. 65 that this 
strain is equivalent to a uniform dilatation | (^+/) and to a shear the 
circular measure of whose angle is e -/. 
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STRESSES. RELATION BETWEEN STRESSES AND STRAINS. 



Contents. — General Oonsiderations — Hookers Law — Work required to prodace any 
Strain — Rectangular Bar acted upon at Right Angles to its Faces. 

In order that a body may be strained forces must act upon it. Consider a 
HUiall cube in the middle of a strained solid, and suppose for a moment that 
tho external forces are confined to the surface of this solid. Then the forces 
which strain this cube must be due to the action exerted upon it by the 
surrounding matter. These forces, which are due to the action of the 
molocules outside the cube on those inside, will only be appreciable at 
iiKilooular distances from the surface of the cube, and may therefore 
without appreciable error be supposed to be confined to the surface. The 
^ most general force which can 

act on a face ABCD of the 
cube may be resolved into 
three components, one at right 
angles to ABCD, the other 
two components in the plane 
of ABCD, one parallel to AB, 
the other to BC: similarly 
over the other faces of the 
cube we may suppose similar 
forces to act. These forces 
are called stresses; tlie com- 
ponent at right angles to a 
face is called a normal stress, 
the component parallel to the 
face a tangential stress. The 
intensity of any component of 
the sircHH in the amount of the component over the face divided by the 
area of the face. We shall for brevity leave out the word " intensity " 
and speak of it simply as the stress. The dimensions of a stress are those 
of a force divided by an area or M/LT*. It is measured in dynes per 
8(|uaro contimetre ; on the O.G S. system of units the pressure of the 
atmosphere is about lO'' units of stress. 

Wlien we know the stresses over three planes meeting at a point O 
(Fig. 40) we can determine the stresses on any other* plane through O. For 
let OABC be a very small tetrahedron, AOB, BOC, COA being the planes 
over which we know the stresses, and ABC being parallel to the plane across 
which we wish to determine the stress. Then as this tetrahedron is in 
equilibrium under the action of forces acting on its four faces, and as we 
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know the forces over thi-ee of the fucea, OAH, OBU, OCA, we can 
detei'iniiie the force, and heDC« the ftti-ess, on the fourth. W» need tiot 
take into account any t<xteri.iil forcex which ure proportional to the volume 
on which they act, for the forcej^ due to the Rtresaes ara proportional to the 
area of the faces, that ia, to the Hqiiare of the linear ilimeneiona of the 
tetrahedron, while thn external forces are proportional to the cube of the 
linetir dimensiotip, sad by mniing the linear dimensiona of the tetrahedron 
Bxceedingly small we Ciiii ninke the eU'ect of the volume forces vanish in 
OompariBon with that if the tiiirface forces. 

The stresses in a strained solid constitute n system of forces which are 
in Equilibrium at each pnrt of the solid with the extort. nl forces ailing on 
the solid. If we call the ext«rnal forces the load, then if a U-ad W pro- 
duces a system of stresses P, 
and ti load W a system of 
stresses P', then when W and 
W act together the stresses 
will be P + P' if the deforma- 
I tion produced by either loud 
I is small. 

HoOke's Law.— The fun- 
damental law on which all 
applications of mutheroatics 
to elasticity are bused is due 
to Hooke, and was stated by 
k ikim in the form ut teimo sic 
L vta,or, iu modern phraseology, 
'that the strains are prupor- 
Uon&l to the loads. The truth 
of this law, when the strains 
do not exceed the elastic limit 
(see p. 5'A), has beeu verified 
by very careful eiperimenta 
on most matei'iab in common , 
use. Another way of stating 
Hooke's Law is that if a load 
_ W produces a strain S, and a load W a strain 8', then a load W + W will 
■produce a strain S-fS'. Hence, it follows from the last ai-tide that if a 
' — '"n of stresses P correspond to a system of strains 8, and a .system of 
B8 P" to a system of strains S', then a system of sti-esscfi P + P' will 
|()Oi're»pond to a system of strains S + S', Hence, if we know the stress 
r'flOtTe»(ponding to unit strain, we can Ctid the strass corresponding to a 
i.Btrain of .iny magnitude of the same type, Thus, as long as Hake's law 
K Itolds good, the stress and strain will be connected by a relation of the 
(ibrm 

Slress=cxbtr<iia 

where c is a quantity which does not depend either upon the stress or the 
strain. It is called a modulus of elasticity. Thus, if tJie strain corresponds 
to a change in size but n'lt in shape, then the stress is a uniform pressure, 
,. and the strain the diminution in volume of unit volume of the strained 
labstance; in this case e is called the modulus of elasticity of bulk, <t 
more frequently the bulk modulus. Again, if the strain is a shear which 
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alters the shape but not the size, the strain is measured by the angle ^^ 
shear and the stress by the tangential force per unit area, which mustr ^^^ 
applied to produce this shear. In this case e is caHed the 4Q^»dol ' 

xmdlty. If we stretch a wire by a weight, the stress ik^e wei^f3m 
bytEelirea of cross section of the wire, the strain is the increase of le 
in unit length of the wire, and in this case c is called Yonng's modnB* 
Since we can reduce the most general system of homogeneous strain, 
a uniform expansion or contraction and a system of shears (see p. 65 
follows that if we know the behaviour of the body (1) when its siae but 
its shape is changed, and (2) when its shape but not its size is changed, 
can determine its behaviour under any homogeneous strain. This is 
when, and only when, the properties of the substance are the same in 
directions, so that a uniform hydrostatic pressure produces no change 
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shape, and the tangential stress required to produce a given angle of shear 
is independent of the plane of the shear. This statement is equivalent tu 
saying that it only requires two moduli — i.e., the bulk modulus and the 
modulus of rigidity to fix the elastic behaviour of the substance, so that all 
other moduli, such as Young's modulus, must be expressible in terms of 
these two. 

Work required to produce any Strain.— The result for the most 

general case, and the method by which it can be obtained, can be illus- 
trated by considering the work required to streteh a wire. Let us suppose 
that the load is added so gradually that the scale-pan in which the weights 
are placed never acquires an appreciable velocity, so that none of the work 
done is converted into kinetic energy, but all is spent in stretehing the 
wire. When this is the case, the weight in the scale-pan when in any 
position never exceeds by more than an infinitesimal amount the weight 
required to streteh the wire to that position. 

Let the straight line AB, Fig. 41, represent the relation between 
the weight in the scale-pan, and the length of the wire; the 
weight being the ordinate and the length the abscissa, let OA repre- 
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sent tbe unstretched len^h of the wire. Consider tlie work done 
Id stretching the wire from L to M, where Laud M are two points very 
near together. The force will be approiimately equal to PL ; thus 
the work done in stretching from L to M will be PL x LM — i.e., the 
1 PLMQ'; Mmilarfy, the work Jone in sfretching the wire from M to N 
will be represented by the area QM.NK', and thus tbe work Hpent in 
ibvtching the wire fi'om OA to OC will be represented by the sum of the 
) rectangular areaa; but when tlieoo rectangular areas are very »mtill, 
r Bum is equal to the area ABC, nnd this eqiiab JBU x AC — i.e., one- 
F the final weight in the scale-pHn x extension of the wire. Let (e be 
the area of cross eection of the wire and I tbe length, then BC = a k nlxess 
ind AC = f xatrain. Thus the work done iu stretching the wire is equal 
to aix 1^ stntiu x stress. Now al is the volume of the wire, hence the 
energy in each unit volume of the wire is J strain x stress. Though we 
have oonsidcreJ a special case, it will be seen tliat the method is of general 
spplication, and that the reeult will hold whenever Hooke's law is true. 

We have con^sidered two ways of regarding a shear : one where the 
particles of the body were pushed forward by a tangential force as is 
represented in Fig. 38. In this case the work done on unit volume, which 
is the energy possessed by the sheared body, is 

iT#, 
where T is the tangential force per unit area And 8 the sjigle of shear. 
The other way of regarding a shear in to consider it as an extension in 
le direction combined with an equal contraction in a direction at right 
angles to the extension. Let e be the magnitude of the extension or 
contraction, P the pull per unit area producing the extension ; this is equal 
to the push per unit area producing the contraction. Considering unit 
volume of the strained body, the work done by the pull is hFe, and thai 
by the push is also ^ P«; hence the energy per unit volume is J Pa + J Pe = Pa, 
but this energy is also equal to J Td, hence 
Pe = AT0. 

But we know (p. IJ7) that 6 = 2b, hence 
P = T. 

Hence the pull or push per unit area in the one way of considering a 
■hear is equal to the tangential stress per unit area which occurs in (be 
other* way. 

If n is the coefficient of rigidity, then by the definition of n given on 
P-TO. 



Bectangiilar Bar acted on by Forces at Bight Angles to its 

Faces.— Ltft ABCDEFOH, Fig. 4^', be a rect^ingiiUir Iwi l,et the 
faces CHEF, ABGH be acted on by norniiil pulls ei^ual to P per unit area, 
Uie faces A BCD, EFIIG by normal pulls equal to Q per unit area, and the 
L&oea DEQB, CFHA by normal pulls equal to R per unit area. We ehall 
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proceed to find the deformation of the bar. Considering the bar ns made 
up of rectangular parallelopipeds, with their faces parallel to the bar, we see 
that these will all be io equilibrium, whether they are in the interior of the 
bar or whether some of their faces are on the surface of the bar, if the 
normal 6tre«B«e^ parallel to AC, CD, DE are respectively equal to P, Q, R, 
and if there are no tangentiid stresses. Each of these parallelopipeds will be 
KubjiH-t to the Kime stre^s^e^, and will therefore be strained in the same 
V, Wiiy. Let f,./, g be the extensions panillel to P, Q, R respectively. Con- 
sider for a moment what the strains 
would be if the stress P acted alone: P 
would produce an extension proportional 
to P in the direction of P ; let us call 
this XP; it would also proiluce contraction 
proportional to P in any dii'ection at 
right angles to P ; and if the properties 
of the strained substances were the same 
in all dii'ections, then the contractions 
would be the same in all directions at 
right angles to P; let these contractions 
be /iP. Then when P acts alone the 
extetisioiis parallel to P, Q, R respectively 
are XP, -/«P| -f«P> similarly when Q 
acts alone the extensions in these directions 
are -^Q, XQ, -/iQ, and when R acts 
alone the extensions are - /iR, - fiR, XR; 
consequently when these stresses act simul- 
taneously we have 




e= XP-^Q-^R] 
/= -^P + XQ-^RV 
g= -/iP»^Q-fXR) 



0) 



Now we have seen (p. 70) that the 
elastic proi)erties of the substance are 
completely defined if we know the bulk 
Fig. 42. modulus, which we shall denote by A*, and 

6^ the modulus of rigidity which we shall 

denote by ?i. lloiice we must be able to express X and fi in terms of » 
jind /•. W<» proceed t<> <lo this. If we apply a uniform tension to e«ch 
side of the barenual to P the dilatations of unit volume is equal to P*» 
by the definition of k ; but in this case the dilatation is uniform in all 
directions, and the linear dilatation is one-third of the volume dilatation 
— I.e., it is equal to J? /'ok. ^ 

Hence, when P = Q = K, e =f^ </ - ?- , ^vi.^-^N i- "^ \^ 

OfC 

hence, from equation (1 ) - = X - 2y[i. 

Let us now shear the body in the plane of VQ — t.c, put Q= -P«i^* 
R= 0. In this case e = -/= P/l'w (see p. 71) ; hence by equation (1) 



- = x+^. 



Zti 
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3)fe-2n 



Lnd X = 






'^ 3\2n 3^; 1 

3\n 3A;/ 

T0UIIgf*S Modulus. — A very important case i» that of a bar acted on 
y a pull parallel to its length, while no forces act at right angles to the 
)Dgth. In this case Q = R = 0, and we have 

But in this case the stress, divided by the longitudinal strain, is called 
roimg's modnltifl ; hence, if we denote Young's modulus by 9, we have, 



^ 1 9mA; ^^ ^^:JJ 



X 3^ + n 

*liis equation gives Young's modulus in terms of the bulk modulus and 
he rigidity. 

PoiSSOn's Ratio. — Poisson's ratio is defined to be the ratio of the 
iteral contraction to the longitudinal extension for a bar acted on by a 
tress parallel to its length, if we denote it by o^, then by this definition 

(r= -/, whenQ = R = 0. 
e 

X 2{:\k + 7i) 

Since n is a positive quantity, we see from this expression that or must 
>e less than 1/2. Accoi-ding to a molecular theory worked out by Cauchy 
nd Poisson, a, for all non-crystalline substances, is equal to 1/4. The 
leterminations of tr given in the table of elastic constants on p. 102 do 
lot lend much support to this view. 

Bar stretched longrltudlnally, with Its Sides fixed.— The 

equations (1) may be written 

e=l/p-,r(Q + R) 



1 



/•=i(Q-^P4-R)\ 



^=1/r-(t(p+q)Y 

Jf the bar is prevented from contracting laterally, 
^^5e Q = R= ^^ 



1-0 



1 - 



Henc« the eli 
the ratio of ] — -j 
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LRaiiou in lens than if the Bidos of the bar were free i 



to 1. In 



the case of a steel bar for wLich 9 = '2G8 
fixed vould be about !)/Ut of the elonga- 



the elongation if the sides w 
tion when the sides are free, 

Detennination of Youngr's Modulus.— A simple way of measuring 

Young's modulus for n wire of which a conaiderabfe length ia 
availuble is the following : Take as ioog a leuglh of the wire, 
AB, as is available, atid &x it firmly to a support. Another 
wire, CD, which ueed not be of the same material, hangs from 
the eaine support down by the side of the first wire, CD 
carrie:^ a milliuietre sc.ile, the length of the scale being parallel 
to the wire ; a weight is attached to the end of this wire to 
keep it straight. A vernier is attached to the wire AB and 
moves against the scale fixed to the wire CD. The wire AB 
carries a scale-pan into which various weights can be placed. 
By reading the vernier when different weights ai-e ■ 
scale-pan we get the vertical depression of a fixed point 
vernier, that is of a known point on the wire, produced by a 
given weight. Let this depression be £, when the weight 
the scale-pan is increased by W. Measure the length of the 
wire between the fixed support and the fixed point 
vernier ; let this be I, then the elongation per unit length w 
cjl. If u is the cross section of wire, then the stress which 
produces this elongation is W/u, so that, aa Young's moduloa 
is stress divided by strain, it is equal to 



To determine the cross section, the most accurate way is to 
weigh a. known length of the wire, first in air and tiien in 
water. The difference of the weighings in grammes will be 
the volume of the wire in cubic centimetres, and if we divide 
the volume by the length we get the cross section. PrelimixiBiy 
measurements should have been taken with a screw gauge to 
e that the wire was uniform in section. It is advisable to 
load and unload the wire several times before making the final 
measurements. This serves to straighten the wire, and avoids 
the anomalous results which, apart from straightening, ai 
obtained when a wire ia loaded for the first time after a rest. 
Tia. 13. We owe the following improvements of this method tO' 

Mr. G. F, C. Searle. Two brass frames, CD, CD', hang from 
the lower ends of the wires and support the two ends of a sensitive level L* 
One end of the level is pivoted to the frame" CD by the pivots H, the 
other end of the level rests upon the end of a vertical screw S working in 
a nut attached to the frame CD'. The two links, K, K', prevent the 
frames from twisting relative to each other about a vertical axis, but freely 
allow vertical relative motion. When these links are horizontal the two 
wires are parallel to each other. A mass M and a pan P bang from the 
lower ends of the frames, and the weights M and P are sufficient to 
straigliten the wires. The connections between ihe wires nnd the 
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are made by the swivels F, into which the ends of the wires are soldered. 
The swivels pi-eveut the torsion of the wire. The head of the screw is 
divided, fay, into lUO parts, while the pitch of the screw may be -.'> mm.; 
thus each division on the head corresponds to 1/200 mm. The 
measurements are made in the following way : Adjust the screw ao that 
3 end uf the bubble is at zero ; if a weight be placed in the pan P the 




i stretched, and the bubble moves towards H ; bring the bubble 
o by turning the screw ; the distance tlii'ough which the screw 
is moved IS equal to the extension of the wive. 

When the subalance for which Young's modulus is to be determined 
is a bar and not a wire, the extensions obtained by any practicable weight 
would betoosmali to be measured in the WHV just described. In this case 
Ewing's extensomcter may be used. This instrument is represented in 
Fig. 45, A is the rod whose extension is to be measured, B and C 
are pieces attached to A by set screws about the axes of which they 
revolve; the arm B' fixed to B ends in a rounded point P, which fits 
into a V-ahaped slot cut transversely acrosa the end of the piece 0. 
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Thus, when the rod A is stretched, the point P acts as a fulcrum, and 
Q, the opposite end of C^ moves down through a distance proportional 
to the extension between the axes of the set screws. The displa^ment of 
Q is PQ/OP times the extension of the bar. This displacement is ob6er?ed 
by a microscope which is attached to the bar B, and sights an object 
at Q. The displacement is measured by means of a micrometer scale en- 
graved on glass in the eye-piece of the microscope; extensions of I/IOOOOO 
of a centimetre are readily measured in this way. There is a fine screw, 
with a divided head between B' and the point B. This serves to bring Q 
into a convenient position for sighting, and also to determine what is 
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mm 
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the absolute amount of extension corresponding to a division of the 
eye-piece scale ; for if we know the pitch of the screw we know the dis- 
placement of Q when the Fcrew-head is turned through one revolution; 
if we find how many divisions of the micrometer scale this corresponds 
to we can at once standardise the scale. The pull is applied to the bar 
by means of a small testing machine. 

Optical Measurement of Youngr's Modulus.— Mibhelson's method 

of interference fringes, produced by the aid of semi-transparent mirrors, 
gives a very delicate way of measuring small extensions. 

The principle of the method is shown in Fig. 46. A and B are plane 
surfaces of very carefully worked glass of the same thickness. Glass A 
is coated with a thin film of metal, preferably platinum. The platinum 
may be deposited on the glass by placing the glass near a platinum 
cathode in an exhausted tube, and seiding a current from an inf^nrtirn 
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coil through the tube. The platinum eputtflra from the temiiDal and is 
deposited on the glii£M. This film is so thin ns to be Bemi-trnnspftreiit ; it 
allows part of the light to pass through it. Suppose a beam of light, 
Bt&rting from S, falls on the plat« A, Bome of it is reflected from the 
upper surface of the plate, and after being reflected from the mirror C 
returns and passes out of the plate A and enters the eye at E, the other 
part of the hetua passes through the plate A, is reflected -nt D, returns to 
the plate A, where it is reflected to K, Even when the difference of path 
is gi'ent, if the glass is very truly plane the first part of the beam from 
S will interfere with the second part and produce a system of interference 
bands. If the distance between one of the mirrors and the plate A is 




■ItereJ, the biiuJ^ suv shifted ; an alteration of the distance through l/i of 
K ware-length will make the dark bands and light bands interchange 
their position ; by observing the position of the bands we can measui'e 
movements of the mirrar amounting to I/5U of the wave-length of sodium 
light, or say a millionth of a, centimetre. To apply this method to the 
determination of Young's modulus we keep one of the mirrors fixed while 
tlie other is ciirried by the wii-e whose extension we wish to measure, 
nensure accurately in this way very small extensions we are 
iparatively short wires, and so have all the conditions of 
experimeot under much better control than when a long wire is 
Ttaed. This method has been used by Mr. Shakespear at the Cavendish 
Laboratory. The method described on p. 44 for multiplying the small 
movements of the pointer of a balance can also be applied to multiply the 
movement due to the extension of a wire. 

Other methods of determining 9 will be given in the chapter on the 
inding of Rods. 
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Torsion of a thin Cylindrieal Tube of Circolar Section- 

case of a thin Grlindrical tabe of drcolar section fixed at one end aB^ 
twisted bv a conple whose axis is the axis of the tube, admits of & vesT 
simple solnticHi. We can prove that eadi cross-section of the tube ibs»^ 
by a plane at right angles to the axis is twisted as a rigid body in itsoi^ 
plane throogh an angle proportioned to its distance from the fixed eodi 
and that there is no displacement of any pcunt in the tube either radially 
or longitudinally. The last result follows at once from the symmetry i 
the tube about its axis ; for from the symmetry, if the radial displace- 
ment is outwards at one part of the section it wHl be outwards at every 

point, so that there would 
be a swelling of the tabe; 
reversing the couple ap- 
plied to the tube would, 
however, reverse the dis- 
placement (since we sap- 
pose Hooke's Law to 
hold) ; hence a couple in 
one direction would cause 
the tube to swell, while 
one in the opposite direc- 
tion would cause it to 
contract; it is evident, 
however, that whether 
the tube swells or con- 
tracts under a twist about its axis cannot depend upon the direction of the 
twiftt, hence we conclude that there is no radial displacement. Similar 
reasoning will show that the longitudinal displacement must also vanish. 

We shall now show that the tube will be in equilibrium when each 
croHH section is twisted as a rigid body through an angle proportional to 
the distance of the section from the fixed end. 

For suppose ABCDEFGH is a rectangular parallelepiped cut out 
of the tube before the twist was applied, suppose the distance between 
tho planes A BCD, EFGH is d, and let k be the distance of the plane 
EFGH from the fixed end of the tube. Then, since the angle through 
which each section is twisted is proportional to its distance from the fixed 
end, if '(^ l)e the angle through which the section at unit distance from the 
fixed end is twisted, the rotation of EFGH is k<l>, and that of ABCD 
is {k -f- d) 0. If a is the radius of the tube, and if ty its thickness, is small 
compared with a, each point in EFGH will be moved through a distance 
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ch point of ABCD through a distance a (k-^d) ^A hence 
vist the shape of the parallelopiped ABCDEFGH will be 
IFGHA'B'Criy, where AA' = BB' = (XT = DIT = ad^ Hencse 
tion of the elements will be a shear of which the angle 
^.'/AE = (up. The tangential stress T will therefore be tM^. 
stresses on the elements will be as shown in Fig. 47, 
ngential stresses equal to T on the faces ABCD, EFGH, and 
sntial stresses equal to T on the faces ABEF, CDHQ. As ^ 
r all parts of the tube these stresses are constant throughout 
nd therefore each portion of the interior will be in 
inder these stresses. To find the condition for equilibrium 
iiernal couple, consider a portion ABCD, Fig. 48, cut from 
£ portion is in equilibrium under the action of the*tangential 
its cross section, and the external 
I moment we shall suppose is C. For 
he moment of the tangential stresses 
is must equal C. The moment of the 
resses is, however, Txarea of cross- 
>e X radius of tube, which is equal to . 



nip2iraH ; 
'^e C = nfl>2TraH 



0) 



D 



C 



:h 



ihe rate of twist ^ when the external 
wn. 

I Solid Rod of Circular Section.— 

*d the rod as made up of a series of 

nee from the preceding investigation 

each cross-section of the rod will be \^ 
gid body through an angle proportional 
ce from the fixed extremity.* The 
lired to twist the rod will be the sum of the couples required 
tubes of which it is built up, or in the notation of the 
lus, 
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C = 2ini(p j 



T^dr 



dius of the solid cylinder. If « is the angle through which 
remity of the rod is twisted and I the length of the rod, then 



t 



iple required to twist the lower end of the bar through a 
iries directly as the fourth power of the radius and inversely 
of the bar. If instead of a bar we have a thick tube whose 

cross-sections of the different tubes were twisted through different 
shear one tube past the next, there would be twisting couples acting 
rts of the tube, and, since the outside of the rod la free, nothing to 
n the outside. 
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of tke rod is /y«^, 
stored up in 
«r tke rod is ^M'f'. 
section of tiM 
* cirele the proUciD 
■Mve difBcolt It 
been solved b}r St 
^'■■■^fer * conaidermible number 
o£ t wtina* of diffisrent shspes, 
Ts&i^ ^Mut «itxpK:^ Hut cqiKUKfisml tnui^ie and the sqoftie with rounded 
IxL €•«.• ewe eacepc the cxrcie a crass sec^on made bj a pluM 
to she axK iiE3» zxft lenaic a phuoe after twisting bat is 
o£ ^he iecCttXL being eoiLw:K and part concave. In these 
cases there is a kogrnaiiBal displacement of the partidee, 
some moTicg up and others down. The kmgitudiiiftl 
moTv^ment is the same for all parlides that were onginallj 
in a straight Hne parallel to the axis of the cylinder. We 
^ can see in the following wav that th«e must be longitadinal 

/ N^ displacements of the particles and find the direction of the 
isplaoement. Let us take the case when the section is 
an ellipse ; then, if eAch section were rotated round the 
ajds without aijy loogituiiinal displacement, the stress in 
IT each section at any point P would be at right angles to 

Fio. 50. the line joining O to that point. Thus, if Fig. 49 

represent the section of an elliptic cylinder, twisted in the 
direction represented by the arrow, the fixed end of the cylinder being 
Inflow the plane of the paper and the twist applied to the end above the 
pafKjr, the stress in the section, if there were only rotation, would be at 
ri^bt angles to OP ; now, if P is a point on the ellipse, the tangent to the 
oUipsf^ will not be at right angles to OP except at the extremities of tbe 
axon; hence in general the stress would have a component along the 
nonnal to the cylinder. Since, however, the sides of the cylinder are 
MUp|K)M4)<l to be free and not acted upon by forces, there cannot be 
(wiullibriuni unlesH the stress along the normal to the cylinder vanishes ; 
hdiicit thorn inust be some other displacements which will produce a stress 
Ui Imliitiro tho normal component of the stress at right angles to OF. 
Thin i<oin|M)jH»nt is directed outwards in the quadrants AB, A'B', inwards 
III tlio t|ua(lrant« BA\ IVA ; hence the additional sirebs must be directed 



mi 



Q the (lUBdrunts AB, A'B', ftnd outwards in the quadmnta BA', 

>w supiMisB PQIISTUVW, Fig. 50, i-epresenU ft parallelepiped 

bt from the quadrant AB. the faces PQRS, TUVW being at right angles 

Lzi9 of the cylinder and the latter nearer to the fixed end, the faces 
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prQTU, RaVW being at right angles to OP ; then there mnst be a stress 
I ui the plune PQRS directed from R to Q ; but if there is a stress in this 
direction there nmst _be a stress in R8VW parallel to EV otherwise the 
pvsUelopiped would be set in rotation and could not be n equ Jibnum 
Now the stress in RW parallel to RV implies e tl er that the longitudinal 
dteplocement in the dii'ection RY is greater than that in the same 
direction in the face PQTU— £.«., that 
t^e longitudinal diaplocemeut increases 
as we recede from the axis or else that 
the longitudinal diMplacement in the 
t^poeite direction VR is lees than that 
in the face TPQU— i.e., that the longi- 
todiu&l displacement diminishes as we 
^ tcede from the axis. But as the 
ita^tudinfil displacement vanishes at - 
» ajds itself, it seems clear that it 
: increase as we recede from the 
hence wo conclude that the 
gitndinal diisplacemeut is in the 
ection RV — i.e., towaids the Bxed 
) of the cylinder. In the quadi'anb 
B'A' the tiingential stress at right 
angles to OP has a component along PiaUL 

the outward normal, hence the longi- 

tadinul displacement is again towards the fixed end of the' cylinder. In 
the other quadrants BA', B'A the tangential stress has a component along 
Uw inwai'd normal, and in this case the longitudinal displacement will be 
in the opposite direction — i.e., away from the fixed end of the cylinder. 
'Long the axis of the ellipse there is no longitudinal displacement. In 
' in. 51, 5'2, 53, taken from De St. Venant's paper, the lines of eigual 
gitudtnal displacement are given in Fig. 51, when the cross section of 
Hte cylinder is an ellipse, in Fig. 52, when it is an eiiuilnteral triangle, 
(•nd in Fig. 53, when it is a square. The dotted lines represent 
■^pkcemeute towards the fixed end of the cylinder, the full lines 
jwsplacementfi iiway fronx it. The direction of twist is indicated liy the 
^krruwN. It will be seen that in iil! canes the displacement is towai-dK the 
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r «wsj bom H, aooording as the oomponect of the U 
m ti right BD^ea to OP along the uwiBal to tb« boonilary is directed 
' 'la of the tjhjuier. Tlw reoGon for this we nw 



"Re appeanjDce of ej^iiea under eoindenihle twii^t is shown in 
Kg.M; thiBcHDcaabenaliaedbjrtwwtingarabber spring of ellipticorrect- 
angalar ■Mtiuu and obHrriiig the dietortion of lines tlrswu on iLe spring. 

Id the aee ef the dUptie cjIiDder, De St YenBnt slioKed that the 
IdDgitadinal i1ii|JMwiwiiil le nckooed poeitiTe when towards the fixed end 
«( the cj^Ueder at a peint wboee eaH»duiat«e referred to the jirinciial 
axes of the elHpn are if is gtren by the eqaation 
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ectangular hj-perbolas with the a: 



sof the 



longitudinal displacement are n 
ellip^ for a8yinptot«s. 

The couple C retjuii-ed to jipnduee a rate of twist # wap shown by 
De St. Venant to be given by the equ-ilf 



= nfr- 



la the cose of a thin strip of elliptic section whei 
jHtli <t this equation is approxiniatelj 



Let us compare tliis with the couple C required to produce the s»i^^ 
rate of twist in a wire of circular section, the ai-ea of the cros8-BectJ*'^_ 
the strip. If r is the radius of the crostt-eec 



, (... p. 71J) 



V = Jti^st* 



TORSION 

Now, as the uveas of the cross-sectiooB iire the 



C a 

is very small compared with a. U is 

1, if we use the torsion to meaaui-e smalt 

tuples, the strip will be very much more 

ensitive than the circular vrire. Strips of 

metal are employed in some delicate 

The greatest strain was shown by Se St. 
Tenant to be in the parU of the boundary 
lie axis — i.e., the estremiliea of the 
minor axis in the case of the elliptic cylinder 
And the middle points of the sides in the caee 
of the triangular cylinder. 

The stress vanishes at a projecting corner, 
M, fur example, at anj^les of the triangle and 
■quuro. On the other hand, it becomes 
Infinite at an internal angle, such or is shown 
Fig. &5. These should, therefore, bo 
aided in shafts subject to toi-sion, or if they 
bave to be use<l the angle should lie rounded 

r. 
Determination of the Rigridity by 

Twisting.— The coefficient of rigidity n is 
[requeotly determined by means of equation. 



m pared with C. 




p, 79) which gives the relation between 

Uncouple U required to twist a circular lod 

Df rodiuH a and length I and the angle <1> 

through which the rod is twisted by the 

eouple, The methods of determining » in 

Ihia way may be divided into (t) the statical 

Bethud ; (3) the dynamicikl method. 

In theatatical method a Icnown couple is 

■pplied to the wire or rod by an arrangement 

■uch US tlial shown in Fig. 5(i, and the a 

through which a mirror attached to the wi 

nves C and ♦, and if wo measured a and, the preceding I equatio 

The method is open to the objection that, as a occurs to the fourin powi^r, 
make an error of 1 per cent, in the determination of a the use of 

tha formula will lead to an error of 4 per cent, in the determination of )i. 

J^gain, the method is generally used with wires as the twisted bodies , 

'the nse of wire in the determination of elastic constants is objectionable, 
b tho process of wire-drawing seems to destroy the homogeneity of the 
tnetfil, the outer layers differing from the inner. Unites the material is 



s deflected is measured. This 
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homogeneous it is not justifiable to use the preceding equation, and any 
abnormality in the outer layers would seriously affect the torsion, as it is 
in these layers that the strain is greatest. 

In the dynamical method for determining the rigidity, the wire whose 
rigidity is to be determined hangs vertically, and carries a vibration bar 
of known moment of inertia. If this bar is displaced from its position 
of equilibrium it vibrates isochronously, and the time of its vibration 
can be determined with great accuracy. The torsional couple tending 
to bring the bar back to its position of equilibrium when it is displaced 
through an angle is equal to 



Jn7ra*| ; 



hence, if MK^ is the moment of inertia of the bar, the time T of a complete 
vibration is given by 



T = 2. fj^ 



8irMK» 



or n = « 



This experiment is easily made and T can be measured very accurately; 
as a method for determining n it is, however, open to the same objections 
as the statical method. The values of n found by this method are, as 
a rule, higher than those found by the statical method. The values of n 
for all metals are found to decrease as the temperature increases. 



CHAPTER VIII. 



BENDING OF RODS. 

I rod in thb chapter we mean a bar of uniforni material and 
(ectioQ whose length is great compared with its transverse dimensionB. 
Wo ahaXl suppose that such a bar is acted on by two couples, equal and 
Oppomte, applied at the two ends of the rod, the plane of the couples 
pasBiog through the centres of gravity of nil the cross-sections of the rod, 
and intersecting the crosa-sectioos in a, line which is an axis of symmetry 
of the cross-section. Let the couples act bo that the upper part of the bar 
xtended while the lower part is compressed. There will, therefore, be 
a part of the bar between the top and the bottom which is neither 
extended nor compressed. This part of the bar is called the neutral 
rface, and the section of it by the plane of the couple is called the 
neutral axis. Let ua suppose the bar divided into thin filaments parallel 




(n its length. We shall now proceed to show that the bar will be in 
wuilibrium if each filament above the neutral nurface is extended, each 
filament below that surface compresKed, the extension or compression 
Wng proportional to the distance of the filament from the neutral 
surface, the filaments being extended or compressed as they would be if 
the aides of the filament wore free from stress ; so that if P is the tension 
uxd e the extension, P ='je where q is Young's modulus. 

^nit consider the equilibrium of any filament ABCD ; the strain is a 
HUform extension or contraction, according as the filament is above or below 
9ie neutral surface. The strain will, therefore, be a uniform longitudinal 
lension or compression, there will be no shearing stresses and no stresses 
~ t right angles to the length of the bar ; all these statements hold whether 
' 3 filament abuts on the surface or not. As the only forces acting on 
the filament arc at right angles to its end.'', and are equal and opposite, 
^e filament will be in equilibrium. Thus each internal portion of the 
%ir ia in equilibrium, and the bar ae a whole will be in equilibrium if the 
resses due to the strain nre in equilibrium with the external forces. 

Suppose that the bar is cut at 0, and that EFOH (Fig. 58) represents a 

no-section of the bar, O beiugthecentre of gravity of the section; then the 

« acting on the portion UA (Fig. 57) of the bar are the external couple, 
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whose moment we shall take to be C and the stresses acting across the 
cross section. Thus the condition for equilibrium is that the stresses across 
this section should be equivalent to a couple in the plane of bending whose 
moment is 0. Now the tension acting on the cross-section of a filament 
at P is equal per unit area to qe where e is the extension of the filament. 
Now e is proportional to PN if ON is perpendicular to the plane of 
bending and PN perpendicular to ON ; let « = aPN. Thus the force acting 
on the filament parallel to the length of the rod is q.a.TNw where w is 
the cross -section of the filament, and the condition for equilibrium is that 
these forces together must be equivalent to a couple of moment C in the 
plane of bending. The condition for this is (1) that the resultant force 
should vanish ; (2) that the moment of the forces about OM which is 
perpendicular to ON should be zero; and (3) that the moment of the 

forces about ON = C. All these con- 
ditions can be fulfilled if OM, ON are 
the principal axes of the cross-section. 
For the resultant force is s^a.PN.w 
where ll^aPN.oi denotes the sum of 
the product ^a.PN.oi for all the fila- 
ments ; this vanishes since SPNw = 0, 
^Q O beingthe centre of gravity of the cross- 
section. The moment of these forces 
about OM is equal to Z^aPN.PMw; 
this vanishes since SPN.PM^O, as 
OM, ON are principal axes. The mo- 
ment of the tension about ON is 
S^aPN'cii; this is equal to qaAk' if Ak^ 
is the moment of inertia of the cross 
^ section about ON. Hence the tensions 
Pj^j ^g will be in equilibrium with the external 

forces if qaAk* = C. 
To find a, let us consider the deformation of a rectangle ABCD (Fig. 59) 
in the plane of bending, AB being a portion of the neutral axis. Let 
A'B'C'D' be the strained configuration of this rectangle ; then, since there 
is no shear, the angles at A' and B' will be right angles, hence C'A', D'B' 
will be normals to the curve into which the neutral axis is bent ; let these 
normals intersect in O, then O is the central of curvature of the neutral 
axis. We have from the figure 

CD' _ CO 
AB' A'O 




But A'B' = AB since the neutral axis is not altered in length by the 
bending, and AB = CD ; 

CD' - CD AV 



hence 



CD 



A'O 



But if e is the extension along CD, e = 



CD' - CD 
CD 



hence 



A'O' A'C AC . ^ , 

e = — r-^ = = — appi oximately, 

P P 



A'O 
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where p is the radius of curvature of the neutral axis at A. Bat with 
the previous notation e = a. AC, so that a = - • 

Since qaAk* = C, we have q = C ; or, p = q-^ 

Thus the radius of curvature of the neutral axis is constant, so that the 
leutral axis is a circle. 

The fact that a thin Cr 

lar or lath is bent into a 
ircle by the application 
f a couple is often utilised 
or the purpose of drawing 
ircles of large radius. ^ 

The bending of the 
lar will be accompanied 
\y a change in the shape ^ 
f the cross section. The 
longation of the upper 
[laments will be accom- 
panied by a lateral con- 
raction equal to a times 
he elongation where <r is 
?oia8on's ratio (see p. 73), 
rhile the shortening of 
he lower filaments will 
«aocompanied.by a lateral Fio. 59. 

txpansion. Thus the 

hape of the cross-section supposed to be originally a rectangle will after 
he bending be as represented in PQLM (Fig. 60). 

Suppose LM is the line where the neutral surface cuts the cross 
ection, then the lateral contraction of PQ is equal to 

LM - PQ 
LM 

ind the longitudinal extension is equal to ^^ 

LM - PQ QM ^ 

lence — - _ - = a— — 
LM p 

)ut if LP, MQ intersect in O', then ^^\ iJ^ - ^^\ 

LM LO 

But LO' is equal to the radius of curvature of the neutral surface in 
/be plane at right angles to the length of the rod. If this is denoted by 
»'we have 

(Tp=p 




Thus the ratio of the two curvatures is equal to Poisson's ratio. 
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Energy in the Bar. — Consider one of the filaments into which the 
bar was supposed (p. ><b) to be divided. Thus, if « is the extension ia 
this filament, / the length of the filament (which is equal to ihe length o^ 
the bar), w the area of its cross-eection, the energy in the filament is hy 
p. 71, 

bat « = o.PX. 




\ 



\ 



hence the energy in the filament is ^a'PN'i 

The energy in the bar is the sum of th^^-^ 
energies in the filaments, and is thui^— ^^ 
^^aVxPN'w, but 2PN»i#= Aife>, 

hence the energy in the bar is ^a'AJb'/ ; 

but a = 1/p where p is the radius of curvature^^^-*® 
of the neutral axis, hence the energy 
equal to ^AJc^l/p*. 



IS 



/ 



\ 
\ 



Again, qaAJ^^O where C is the couple 
applied to the bar, 

hence the energy = JC- ; 

P 



W*\e 



i,e.f is half the product of the couple and the 
-^ angle between the tangents at the extremity ^ 
of the bar. This result could be deduced at 
once by the method already given. 

Rod bent by a Weight applied at one End.— In the case just .: 



Fio. CO. 



V 

t 



B 



W 




Fio. 61. 

considered the stresses in the bar were entirely normal ; in this case, how- 
ever, we see that for equilibrium the normal stresses must be accompanied 
by tangential ones. For, suppose ACB, Fig. 61, represents the bar, the 
weight being applied at B while A is fixed ; consider a section through C 
made by a plane at right angles to the length of the bar. Then the 
portion CB of the bar must be in equilibrium under the action of the 
stresses across the section at C and the weight W at the end of the bar ; 
thus the stresses across C must be equivalent to a vertically upward force 
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tod A couple whose moment is W.BC : there mutt be, tbei-efore, tangeotial 
M«t« tuting across the section whose resultant is a force W iicting 
vanlB. We shall show, however, that if the Uteral dimensionB of the 
' are veiy small, then, except quite close to the end B, the tnngentisl 
•ssvs will be very small compared with the normal stresses. For let 
<)n represent a section of the bar, the centre of the section, and ON 
axis at right angles to the plane of bending. Then, if A is the area of 
' cross-section, T the average tangential stress over the area 

TA = W 

b N represent the normal stresH at a point P, u- a small area round P, 
:n since these normal 
QES«e are equivalent to a 
Lple whose moment round 
r U W.BC;, we have 

/"n.pna. = w.bc. 

us N must be of the order 
magnitude 

W-BO 



Lere d m a quantity comparable with the depth of the bar. Hence, 

W 
ice ~ = T, the magnitude of N is comparable with T x BG/d, so that if the 

itance of the section from the end is lai^e compared with the lateral 
nensioDS of the bar, the normal stresses will be very Inrge compared 
ith the tangential ones. In the subsequent work we shall confine our 
ktention to the effect of the normal stresses, but this must be regarded a« 
approximation only applicable to very thin rods. Let Fig. S2 
iresent a small rectangular parallelopiped cut out of the bar, the faces 
■GH, E'FG'H' being at right angles to the length of the bar, while the 
64 FrH'H, KE'GG' are parallel to the plane of bending, then the 
il state of stress may be thus described. The normal stresses are 
to the faces EFGH, E'F'G'H', there being no normal stre^seB 
other faces; there are tangential stresses on the f.ices FF'HH', 
lE'GG', and also on the faces GG'IIH' and EE'PF, but there are no 
igeniial stresses over the faces EFGH, E'F'G'H'. 

We may proceed to find the bending of the rod produced by the 

Ight at il« end in the following way. Suppose PQIIW (Fig. tl2i) represents 

portion of a rod bent as on p. 85, by couplos of moment acting at its 

ids, then the stresses in the bar ore such as to cause a couple with 

nenl C to act across PQ and a couple whose moment is to act across 

section RS. The stresses which produce these couples, as we have 

1 on p. 87, correspond to a state of strain such that the central axis of 

portion of the bar is bent into a circle whose radius p is given by the 



it lot) 
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Now suppose that PQRS, instead of beiug a portion of a bar acted on 
by a couple, is a portion of one acted on by a force at the end A : then 
neglecting, for the reasons given above, the tangential stresses across the 
section, the stresses are equivalent to a couple W.AN across the section ?Q 
and a couple W.AM across the section RS, and as AN and AM differ but 

little from AL where L is 

P Jt the middle point of MN, 

[3f "^^{ a we may regard the ends 

of PQRS as being acted 

on by equal and opposite 

couples whose moment is 

W. AL. Hence, by what we have just seen, the central axis of PQRS will be 

bent into the arc of a circle whose radius p is given by the equation 

P 
hence, when the bar is acted on by a weight applied at one end, the neutral 
axis of the bar is bent into a curve such that the radius of curvature at a 
point varies inversely as the distance of the point from the end to whicb 
the weight is applied. 

Depression of the Bar, Angle between Tangents at two 

Points on the neutral Axis. — Suppose Fig. 63 represents the curveo 




Fio. 63. 

position of the neutral axis.* Suppose RS are two points near togeth^^ 
on the neutral axis, then the angle between the tangents at RS is equal t^ 
llS/p where p is the radius of curvature of RS; but l/p is equal U^ 
W.All/q,Akr, hence A^ the angle between the tangents at R and S i^ 
equal to 

^^AR.RS 

q.Ak" 

• Thonjj:h this figure shows for clearness' sake considerable carvatore, yet it must be 
remembered that in all these inyestigations we are only dealing with cases in which 
the bending is very slight and the neutral axis consequently nearly straigbt. 
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notation of the differential calculus, if « = AR, we have 

^=^<U (1) 

he angle between the tangents at A and P, is given by the 

AP 



^=/^^ ^'^ 



= ^^ ^^ 

le the tangent at P cuts the vertical through A in the point T, 
roceed to find an expression for AT. Let the tangents at R^S 
ctical line through A in the points M.N, then, remembering that 
ents are very nearly horizontal, we have approximately, if Ao is 
between the tangents at R and S, 

MN = AR.Ad=^:f'(/« by(l) 

q,A.lr 

AP 

8" . WAP> 



^--^'^-Jtk^'^^^^^^' <=^) 



qXh" 3 X qAh? 



end B of the bar is clamped so that the tangent is horizontal, 
istance between A and the point where the vertical through A 
tangent will be the vertical depression of A produced by the 
; hence, if (2 be this depression, we have, by (8) 

be vertical depression of the end is proportional to the weight, 
>e of the length, and inversely proportional to the moment of 
the cross section about an axis through its centre at right angles 
le of bending ; it is also inversely proportional to the value of 
lodulus for the material of which the bar is made, 
he deflection is proportional to the weight, the energy stored in 
equal JWci, and this by equation (4) is equal to 

^ ^ AB^ 

ill now proceed to find the depression PM (Fig. 64) of any point 
»ar below the horizontal tangent at B. Let the tangent to the 
» at P cut the vertical Hue through A in the point T, and let the 
line through P cut this line at O ; then the vertical depression 

PM = AN-AT-TO 

?0 = PO X angle the tangent at P makes with the tangent at 
ice PO is approximately equal to AP, and the tangent at A 
h the tangents at P and B angles whose circular measures are 
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respective! J W.AF'/2qAk' and W.A^/2qAk' (by equation (^)); n 
have 

AP W 
TO = ^^1jI--(AB» - AP*) 



2qAk" 



By equation (3) we have 



AN = ^^.AB> 



Thus 



AT 



W 

3gAJ^ 



AV 




Pio. 64. 



Hence 



PM = 



W r AB'-^AP* _ AP(AB'-AP») \ 
qAk'X 3 2 i 

_ W BP'/ 3AP-h2BP \ 



qAk" 



B 
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Let lis now find what would be the depression of A if the wei| 
were applied at P. In this case AP would be straight, and i! 
Fig. 65, is the depression of A, 

AN = PM + AP X angle which tangent at P makes with the hori 
Now by (4) 

W 
PM = -^BP 

and by (2) the angle the tangent at P makes with the horizoi 
equal to 

W 



2/A..» 



BP^ 
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_ W^ Bp, r 3 AP+ 2BP1 
^AA^' It;/ 



(6) 



ig equations (4) and (o) we see that the depression at P when the 
)plied at A is the same as the depression at A when the load is 
b P. In the case we have just been considering one of the points 
end of the rod. The theorem, however, is a general one, and 
jrever the points A and P may be. 

elation between the deflection and the weight given by equa- 
:ive8 us a means of determining q by measuring the flexure of 
In experiments made with this object, however, it has been 
il to use the system considered in the next paragraph, that of a 
ported at the ends and loaded in the middle. 





Pio. 66. 

I Supported at the Ends and Loaded in the Middle.— The 

te beam (Fig. B6) are supposed to rest on knife edges in the same 
line. The tangent at 0, the middle point, is evidently hori- 
d the pressure on each of the supports is W/2. Considering now 
D AC of the rod, it has the tangent at C horizontal, and it is acted 
I. vertical force equal to W/2 at A. The conditions are the Rame 
od of length AC clamped at C and acted on by a vertical force 
case just treated ; hence by equation (4) d^ the vertical distance 
I and C, is given by the equation 



rf = 



W AC 



2qA](? d 



W 



489A^=' 



AB' 



of a Rod Clamped at both Ends and Loaded in the 

-Suppose AB is a rod loaded at C, its middle point, and clamped 
8 A and B, which are supposed to be in the same horizontal line. 
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The action of the supports A, B on ihe rod will be equivalent to a veTtiol 
force and a couple. The magnitude of the vertical force is evidently Wj^ if 
W is the weight at C. We can find the value of the couple r as follows: 
By the action of the force W/2 alone the tangent to the neatnl 
axis at A would make, with the tangent at 0, an angle whose drcnlir 
measure is 

W AC 

iqAk* 2 

But since the tangent at A is parallel to the tangent at C, the ooaple 
must twist the bar so that if it acted alone the tangent at A would make with 
that at an angle equal and opposite to that just found. Through a couple 
r applied to the bar the tangents at A and would make with each 
an angle whose circular measure is 

AC 



qAkr 



hence = AC 

2qAk' 2 qAl^ 

or r = JW.AC. 

To find the depression of the middle point we consider the effect of the 
force W/2, and the couple r separately. In consequence of the action 
of the force W/2, the middle point, C would by equation (4) be depresaed 
below the line AB by 

W AC 

2qAk^ 8 

The couple r would bend the bar into a circle whose radius p is qAJ^i f • 
This would raise the point C above A by 

AC' 
^^ 

rAC_ W AC 

^'^' '•^' 2qAk' 2qA^ 4 

The depression of C when both the force and the couple act is therefore 

W AC^ W AC 
2^AA:* 3 2qAk' 4 

- W WAB3 

24qAf^ ld2qAk^ 

The depression of the middle point of the bar when the ends are fixed is 
thus only 1 /4 of the depression of the same bar when the ends are free. 

Vibration of Bars. — Since the deflection of the bar is in all cases 
proportional to the deflecting weight, a bar when loaded will execute 
isochronous vibrations, the time of a complete vibration being equal to 

27r J Wfiii, 
where M is the mass of the load and fi the force required to produce unit 
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;tion. From the preoediDg investigations we see that ^=p.qAk^/P 
^ I is the length of the bar and p a numerical factor, which is equal 
when the weight is applied at the end of the bar, to 48 when the 
ht is applied at the middle point of a bar with its ends free, and to 
when the load is applied to the middle point of a bar with its ends 
ped. 

b take a numerical example. Let us suppose we have a steel bar 
n. long, 2 cm. broad, and '2 cm. deep, loaded at the end with a mass 
)0 grammes. Then since for steel ^ = 2*139x10*', and in this case 
1{K),;) = 3, Z = 30, A = -4, ifc» = i (•l)» = -0025, we find by substituting 
e formula that the time of vibration is about ^ of a second, 
'o take another <»tse, suppose a man weighing 70 kilogrammes stands 
be middle of a wooden plank 4 metres long, 30 cm. wide, and 4 deep, 
orted at its ends, what will be the time of swing ? For wood we may 
7 = 10'^ putting;? = 48, M = 7 X 10*, i = 4 X 10», A = 120, ifc» = i (2)' = 1, 
ad that the time of swing is about '5 seconds. 
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Ilastic Curve* — Let us now consider a case like that of a bow 
e the force is parallel to the line joining the ends of the bar. Con- 

the equilibrium of the portion CB (Fig. 68) under the stresses at C, 
jhe tension T in the string at B. 
'hus the stresses across C must be equivalent to a couple T.CN and a 

T, ON being the perpendicular from on the line of action of the 
Confining our attention to the couple, we see that if p is the radius 
rvatures at C of the neutral axis of the rod. 



^^1 = T.CN 
P 



0) 



e ^ is Young's modulus for the rod, AP, the moment of inertia of 
cross-section of the rod about an axis through its centre at right 
« to plane of bending. From equation (1) we see that 1/p is propor- 
1 to CN, hence the curve into which the central axis is bent is such 
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XhMt the redprocml of the radios of conratare at any point is propoitioiial 
to the distaiioe of the point from a straight line. Oiures having this 
propertT are called dastie curvet or eJUuHcat; corves soch as those shown 
in Fig. 69 are included in this family ; they may be produced by taking 
a flexible metal ribbon, soch as a watch-spring, and pushing the ends 
together. One of these curves is of especial importance — ^viz., the one 
where the distance of any point on the bent rod from the line of action of 
the force is veiy smalL We shall show that this carve \& the path of a 
point near the center of a circle when the drde rolls on a straight line. 
To prove this it is only necessary to show that the reciprocal of the radios 
of curvature of this path is proportional to the distance from the straight 
line which is the path of the oraitre of the circle. Let us suppose that the 
circle rolls with uniform angular velocity w along the straight line. Let 
G be the centre of the circle, P any position of the moving point, G the 
point of contact of the circle with the line along which, it rolls, FN the 
perpendicular on €rC. Then if t? be the velocity of the point, p the radios 
of curvature of the path, 

— = acceleration of P along the normal to its path (2) 

Now since the circle rolls on the line without slipping the velocity of 6 is 

zero, hence the system is turning aboot 
G, so that the velocity at P is at right 
angles to PG and equal to wKr; 
hence PG is the normal to the path 

^f: 1^ \ and 

V = «.PG. 




Now the acceleration of P is equal to 
the acceleration of plus the accelera- 
tion of P relative to C ; since C moves 
uniformly along a straight line the 
acceleration of C is zero, and since P 
describee a circle round C, the accelera- 
tion of P relative to G is equal to w'CP 

and is along PC. Thus the acceleration of P along the normal to its path 

is equal to 

ui'OP cos CPG 
and we have therefore by (2) 



ui^PG^ 



= urCV cas CPG 



PG 



9 
1 ^ CP cos CPG 

P 



Since the angle PGK) is very small, the angle CPG is very neftrly equal to 
the angle PCN, and PG is very nearly equal to a, the radius of the rolling 
circle ; hence approximately 

1 _ CP cos PCN _ CN 
p a* a^ 
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&ua lift is proportional to the distance of P fi-om tbe atnugbt line 
ribed by C. 



r""'"" 


y^' = T.CN 




Kk see that 


T 




I The shape of the cur 


e is shown in Fig. 71 


The distiince between 


l--^ 


~" . 


-^ 


Wa 


^~"^---— , 


— — -^ c 



1 two {)oints, guch &s A nnd J 



two pointe of inflection, that is, b 
g^liere 1/^ vanishes, ia equal to irri. 

Stability of a loaded Pillar.— The preceding result at once gives 
I the condition that a vertical pillar with one end fixed vertically in the 
nind should not bend when loaded with a weight W — i.e., the condition 
that the pillar should be stable. For, suppose the pillar Iwads slightly, 
assuming the position AB, Fig. 72, then AB is an elastica and B niust be a 
point of inflection, while, since A is fixed vertically in the ground, the tangent 
at A is parallel to the line of action of the force. The distance — measured 
parallel to the base-lines — between a point of inflection 
and the point where the tangent is paiiillel to the ba.se- q 

line is half the distance between two points of inflection, 
|iand is, therefore, equal to ^o, or, substituting the value 



where W is the weight ; hence, in order that the pillar 
^ouJd be able to bend, {, the length of the pillar, must 
not be leas than 



»V'^^ 




n order to avoid bending, 

4P 

^Jt ttiB cross section of the pillar is a circle of radius b, 

tfJUf=^xb\ Thus the weight which a vertical pillar | | 

^i-ttiifyMl without becoming unstable is proportional to t'lo. 72. 

t' fsvrth power of the radius and inversely proportional 
B the square of the length of the pillar To take a special case, let us 
nsider a steel knitting-needle, 20 cm. long and 1 cm. in radius and take 
B|-=2Ux 10". We find W leas than 9x10'— i.e., less than about 900 



If the rod, instead of being fixed at c 
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fT^^-x^ f*y \tmx \at <wk mre firee to 
«c4^ mnA be p«c£.ts ci iiJfeetaan, xhtt 



in anj direcdon. Fig. 73, the 
whidi isvs Of 



in the limiting 



" V IT 

tKe piDar cui beod. H 



r 



forstobilitj 



W< 



(2) 



In the 



where both ends are fixed (as in Fig. 74), the tangents at 
R B 



« \ 

1 



A 
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the ends intist be parallel to the line of action of the force, and there must 
\tc two points of inflection at 6 and c, hence the distance between the ends 
in twice the distance between two points of inflection, so that 



Hence for htabilitv 



., /qAlr 



(8) 



Comparing (1) and (8), we see that a rod with both ends fixed will, 
without buckling, support a weight sixteen times greater than if one end 
wore fn^o. 

Hinco a pillar can only support without buckling a finite weight, and as 
thin weight diminishes as the length of the pillar increases, it follows that 
a poh) of given cross-sf ction would, if high enough, begin to bend under its 
own weight, ho that there is a limit to the height of a vertical pillar or 
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crosM-Hectioii. Suppose W in the weight of the pillar, audi 
iopjMKie ns nn appruximution that the problem is the same as if the weigUlfl 
'rere applied nt the miiiille point of the pillar, then tf I is the length dm 
' B pillar we see from (1 ) that 



V'-f 



A more accurate investigation, which reiiuires tlie aii] of highev 
Mthematies, sbowa that the at-furate relation is 



V'F 



Let us take the case of a pine tree of uniform circolar Rection fiom t«p ti 
bottom, let the diameter of the tree be l.'i cm. For deal •/= 10", and ] 
luiug the specific gravity of deal as '6, we have 

. 7-84 X 10" X 15' 



a the height of the tree cannot exceed about '27 meti-es. 

Determination of Young-'s Moduius by Flexure.- 

odalusisoftendetermineilby measuring the deflection of abeam i 
ft both endsnnd loaded in the middle. If li ia the depression of t 
it the bar, then (see p. 9S) 






d = - 



W 



AB' 



■I87AA- ■ 

ftrbere W is the load, AB the length of the bar, 7 Young's modulus, Ai* 
he moment of inertia of the cross-section of the Uir about an axis through 
be centre of gravity of the section at right angles to the plane of bending. 
The value of d can be determined by fixing a needle point to the middle 
f the bar, and observing through a microscope provided with a micrometer 
fepicce the depression of the beam when loaded in the middle with various i 
«ights. Another method of measuring (2 is by means of a very carefullj I 
lade screw, the end of which is brought into contact with the bar; by ' 
tesaiiHng the fraction of a turn through which the head of the screw 
inet be turned to renew the contact aft«r the bar haa been loaded we can 
Btermine the value of d corresponding to given loads. The most accurate 
tethod, however, would be an optical one, in which, by Michelson's method, 
iterference fringes are produced by the interference of light reflect«d 
Fom two mirrors, one of which is fiied while the other is attached to the 
tiddle point of the bar. By measuring the displacement of the fringes 
ben the load is put on we could uecermine d, and the method is so 
tlicate that ihu displacements corresponding to very 8mall loads could be J 
iMKured. 
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Another method, <lue to K^nig, consistB in measuring the angle through 
which the fi'ee ends oF the hur iice l>eiit. Tlie method is represente<l in 
Fig. TT). AB ii the i-od I'esting ou two itteel knife edge^ ^i^i' "^^b mirrors 
F,P,, which are nimoet n.t nght angles to the rods, are rigidly Attached lo 
it. The vertical scale S is reflected first from the mirror P,, then from 
, and then read through the telescope F. The weight is 
applied to the knife edge r, which is exactly midway between the knife 
edges ^,B,. On looking through the telescope we find one of the divisions 
of the scale coinciding with the cross wires ; on loading the beam another 
1 of the scale will come on the cross wire, and by measuring the 
distance between these divisions we can determine the angle ^ through ] 
which each free extremity of the bar has been bent. For, let gs follow J 




the ray backward from the telescope ; when 

through an angle ^, the point where the reflected ray strikes the i .,^_ 
P, IB shifted through a distance 2d^, where d is the distance between tha 
mirrors; thus, if the light reflected from P, were parallel to its original 
direction, the scale reading would be altered by 2if^, but the light reSected 
from F, is turned through an angle 4f> ; this alters the scale reading by 
4D^ where D is the distance of the scale S from the miiror P,, hence 
total alteration in the scale reading, is given by. 



determine q. The ndiantftge of this method i 



Thus knowing « we 

that r,the alteration in tlie scale reading, may be madi 

than the depression of the middle of the bar. 



r 

^r The following convenient method for determining both » And q for a 
J wire was given by G. F. C. Searle in the Philosopkieal Majjaztne, Feb. 1 900. 

AS, CD (Fig. Tt!) are two equal brass bars of Hquare section, the wire j 

under observation is firmly secured by pafising through horizontal holes 

drilled through the centres G, G' of the bai-s. The sjHt«ni ci ' 

by two parallel torsioiiless strings 

by means of books attached to the 

bara. If now the ends B and D 

are nuule to approach each other 

tbrotigh equal distances and are 

then set free the bars wiU vibrate 

in a horizontal plane. To a first 

approsiniation the centres G and G' 

remain at rest, xo that the action 

of the wire on the bar, and therefore 

of the bar on the wire, is a pure 

couple ; the wire will, therefore, be 

bent into a. horizontal circle and 

the couple will be qKk'jp. Here 

9 is Young's modulus, Ak' the 

moment of inertia of the cross 

section of the wire about 

through the centre of gravity at 

right angles to the plane of bending, 

p the radius of curvature of the 



heuce by (1) and ti) ive have 




, which is equal to V,2^ if I is the length of the wire and ^ the angle 
through which the bar is twisted. Hence, if K is the moment of inertia 
of CD about a vertical axis through G, we have 



hence, if T, is the time of vibration, 



The bars are now unhooked from the strings and one clamped U) a shelf, 
ao that the wire is vertical ; if we make the wire execute torsional vibra- 
tions, and T, is the time of vibration. 



(see p. Vi^), n being the coefficient of rigidity and a the radius of the u 
As the wire is of circular »r~^-~- 
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TABLE OF HODUU OF BLASTICITT. 

The values of the moduli of elasticity vwrj so much with the treatment tmeUl 
has received in wire-drawing, rolling, annealing, and so on, that wheneTer they 
are required for a g^ven specimen it is necessarj to determine them, if sdt degree 
of accuracy is required. The following table contains ihe limits within which 
determinations of the moduli of different metals lie. Thej are taken from the 
results of experiments by Wertheim, Kiewiet, Lord Kelvin, Pisati, Baamdster, 
Mallock, Coma, Everett, and Katzenelsohn. The values are given in C.G.S. umt$, 
n is the rigidity, q Young's modulus, k the bnlk modulus, and 0- Poisson^s ratia 





nx 10" 


^x 1011 


kxim 


9 


Aluminium . 


2-38 8-86 


7-4 


_ 


•18 


DraAS . 


3-44— 4 03 


9-48 10-75 


10-2— 10-85 


-226--469 


Copper . 
Delta-Metal . 


3-5 4-5 


10-3— 12-8 


17 


-25--85 


3-6 


91 


10 


— 


Glass . 


1-2— 2-4 


5-4 7-8 


3-4— 4-2 


-2(y--26 


Gold 


3-9— 4-2 


/5-48(drawn)\ 
\ 8 (rolled) / 




•17 


Iron (cn8t) . 


3-5— 5-3 


9-8—16 


9-7— 14-7 


••23-^31 


Iron (wrought) 


6-6— 7-7 


17 20 


— 


— 


Load 


•18 


•5—1 -8 


3-7 


•375 


rhoHphor Dronxe . 


3-6 


9-8 


— 


— 


riatinum 


6-6 7-4 


15 17 




•16 


1 Silver . 


2-5 2-6 


70 7-5 




•87 


Steel 


7-7— 9-8 


18 29 


14-7—19 


•25--33 


Tin . . . 


1-6 


4-2 


— 


— 


Zinc 


3-8 


8-7 




-JO 



CHAFfER IX. 



SPIRAL SPRINGS. 

LT^B theories of bending iitid twitttiiig liave very iinpoi'tiiiit iipplicntiuntt 

'D the case of spiral springs. By a spiral Hpring we mean a uniform wire 

r ribbon wound round a cii'cular cylinder in such a way that the axis of 

'le wire makes a consbiut angle with the generating lines of the cyiinder. 

The first ca£e we shall consider is that of a spiral spring 

■vnde of uniform wire of circular cross-tiection, and wound 

Fxound the cylinder so that the plane of the wire is everywhere 

imately perpendicular to the axis of the cylinder— i.e., a 

spring. I*t us suppose that such a spring is hung 

\ with its axis vertical, and that a weight W, acting along the 

( of the cylinder, is applied to an arm atbiched to the : 
I lower end of th© spring. 

Gonsidering the equilibrium of the portion OP of the 
I'l^irin^, the stres-ses over the cross-section P must be in etjuili- 
llniam with the foi'ce W' at U, and hence these stresses must 
' e equivalent to a tangential force W acting upwards, i 
couple whose moment is Wa and whose axis coincides with the 
axis of the wire at P, a being the radius of the cylinder on 
which the wire is wound. If the diameter of the wire is very 
amall compared with a we may, by the principles explained on 
p. 69, neglect the effects of tlie tangential force in comparison 
with that of the couple and consider the couple alune. This ! 
couple is a toi-sional couple and is constant all along the wire ; 
h will produce, therefore, a uniform rate of twist ; if ^ is the 
^te of twiat, b the radius of the wire, and n its coeflicient of ; 
gidity ; then we have (see p. 71t), 



Wa 



' ^mtb'if. 



■■i' 



w 



Now suppose that we have a series of arms of length (t 

■•tteched to the wire at right angles, the free ends of these 

f anus all being in the asis of the cylinder. Then, if P, Q are 

two points near together, the effect of the twisting is to ''■". •'■ 

increase the vertical distance between the ends of the arms 

attached to P, Q respectively by PQ » h^, and since a and ip are constants 

thus result will hold whatevtr the distance between P and Q, Suppose Q is at 

the fixed and P at the free end of the spring, theu the increaee in tVio 

vertical distance between the arm attached to P and Q will be the vertiiwl 

depression of the weight W ; in this case PQ = /, the length of wire in the 

r^tring ; hence, if d is the depi'ession of W. 
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TKoft d vanes dxrectlj m tb* ai«A of tiie iiim ■iImbi cC the cj&idff 
■TiTJ fnm-Twfj ■■ rhr iixnirn nf thii nri nf rhtfi rmg ■^rlinii nf tW wiff We 
Me thftt the ilmiifiiin of the weight » the euw w ^e diipbDeBent of 
the eztremxt J of & horaontel urn of Iniftk « efttecked to Ike cod o( the 
Mune length of wire when pofled out stsai^lkt mad hang vcttiall j, the end 
of the horiaootel Arm being acted on by a bomontel fone eqoel to W li 
right angles to the arm. 

To take a namerieai example : aupf w ie we have a eieel ^ring SOO cm. 
long wound on a cylinder 3 on. in diameter^ thm diamrtrr of tiie viie 
being '^ cnu 

If this ffpring is loaded with a IdlognaBBe so that W = 981x10^, the 
depresnon d will be given by 

. 600x981 xlCyx(15)' 
xx»xlO"xlO-* 

B 5 cm. apfsrozimately. 

Energy in the Springr* — Q, the energy stored in the qpringi '^ 
(nee p. 80) given by the equation 

But f = -zii 



Thus Q = 



imb* 



This renult illustrates the theorem proved on p. 71. 

Springs inclined at a finite Angle to the horizontal Plane.— 

The flat itpring, as we have just seen, acts entirely by torsion ; in inclined 
springs however, bending as well as torsion comes into play. Let the axis of 
the spring make a constant angle a with the horizontal. Let the spring 
(Fig. 78) 1)0 stretched by a weight W acting along the axis of the cylinder 
on which the spring is wound. Then, considering the equilibrium^ of the 
portion AP of the spring, and neglecting as before the tangential stresses 
at P, we see that the stresses at P must be equivalent to a couple whose 
moment is Wa, and whose axis is PT, the horizontal tangent to the 
cylinder at P. This couple may be resolved into two one with the 
moment Wocosa with its axis along the wire PQ, this twists the spring ; 
the second, having the moment Wosina, has its axis PN at right angles to 
the plane of the spring at P ; this tends to bend the spring, not to twist 
it. Now the twisting couple Wocosa will produce a rate of twist 9 given by 

Warosa 
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where C is a quantity depending on the shape and size of the cross- 
section of the spring, when the spring is a circular wire of radius 6, we 
have seen that C = irb*l2. The couple Wosina will bend the spring and 
will alter the inclination of the tangents at two neighbouring points PQ by 



w OL - :^ o V\ 



^ 



Wosina. PQ 



where D=sAA:', the moment of inertia of the area of the cross-section 

of the wire of the spring about an axis through 

its centre of gravity at right angles to the plane 

of bending. 

Xjet us now consider the effect of these 

chBjokgea on the radial arms which we imagine 

^ed to the spring. Let us first consider the 

^^erttcal displacements of the ends of the arms at 

two neighbouring points PQ. Taking first the 

torsion, the relative motion of the ends is PQ^, 

owt^ in consequence of the inclination of the 

spring this relative motion is inclined at an 

^ng-l© Q ^ith the vertical so that the relative 

veirtioal motion is 

PQ.Wa'co6»a 
PQa^cosa = ^Q 

^I'lius, if ^ be the length of the wire in the 
sprln^j the vertical displacement of the end of 
*^^ spring due to torsion is 

AVa'cos^a 

^ow consider the effect of the bending on the 

Y^*^cal motion of the ends of the rods at PQ. 

^ ponseqnence of the bending, the relative 

^0^021 is in a plane making an angle a with the 

'^^^'i^ontal plane and is equal to 



Wosina 



PQa 




^ 8^t the vertical component of this we must multiply by sina, and 
^^ ***^ that the vertical displacement due to bending is 



PQ 



Wa^sin'a 



^ »or the whole spring 



qB 



^U8 the total vertical displacement is 



cos'a 



/= M«o 



sin^a"! 
'nDl 



i.t uQunMn Ml 'Ugt 




I\ » % 9 



Krf. 



'I «^ it*, if**, Mi 4*itf^!fi^jtL d'j/t V. wvitK. for 'siic- "niti^ ssiiip m. itevioR. 



PQ 



7D 

iJiUii i\tti Mi«|/ij|ai- <li}fli9<;tion due to bending for the whole length of the 

/WaHinaoOffa 

'I'Un lUiiUuMith ill thin ruM) Ih in the opposite direction to that doe to the 
imnUfH, mill Ih tiijrh itii iri ti)ti(1 to uncoil the spring. The total angohf 



/- / WaHJnacofki < -- — ~\ 



Ill I hit iliiiiiitiiih Uhditi^ Ui iM)il up the spring. The angular deflection u 
IhiiH |irif|Hii-(inhiil tiJHih iiroHii tirid Ih greiitest when a = ir/4. The deflecUoi^ 
liHiiln III itiiil ii|i thn Hpiin^ or uiuMiil it ncoording as 

1 1 

> < . ; 

ni) vD' 

if |.hi< hill tii|j In voi'V ht.iir to rnniHt b(*n(liuK in its own plane, it will ooilu 
Miiilar tliii itiit-ioii of thii woiuht ; if, on the other hand, it is very stiff t 
iHMlHt Uii'Mioii, It will un(*oiT. This is exemplified by the two spring 
Mhowii ill Ki|{M. 711, HO. Tho Unit, whicli is made of strip metal, with the shoi 
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n ia the pUne of bending, is very weak to resist bending, and f 
coil up when stretched, while the second, which is also made of n 



a the plane of bending, ie very stiff 



metnl, but with the long s 
bending, and ao t«Ddi 

when atreWhed. In 
circular wire of radius 

D = i.r6'; r-^ 
^ 9 is greater than 2n. 



'e, and thuu a spring made 

lar wire tends to coil up 

tended. 

»n use the oscillations of a 

td spring to determine the 

it of rigidity of the snbatanc« 

1 the dpriag is made. Let 

the case of a flat spiral 
made of wire of circular 
tion; then, if the spring 
dcd a distance x from its 

of equilibrium, the force 
to bring the spring back to 
tion is (see p. 104), equal to 

^^ (11 

is the coefficient of rigidity, 

dius of cross-section nf the 

the radios of the cylinder 

1 the spring is wound, and via.TJ. no m. 

gtb of the spring. If the 

ie spring is loaded with a mass M, the kinetic energy of this mass 

ng itself is moving up and down, so that thei« will be some kinetic 
lue to the motion of the spring. The vertical motion of a point 
pring is proportional to its distance fi-cm the fixed f nd, so thnt 
nty at a distance s from the fixed end will be 

adx 
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If p IS the mass of unit length of the spring, the mass of an element 
of length ds is pds and its kinetic energy is 

Integrating this expression from 8 = to 8 = 1, we find that the kinetic 
energy of the spring is 

or if m be the mass of the spring 

hence the total kinetic energy is equal to 



j{m+= 



}(S)' 



and the rate of increase of the momentum parallel to a; is therefore 



( 






Since the rate of increase of the momentum is equal to the fo: 
tending to increase x, we have by (1) 

This equation represents a periodic motion, the time T of a oomple 
vibration being given by the equation 



mo /M + m/8 



'I2W 
When T has been determined n can be found by this equation. 




IMPACT. 



iting class of pheoomeDa liepeudjng on the eliwticity of matter 
collision between elastic bodies. The laws governing these 
'ere investigated by Newton and his conteniporaiieH, who used the 
nethod. Tbe colliding bodies wern spherii^ btll^ suH[>ended by 
the way shown in Fig. KI ; the ballii, nit«r falling fi-om given 
nick against each other ut the lowest point, and after rebounding 
led a certain height. By measuring the»<e heights (and allowing, as 
], for the resistance of the air) the velocities of the balls before and 
oncanbedetermined. New- 

1 way showed that when ihe -i 

u direct— i.e., when the rcln- 
ues of the two bodies ut tin- 
lollisioQ was along the comoiou 
tbe point of impact — the 
alocity after impact bore a 
Htio to the relative velocity 
pact — tbe relative velocity 
ourse, reversed in direction. 
, V are the velocities of the ■ 

re impact, u being the velocity 
■e slowly moving boiiy, while .-"■-. 
the velocities after impact, / '; 



U-V^«(i,- 



«> 



(I) 



s a quantity called the co- 
restitution, and Newton's experitneuta showed that e depended 
3 materials of which the balls were made, and not on the masses 
velocities. A series of esperimentu were made by Ilodgkinson, 
of which were in general agi-eement with Newton's. Hodgkinson 
ever (Report o/ British Association, 1«34), that when the initial 
[oaty was very large e was smaller than it was with moderate 

t* has shown that the coeflicieut of restitution is given by the 
= e, - bu, where M is the velocity of approach and e,, and b are 

on (1) and the equation 

incent, Procenlim/i t'm;iAr«(./r Philimr/ihir.<l Huriets. vol. I. p, ^^2. 
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"VTUca -sxDPBVst "siskC "Ji* 3ifiiiiaicaiiL of tiur system, of two bodiaisMt 
ut vi w ti jr •:nt» mmLtL -» imi M bem^^fae maanni of tibe bodiesy are saffiaent 






T = 



«-x 



•i^'-> 







,i.^^,-.)P w 



TkoHw i£ « » TiuMw ibs« ■» BO ioB off kiBfllic gn eigy . In all other etfe^ 
^itir s A imo» ]am of kn&etit «ttK^. jihm o£ k beuig timnsfoniied dnrisg 
«bw coOttiuB. 3ifti amft : & amJI pM«» tat onlf m miJI party o£ it maj ii^ 
TiTTf rmvm fnt lymiiT in nhi— iiin ihi talh intnTilwalinn ■limit thnirfir*^ 




lO 



fiK a nirrr iaaa of wtas ms en Mfcrn two ekstk balb im 



;i|[BBiw« «iic& cctttfr. Wc w ttk» tt* cm* off m eollision between two 
rubv^T <arra^iw rruniiu: oil inctkamkam iaik» each Garriage being pro* 
vikd wx^k a bcLdtfr ^crta:^. Wbcn uke camans eome into o(^lisioD« the 
ixi^ <MiSKt ^ ^^ ccmpretK Ube ^priitfs^ tlie fvessare which one spnDg 
^xwrt» ocL ABDOCft^r » %njctfan»ii lo the carriages and the momeotom 
^^lf ch<» durtidi^ ^htki w;^ owrcafiHL ineraaaes while that of the other 
\UiniiiWh<tiL : ;hfis ^'^^ oc ;mdl ^Le two carnagw are moving with the 9^ 
vvkvitv« wbKL :h« 3^frt&C!& biv^ their maximiim ocHnpression and the 
^wiNiwini» V«Kwy«a ^Ot^si is a vaxiBnm. The kinetic energy of the 
«iMrriii^M« k^ now Wik^ uuka iu was IkIo«« impact hj 






au*l thU MH»r^' fci stVMryd in tb* springs. The springs having reached 
tbt^ir i\m\iu\un\ wmi^nK^ion becrin to expand, increasing still further 
\\w momoutum v>f th^ front carriage and diminishing that of the carriage 
in \\\^ r«^r. ll^v^ go^^^fi \>n until the springs have regained their origiBal 
Wi\)|tb, wb«^i\ tW |\r\>c^UT>^ KHween them vanishes and the carriages 
Ni>|MMi«t0, Tb«^ixk iH now no strun energy in the springs, and the kinetic 
t>n««i'M,Y in \\\^ \'arri«g\'« afl^r the «»llision has ceased is the same as it 
WMM M\A\i it Ih^^u 

'rU» rm^di^r who U a\\|iuunted with the elements of the differential 
onhniUiH wiU tinti it Md\*HntHgtH>\i$ to consider the analytical solution of 
ihii prikbltiiu, whioh im v«ry simple. Let x, y be the coKirdinates of the 
oaiitrtM of uravity t^ tht^ Arst and second carriages respectively, /i, / the 
■trenKth (if tho M|ivin>iH attHoluxl to these carriages (by the sti*ength of 
"^ Hpring wo lutmn tho fimn^ require^l to produce unit extensicm of the 
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spring), {, 1} the compressions of these springs, and P the pressure between 
them , then we have 

m-— = -P — ^ = - P 

26 — y =s constant - (£ + ly) 
Xlie solution of these equations is 

P = (v - u\khr^ 8inw< 

' M + m 

^^ , J" ; M and v are the initial velocities of the 
11 + II Mm 

^^^niageSy and i is measured from the instant when the collision began. 

dx m f . nr 1 Mm / \ j 

^=MT;;i^'^**-'^^>-MT^^^-")^"' 

M^ - ..^{mw + Mr} + ^^^t^ - u)coHa 
di M+m^ M + m^ ' 

Thus the springs have their maximum compression when -—- = -J^, i.e,, 

at at 

wheu mI a «>/2y or < « ^ ; at this instant the energy stored in the first 

8{^ingr 



/i fi + fi M + m 

^hile the energy in the second spring is equal to 

fji A*"*"/* M + m 

At the instant of greatcbt compression the amounts of energy stored 
^ ^be two springs are inversely as the strengths of the springs. 

. '^he springs regain their original length and the collision ceases 
^«^«ii P-0— 4X when «« = r, or 

/ Mm fi + fi 
V M + m fjifji' 

^^ is the time the collision lasts. We see that it increases as the masses 
r ^ carriages increase and diminishes as the strengths of the springs 
^2^<eifle. It ia independent of the relative velocity of the carriages 
More impact. 

In the case of the collision between elastic bodies the elasticity of the 
'^^Mtl ■ a tvea instead of the springs in the preceding example. The 



««!r=^. 
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ih«t th* hiAum l»T« m fiAtie arcm in. 

UfiM ArMk Mfei^rh hod J in cwap rMMi i : Hut mas 

t.h« tiffWinlfftt \Mitwhhti «iiMtie \0M0m ha* fa«cs. v>»a9(£ 

fir»<lfi nxpTtmHumn for the Jtf«ft of Uk 

ry;lli'liriK UxliiM, the duration of the eonteet aiwi lai^ 

Th«f dumti/m //if ocmtaci of two equd 

litf tn\tml to 







whivm IC IN tho radittii of either of the sfi^en^ s iht 
ii|ih»rif| f/ and a rmpectivelj Yoanga modoliK end F 
I.I1M NiiliM4iriiN9 <if which the ^pheree are made. Hambn 
ihfi ilriin two Npherea are in contact by making the 
$»Um*U'U^ itirctiit whilift they are in contact and memsaring 
iMiiTiirii in flowing. The reHulto of his experiments 
foltiiwin^ Uble. They relate to the collifsion of 
In raflliiM: 



s lasio 



the tuie 
in 
1-3 



H«*liiiivn VdltNilix In nm. por mc. 

IhiiNMoii of riilllHlon (oalciilaiod) 
,. M M (obnorvwl) . 



7-87 



•000185 
'000196 



12-» 



•000167 
•000173 



19^ 



•000153 
•000157 



-OOOIIO 
-000148 




Tho itut'iitioii of tlio iinniict in Heveral tim€« the gravest time of vibe*' 
ilnti of llin hoily. In ordwr to Htart such vibrations with any vigour 
(bit Mino of onlliNion would have to be small compared with the tao» 
of vlbnttloti. Wo oonohido that only a small part of the energy isspei^^ 
III Nitttlii^ ib(« »t|)lM«nv4 ill vibi^ation. 

Am itii oxaiiipio of tltn order of magnitude of the quantities involved 
III tlio iMillUioii of f«|ilH«r<^ wo quote the results given by Hertz for two 
nliHtl f«)iliontH t? T) oiii. in radius nuH^ting with a relative velocity of Icm* 
|iMi' mMKind. Tli(« mdiuN of the surface of contact is -013 cm. Thetimo 
iif (Miiitiiot \h '{){)i)l\H MO(H)ndH. The maximum total pressure is H< 
MIo^ntinnMtA mid tho iiiiixinium pri^sKUi*o |)er unit area is 7800 kilogramiDtf 
|M«r iHtii(lnt«tti'it. 

h\ \\\\h MiiMiry and in tho oxiunplo of the carriages with springs^ 
liiivo nupiMiMtMl timt tb<t («norgy stored up in the springs is ultimfttely 
liMMMivitrttMl into kinotio ont^r^y, so that tlie total kinetic energy at the ond 
ot Mio ltii|Miot In tho Niuuo as at tho l)eginning. This is the case of tbe 
iiiipa«*t of what aro mllod |HU'ftvtly clastic bodies, for which the coefficient 
of iHtntltutlon JH (H|unl to unity In othor cases we see by equation (S) 
tlmi| litMtiMtd of tho wholo onorgy t^torinl in the springs being converted into 
kinotio t^norj^y, only tho (HtnsUint fi'action e^ of it is so reconverted, the le^ 
Imliig ultlnutt^^ly (H>nvorUMl into heat. Now our study of the elastic 
pn>|H«rtii¥ of Uxlit^ hn^t shown many examples in which it is impossible to 
ooiivoi't the enorgy duo to strain wholly into mechanical work. We m^y 
mention tho phonomonn of olaxtio fatigue or viscosity of metals (see p. 57), 
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mpUfied by the torsional vibrations of a metAl wire, where the 

' e traDsfonnatious of the energy of strain into kioetic energy waa 

'orapuiied by a continued loss of kinetic energy. Again, the 

Stic nfter-eifect would prevent a total conversion of strain energy into 

Schanioil energy. For example, if we load a wire up to a certain point, and 

'Asure the extension corresponding to any load, then gradually unload 

i wire, if the straining haii gone beyond the elastic limit ihe extenginns 

Mring unloading will not be the same as during loading; and in this case 

'"in any complete cycle he a loss of mechanical energv proportional 

a included betweon the curves for loading and unloading. The per- 

nit.age I0E8 in this caiie would depend upon the intensity of the maximum 

>; if this did not strain the body beyond its eiastic limit there would 

* no loss from this cause, while if the masimum strain exceeded this limit 

tha Ities might be considerable. Thin may be the reaton why the value 

"f » diminitiheB as the relative velocity at tlie moment of collision increases, 

fop Hei-tK has whown that the maximum pressure increases with the 

■^lative velocity being proportional to the ^/.'iths power of the velocity, 

*hile it is iude])endent of the size of the balls. Thus the greater the 

relative velocity the more will the maximum pressure exceed the elastic 

Umit and the lurger the amount of heat produced. In addition to 

^ft I0S.S of energy hy the viscosity of metals and hysteresis there is 

1)1 many cases of collision permanent deformation of the surface in 

the neighbourhood of the surface of contact. This is vtry evident 

'" the case of lead and brass. The harder the body the greater the value 

"' e. We can see the reason for this if we remember that the hardneea 

^' a body is measured by the maximum stress it can suffer without 

°*''ig strained beyond the elastic limit, while any strain beyond the 

^"«tic limit would increase the amount of heat produced and so diminish 

* Value of e. 

When we consider the various ways in which imperfections in the 

o property can prevent the complete retransformation of the energy 

^ to strain into kinetic energy it is somewhat surprieing that the laws 

[tbe collision of imperfectly elastic bodies are aa simple as Newton's and 

igkinaon's experiments show them to be, for these laws express the 

'^ that in the collision a constant fraction, e', of the energy due to strain 

P converted into heat, and that this fraction is independent of the size of 

"> iphere.s and only vaiies very slowly with the relative velocity at 

'tpnct. For example, Kodgkinson's experiments show that when the 

*" «tive velocity at impact was increased threefold the value of e in the 

*e of the collision between cast-iron spheres only diminished from 

pS to -M. A series of experiments on the impact of bodies meeting with 

y amall relative velocitiee would be very interesting, for with small 

odtieti the stresses would diminish, and if these did not exceed those 

mponding to elastic limits some of the causes of the dissipation of 

)uld be eliminat«d, and it is possible that the value of e might 

B oooHderably increased. 

We find, too, from experiment that bodies I'equire time to recover even 
~ m noall strain, so that, if the rise and fall of the stress is very rapid, 
B may be dissipation of energy in cases where the elastic limit for 
wly varying forces is not overstepped. 
Hudglcinson gives the following formula for the value of «^ut "heu two 
" t bodies A and B collide, in terms of the values of a^* ^"^ ^^^ 



114 



PROPERTIES OF MATTER. 



cuUibiou between two bodies eacb of material A and esBi the value for the 
collision between two bodies each of material B. 



^AB — 



<?AA 


, ^BB 


9i 


9, 


1 


1 




+ - 


9i 


9, 



and he finds this formula agrees well with his experiments. 

The following considerations would lead to a formula giving e^B in 
terms of e^A ^nd f^B* Hertz has shown that the displacements of the 
bodies A and B in the direction of the common normal to the two surfaces 
over which the bodies touch are proportional to 
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where »,, », are the values of Poissou s ratio for the bodies A and B ; and 
since the strees^es are the same, the energy stored in the two bodies 
will be proportional to the displacements. Thus, if E is the whole energ}' 
due to the strain^ 
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will be the amounts in the two bodies Now the first body converts 1 - e^^^ 
and the second 1 ~ r^^ of the strain energy into heat ; hence the energy 
converted into heat will be 
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and this mu»i equal 
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The following t^ble of the values of f is taken from Hodgk 
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case where a permanent deformation is produced has recently been 

^ted hy Vincent (Proceedings Cambridge PhUoeophiccU Socieii/, 

3. 832). The case taken is that of the indentation produced in lead 

kffin by the impact of a steel sphere. He finds that the volume of 

at is proportional to the energy of the sphere just before impact ; 

jring the impact (t^., while the lead is flowing) the pressure between 

here and the lead is constant and varies from 6 x lO' to 13 x 10* dynes 

|uare centimetre for different specimens of lead ; for paraffin the 

ponding pressure is about 10" dynes per centimetre. 



CHAPTER XL 



COMPBESSIBIUTT OF UQUIDS. 

The fact that water is oomprefisible under pressure was established in 1762 
by Canton, and since then measurements of the change of volumes o^ 
liquids under pressure have been made by many physicists. 

The problem is one beset with experimental difficulties, some of whidi 
may be fllustrated by considering the case of a liquid inclosed in a vesel 
such as a thermometer ; when pressure is applied to the liquid, the 
depression of the liquid in the stem will be due partly to the oontnictioii 
of the liquid under pressure and partly to the expansion of the bulb of tbe 
thermometer. In order, then, to be able to determine from the depreesion 
of the liquid the compressibility of water we must be able to estimate tlie 
alteration in volume of the tube under pressure. We shall therefore 
consider in some detail the alteration in volume of a vessel subject to 
internal and external pressure. We shall take the case of a long cylindrical 
tube with flat ends exposed to an external pressure j9, and an internal 
pressure p^. The strain in such a cylinder has been shown by Lami 
to be (1) a radial displacement p given by the equation 

r 

where r is the distant of the point under consideration from the axis of 
the cylinder and A and 6 constants, and (2) an extension parallel to the 
axis of the cylinder. 

The radial displacement p involves an extension along the radius equal to 
dp/dr and an extension at right angles to p in the plane at right angles to the 
axis of the cylinder equal to p/r. Let the extensions along the radius, at light 
angles to it and to the axis of the cylinder, and along the axis be denoted 
^y ^i /> 9 respectively, and let P, Q, R be the normal stresses in these 
directions ; then by equation (1), p. 72, we can easily prove 
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where k is the bulk modulus and n the coefficient of rigidity ; 
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d/r T 

we have « = A-? /=A + 3 

Thus the radial stress is equal to 

If a and h are respectively the internal and external radii of the tube, 
then when r^a the radial stress is equal to - />o and when r=>6 the radial 
stress is equal to -P|, hence we have 

The whole force parallel to the axis tending to stretch the cylinder is 

ce the stress in this direction is equal to 

ir(6» - a») 
The stress parallel to the axis is, however, equal to 



^t)» 



+ f*-^)2A 



^<9e we have 



From (2), (8) and (4) we get 



B=J- «'^ 



2ii{W'^l^' ^'^ 



B 
the radial displacement is Ar + --, the internal volume of the 




when strained is ir(a + Aa + -j Z(l +^) 



/ is the length of the tube ; hence, retaining only the first powers 
^tshe small quantities A, B and g^ we have, if St^i is the change in the 
volume, 
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and if ^v, is the change in the external volume, 

There are two civ^as of special importance in the determination of the 
compressibility of fluids: the first is when the internal and external pressures 
are equal ; in this case Pq=Pi, and we have 

thus the diminution of the volume is independent of the thickness of the 
walls of the tube. Some experimenters have been led into error by supposing 
that, if the walls of the tube were very thin, there would be no appreciable 
diminution in the volume of the tube. If the vessel had been filled with 
liquid which was subject to the pressure p^ the diminution in the volume 
of the liquid would be waHpJK where K is the bulk modulus of the liquid. 
The diminution of volume of the liquid minus that of the vessel is 
therefore 



''^'Ke-i) 



thus by experiments with equal pressures inside and out, which was 
Regnault's method, we determine 

K k 

so that to deduce K we must know k. 

Another method used by Jamin was to use internal pressure on] j, wht 
the apparent change in the volume of the liquid is the sum of the chan^^ "^1^ 
of volumes of the liquid and of the inside of the vessel. Jamin thought tb^ ^at 
he determined the change of volume of the vessel by placing it in a ves^^^SEsel 
full of water and measuring the rise of this water in a graduated ci^illi^ 
tube attached to the vessel ; by subtracting this change in volume from 
apparent change he thought he got the change in volume of the lioi 
without requiring the value of the elastic constants of the material 
which the vessel is made. A little consideration will show, however, tl 
this is not the case : let ^v be the change in the volume of the liquid, 
the change in the internal volume, ^v^ that in the external volume ; i1 
h^j that is measured by the rise of liquid in the capillary tube attached- 
the vessel containing the tube in which the liquid is compressed. 

Observations on the liquid inside the tube give 

iv + ^v^ 
if we subtract Jamin's correction we get 

Rabstituting the values of h\ and h^^ when ^j = o we find 
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■ Hence, after Applying JaminH correction, we get 

K.tly the »ame quantity as w 

liat to get K by Jamiu's method 

The itppamtus used by Regnault in his experiments 

lesibility of liquids {Mhnoires de Pliiatilut d« 

Slice, vul. xxi. p. 829) is repret^ented in Fig. 81'. 

The piezometer was made of a cylindrical tube with 

liemii^phenail endx. It wiia tilled with the liquid 

m-)ioee com pi-easti bill ty wns to be measured, the 

9at«at care being taken to get rid of air-bubbles. 

le liquid reached up into the graduated Rtem of 

B pieEometer, the volume between each division of 

B stem being accurately knoivn. The pier.ometer 

A placed in an outer vessel which whs tilled with 

nler and the whole system placed in a htrge tank 

EDed with water, the object beiug to keep the 

lupeiuture of the Hystem constant. The lubes 

shown in the system were connected with a vessel 

fnll of compressed air, the pressure of which wns 

measured by a carefully tested manometer ; the 

lubet) were so arranged that by tumuig on the 

proper (Aps pressure could be applied (1) to the 

outnide of the piezometer and not to the inside ; {i) 

•imultuneously to the outside and the inside; {'A) to 

^be Umde and not to the outside. If w,, u„ u, are 

e apparent diminution in the volume of the liquid 

1 ihtwe cases reapei-tively, the pi-essui-e beiug the Si 

receding theory 

d'Vl ,. 





Hence lu, *iii^ = ea, 

t relation by which we ciin check to some extent the validity of the 

retical investigation. Such acheckis very desirable, as in this investiga- 

n we have assumed that the material of which the pieiometer is made is 

ropic and that the walls of the piezometer are of uniform thickness, 

iditioDs which ore very difficult to fulGI, while it is important to 

)D»ure that a failure in any one of them has not been sufficient to 

■ppreciably impair the accuracy of the theoretical investigations. Regnault 

' 'i investigations adopted IjtmS's asBuniption that Poisson's ratio is 



■vqualto 1/4; 



ithis 



mptio 



:*, 



I that the measurement of •*, ■ 
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gives tlie value of k, aud then the measurement of u, the vnlue of K, the 
bulk modulus for the liijuid. This wiis tlie method adopted by Regnault 
It is, howevpr, open to objection, lu tlie first place, the determiDotioDK 
which have been made of the value of Poisson'e ratio fur g]ni?s raoge from 
'3S to •'i'i, inateail of the lussumed value -'Jb, while, secondly, the equAtioD by 
which k is detei'mioed from meiisuretuentR of ui, is obtained 
OQ the aNsumptiou of perfect uniformity in the toat^ris] 
which it is diflipult to verify. It la thus desirable ( 
determine it for the material of which the piezometer is 
made by a separate investigation, and then to determine the 
compressibility of the liquids by using the Himptest relatioD 
obtained between the apparent change in volume of the liijuiil 
aad the pret<8ure ; this is when the inside and outaide oE ibe 
piezometer are exposed to equal pressures. The mo^t ilimt, 
and probably the most accurate, way of finding k for a sulid is 
to measure the longitudinal contraction under pressure. An 
arrangement which enables thiH to be done with great 
accuracy is described by Amagat in the Jouriml de Phgivpa< 
Series 2, vol. viii. p. :)59. The method was fir^t used by 
Buchanan and Tail. Another method of determining k for 
a solid is to make a tube of the solid closed by a gradii»t«d 
oapillary tube as in Fig. 8!i. The tube and part of l^B 
capillary being filled with water, a longitudinal stress P "* 
applied to the tube, the tube stretches and the iut«rO*\ 
volume dimiiiisbes, the diminutioD in volume being measur* 
by the ascent of the liquid in the capillary tube ; if V is t^ 
original internal volume, Iv the diminution in this volute 
then we see by the iavestigation, p. Ti, that 
B» P 

A 

If we have found k, then K can be found by means 
the piezometer. 

If we can regard the compressibility of any liquid, ff=^ 
mercury, as known, the most accurate way of finding t-j^ 
compressibility of any other liquid would be to fill t ^^^ 
piezometer lirst with mercury, and determine the appar g- "^ 
change of volume when the inside and outside of 1 ^^^ 
piezometer are exposed to the same pressure ; then fill i^^ 
piezometer with the liquid and again find the apparent chan^^S 
in volume; we shall thus get two equations from which >■■ '' 
can find the value of K for the liquid and k for the piezometer. 

The results of experiments on the compressibility of water made t^Si 
different observers ai'e given below. ~" 

Regnault. '^Temperature not specified ; pressures from 1 to 10 atm^ 

compressibility per atmosphere = 000048. 

• H/i.mirt.t dr /'irnfiijii rfr /".■'iwr. Tol. xjn. p. 829, 
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Tait§ has found that the efi'evt of temperature and preBsure may be 
ipixoonted br the empirical formula 

- T" = 00000-189 - 0-()000lii)^'.'ii - OOOOOOOOoGTp 

^here v is ttie volume at T U. under the pressure of p atmoepberes and v^ 
fcbe vulume ut r under one atmosphere. Thus the compressil)ility diminishee 
AS the prefttui'e increoKeti. 

'Phe numbers given above, from Cli-aasi's experiments, indicate that 
'terhiisa maximum compressibility at a temperature between 0° and i^U,: 
.W>i» result has not, however, been confirmed by Biibsequent observers. The 
*^«alWof Pagliani and Viucentini indicate a mini mum compressibility at 
— temperature between GO" and 70' 0. 

The result!* of various observers on the compi-easibility of mercury are 
\~eKi in the following table : 

OtMierver. Com preisibi lily 

per atmoHphere. 

Colladon and Sturmll .... 3fr2 x 10"' 

AimSfl asi-OxlU-' 

Regnault** , . . , 35-2 x 10-' 

Amaury and DeMi.un»-H- . 386 x 10"' 

Taittt 30-1) X 10-' 

Amagat§§ 39-0 x 10"' 

I>e Metellll .... . 374 x IQ-' 

Mean 37-ilxlO-- 

^^e compreaaibiiiLy of meivury, like ihat of most fluids, increnxes aa the 
* GXMsi, A nnalf I dr Chimie el dt Phvtliiut [3], :il, p. 43a, 1851. 
t Pagliani and Vineeolini, j\'i«i™ (Smmfo [3], 16, p. 27. 1884. 
t Buntfcen and 8obnei<ler, Wird. Jnn., 33, p, 644, 1S88. 
4 Tail. Proptrliei of Mntter. p. 190, 

11 Colladon and Sturm. Ann. dc CKimit ft dt Phyique, 36. p. 137, 1827. 
1 AilnVi, AnTtaJi^i dt CMmie rt de Phjfwiipu- [3]. 8. p. 288, 1848. 
" Bognttulr, Mhnoket dt I'httiua dt Pnmet, 21. p. 438. 1847. 
tt Amaurji and DaioampK, Conpt. Bnut., 68, p. 1SS4, 1869, 
Tait, Challfniier Report, Iv, 

AmagKt, Jimmal dt Phynqv* [1], 8, p. 203. 1886. 
f DeHeti. Wird. A<m., 47. p. 731, 1392. 
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temperature increases. According to De Metz, the compressibility at t* O- 
is given by 

37-4 X 10-' + 87-7 xlO-^'^< 

The compressibilities of a number of liquids of frequent occurrence 3.re 
given below. 



Fluid. 


Compreaaibility per 
almoflphere. 


Temp. 


Obaenrer. 


Sea- water .... 


436x10-7 


17-6 


Grass! 


Ether . 








1156 xlO-' 


0" 


Quincke 


»> • 








1110x10-7 


O*' 


Grass! 


Alcohol 








828x10-7 


O'' 


Quincke 


»♦ 








969x10-7 


17-5 


)« 


t« • 








828x10-7 


7-3 


Grass! 


Methyl alcohol 








913x10-7 


18-6 


»» 


Turpentine . 








682x10-7 


0** 


Quincke 


>» • 








779x10-7 


18-6 


yf 


Chloroform . 








626x10-7 


8-5 


Grass! 


Glycerine . 








262x10-7 


0** 


Quincke 


Olive oil 








486x10-7 


O** 


♦t 


Carbon bisulphicie 






639x10-7 


0' 




»t »» 






638x10-7 


17** 


)t 




Petroleum . 






660x10-7 


0" 


«y 




11 • « 1 






746x10-7 


19-2 


>1 






Quincke's paper is in Wiedemanns Anncden, 19, p. 401, 1888. References to 
the papers by the other observers have alreetdy been given. An exten- 
sive series of investigations on 
the compressibility of solutions 
has been made by Rontgen 
and Schneider {Wied. Ann.^ 29, 
p. 165,andSl,p.lOaO),whohave 
shown that the compressibility 
of aqueous solutions is less 
wator. \h^Vi that of water. For the 

details of their results we must 
refer the reader to their paper. 

Tensile Strengfth of 

Liquids. — Liquids from which 
the air has been carefully ex- 
pelled can sustain a considerable 
pull without rupture. The best 
known illustration of this is 
water vapour, "the sticking of the mercury at 

the top of a barometer-tube. 
If a bfiurometer-tube filled with 
\^ mercury be carefully tilted up 

Fio. 84. to a vertical position, the mer- 

cury sometimes adheres to the 
top of the tube, and the tube remains filled with mercury, although the 
length of the column is greater than that which the normal barometric 
pressure would support, and the extra length of mercury is in a state of 
tension. Another method of showing that liquids can sustain tension 
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mt rapture i,s to use a tube like that in Fig. R4, filled with water and 
the vapour of water, and from which the air hiis lieen carefully expelled 
by boiling the water and driving the air out by the bteam. If tlie water 
occupies tlie position indicated in the figure, the tube mounted on a board 
may be moved rapidly forward in the dii'ection of the arrow, and then 
brought suddenly to rest by striking the board against a table witliout the 
water column breaking, although the column must have experienced a 
considerable impulsive tension. If the column does breaic, a small bubble 
of air can generally be observed at the place of rupture, and until tliia 
bubble liafi been removed the column will break with great ettie. On the 
removal of the bubble by tapping, the column can again sustain a con- 
siderable shock without rupture. 

ProfesBor Osborne Beynolds used the following method for measuring 
the tension liquids would stand without breaking. ABCD, Fig. 45, is a 
glass U-tube, closed at both ends, containing air-free liquid ABO and 
vapour of the liquid CD. The tube is fised to a board and whirled by a 
lathe about an axis O a little beyond the end A and perpendicular to the 
plane of the board. IE OB is an are of an circle with centre O, then when 
the board is rotating the liquid BA is in a state of tension, 
the tension increasing from B to A, and being easily 
calculable if we know the velocity of rotation. By this 
method Professor Osborne Reynolds found that water could 
SDstain a tension of 72'5 pounds to the square inch without 
rupture, and Professor Worthington, using the same method, 
found that alcohol oould sustain 116 and strong sulphuric 
acid 173 pounds per square inch. This method measures the 
HtresB liquids can sustain without rupture. Bertbelot has 
Used a method by which the strain is measured. The liquid 
freed from air by long boiling nearly filled a straight thick- 
iralled glass tube, the rest of the space being occupied by the 
Vapour of the liquid. The liquid was slightly heated until it 
Occupied the whole tube ; on cooling, the liquid continued for Fiq. gs, 
Some time to till the tube, finally breaking with a loud 
ttietallic click, and the bubble of vapour reappeared : the length of this 
bubble measured the extension of the liquid. M, Bertbelot in this way 
got extensions of volume of 1/1^0 for water, 1/93 for alcohol, and 1/61) for 
other. Professor Worthington has improved this method by inserting in 
rt2ie liquid an ellipsoidal bulb filled with mercury and provided with a 
larrow graduated capillary stem ; when the liquid is in a state of tension 
} volume of the bulb expands and the mercury sinks in the stem ; from 
Uie amount it sinks the tension can be measured. The extension was 
treasured in the same way as in Berthelot's experiments. In this way 
I-rofeesor Worthington showed {/'hU. Trans. A. I8il2, p. 355) that the 
absolute coefficient of volume elasticity for alcohol is the same for 
extension as for compression, and is constant between pressures of 4 1 2 
^M ajid ' 17 iitmospheres. 
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THE RELATION BETWEEN THE PRESSURE AND VOLimE 1 
OF A GAS. 

In this chapter we shall confine oui'selvea to the illticuision of the r^lado&f 
between the pressure and tlie ^^olnme of a gas when the temperature i 
constant and no change of state takes plaee ; the liquefactiou of { 
wiU be dealt with in the volume on Heat. 

The i-eUtion between the pressure and the volume of a giv< 
gan was first stateil by Boyle in a paper commuuicated to tbe Royal Soetefj 
in Hil)]. Tbe experiment which ted to this law ie thus described by hta 
" We took then a long glass tube, which by a dexterous hand and the h€| 
of a lamp was in such a. manner crooked at the bottom, that the p 
turned up was almost parallel to the rest of the tube, and the c 
this shorter leg of the siphon (if I may so call the whole instrument) beini 
hermetically seated, the length of it was divided into inches (each of which 
was subdivided into eight parts) by a straight list of paper, which, con- 
taining those divisions, was carefully pasted all along it. Then putting in 
as much quicksilver as served to Gil the arch or bended part of the dphon, 
that the mercury standing in a level might reach in the one leg to the 
bottom of the divided paper and just to the same height or horicontat line 
in the other, we took care, by frequently inclining the tube, so that tha 
air might freely pass from one leg into the other by the aides of t 
mercury (we took, I say, care), that the air at lost included in the short 
cylinder Rhoutd be of the same lasity with the rest of the air about S 
This done, we began to jwur quicksilver into the longer le^ of the sipho 
which by its weight pressing up that in the shorter leg did by degrei 
strengthen the included air, and continuing this pouring in of cjuickaiiTi 
till the air in the shorter leg was by condensation reduced to take up b 
half the sp«ice it possessed (I s;iy, possessed not filled) before, we ca^ c 
eyes upon the longer teg of the glass, on which was likewise {uusted a 
of paper carefully divided into inches and parts, and we observeil i 
without delight and satisfaction that the quicksilver in that longer p 
of tbe tube was 2!) inches higher than the other . . . the i 
being brought to a degree of density about twice as great as that it It 
before, obtiuns a spring twice as strong as formerly." Boyle made K s 
of measurements with greater compressions until he had reduced I 
volume to one quarter of its original value, and obtained a close agreemea 
between the pressure observed and " what that preseiu^ should be accordin 
to the hypothesis that supposes the pressures and expansions to be I 
reciprocal proportions." Although Mariotte did not stwte the 
fourteen yenrs aft«r Boyle had published his discovery, " the liyjiotheB 
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hat supposes the pressures and expansions lo be in reciprocal proportioiiB " 
b often on the Continent called Mariolte's Iaw, 

If c is the volume of a given mass of gas and p the pressure to which 
it ia subjected, then Boyle's Law states that when the temperature is 
constant 

pv = constant. 

Another way of stating tbifi law b that, if p is the density of a gas under 
p = Rp, 

where R is a constant when the temperature ia constant. Lat«r researohes 
made by Charles and Gay-Lussac have shown how R varien wit.h ihe 
temperature and with the nature of the gnu. These will be described in 
the volume on Heat; it will suffice to say here that the pressure of a perfect 
gas is given by the equation 

s the absolute temperature, N the number of molecules of the gao 
Jft unit volume, aiid K a constant which is the same for all gaites. 

From the equation pv = c we see that if &p, Ar are cori'esjionding incre- 
mts in the pre^ure and volume of a gas whose Leuipeialure is constant, 



but the left-hand side is by definition the bulk modulus of elasticity, 
hence the bulk modulus of eta.iticity of a gas at a constant temperature is 
^ual to the pressure. 

The work required to diminish the volume of a gas by df iciTJ&f ; the 
''vvork which has to he done to diminish the volume from p, to c, is there- 



j'pd 



-eje, when the temporaturo io 



-di. = c log, 'J =//,«, log,5 



■win /' is the pressure when the volume is »,. 

Deviations from Boyle's Law.— The first to e»tabHsh in a satis- 

tory manner the existence in some gases, at any rate, of a departure from 
'i Law was Despretz, who, in 1H27, encloaeil a number of different 
8 in barometer- tubes of the same length standing in the siuiie cistern. 
e quantity of the different gases was adjusted so Lhat initially the mercury 
d at the same height in the diS'ei^nt tubes ; pressure was then applied 
% the mercury in the cistern, so that mercury was force<l up the tubes. 
■ was then found that the volumes occupied by the guees were no longer 
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e<]ual, the volumes of carbonic acid and ammonia were leas tbim tiwtof 
air, while that of hydrogen was greater. This showed that some of ibe 
gases did not ob«^ Boyle's Iaw ; it left open the question, however, a£ to 
whether any gases did obey it. The next great advance was made by 
Regnault, who in 1X47 settled the question as to the behaviour of certain 
gaaei for pressures between 1 and about 30 atmospheres. Regnaull'e 
method was to start with a certain quantity of gas occupying a volume v 
in a tube sealed at the upper end, and with tlie lower end opening into s 
closed vessel full of raei-cuiy. and than by pumping mercurj- up a Igng 
mercury column rising from the cl(»ed vessel to increase the pressure until 
the volume wnn halved. By mensuring the diS'ei'ence of height of 
mercury in the column nnd in the tube the pressure required to do this 
could be determined. Aii' under this pressure was now pumped into the 
closed tube until the volume occupied by the gas was again v ; mennirr 
was again pumped up the column until the volume had again been halveil 
and a new reading of the pressure taken ; air wds pumped in agnin until 
the volume wiis again i', nnd then the pressure inci-eased again uutil ibe 
volume was haired. In this way the values of pr at a series of ihfferuit 
pressures could be compared. The i'e(iult« are shown in the folJaving 
table : /)„«„ is the value of pv at the pressure given in the table, jiif, tlie 
value at double this pressure : 



AIR. 



NmtOOBH. 



CAKBONIC ACID. 



I HYDBOOIH. 



73872 
2068-20 
4219 '05 
67701S 



753 96 

11 59 '26 

2156-i2 

, 3030-22 

' 4gfi3-92 

' 6Ba7-98 

7294-47 

8-64 



1 001012 I 

1-001074 

root 097 

1-001950 

1-002952 

1-003271 

1-003770 

1 '001768 

1-006147 

1-006466 



764 03 
1414'77 
21 64 '61 
318613 
4879'77 
6820-22 



9620 '08 



I -007597 
I '012313 
I ■018973 
I -028494 
I -045625 
1-086137 
['084278 



5845 -IS 

7074-98 
9147-61 
10361 -88 



0-9985»*\ 
0'9989<' ', V 
0-9961^; 
0-9948^1 1 
0-9932^5 \ 
1-098830 10361-88 -99235* ' \ J 

It will be seen from these figures that between pressures of from abc^^ .^ 
1 to 3U atmospheres the product pv constantly diminishes for air, nitrog^^^^gt 
and carbonic acid, as the pressure increases, the diminution being raC^^-^^ji 
marked for carbonic aoid ; on the other hand in hydrogen pv increases wS^ ,^^ 
the pressure. Natterer, who in 1850 published the results of e3cperini6C:*V„i, 
on the relation between the pressure and volume of a gas at very hi^^^ ^ 
pressure, showed that after passing certain pressures pr for air and nitrog'^ 
begins to increase, so that fjv has a minimum value at a certain pressur ' 
after passing this pressure air and nitrogen resemble hydi-ogen, and i 
continually increases as the pressure increases. This result was confirm ^^^/ 
by the researches of AmagatandCailletet. Each of these physicists work *^^^ 
at the bottom of a mine, and produced their pressures by long columns ^^^ | 
mercury in a tube going up the shaft of the mine. Ainagat's tube w^ 
80(1 metres long, Caitletet's 250, As the result of his experiments Amag*^ 
found that the minimum value of pf at temperatures between 18° anrf 
"22" V. occurred at the following pre 
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The results of his expen- 
ds >re exhibited in the fol- 
Ig figures; the ordinntes tuc 

sof/ir, RnH the tvbt(ci:-.'-i< 
pre^isure, the uniiof pressm 
I the ntmosphere, which 

.lire due to 



1 the 



at tl 

iiiinlM 

tlie temperature at whi 
nperim^nts were modi 
be noticed that far 
pressure nt which pv i.-i ■ 
n diminLshes as the teni' 



t at a temperature of about 
J" C the minimun. « ' 
IB liitrdly noticeable 




following results given by 


^^mmm 


t^TTa 


Tntr*^ 


■"■■■■" 


m-. 
















m-c 


fio-vc 


7B-fi-C 


Ujuv c 


„ 
k "^ 


1* 


p. 


p» 


J» 


pp 






2816 


3080 


3330 


3575 




2740 


2875 


3100 


S3(I0 


3010 




27W 


2980 


3170 


8445 


3<teG 




3DTS 


8220 


34AS 


8760 


4020 


. . . 


8fi2S 


sa7s 


seis 


4..0 





L&magat extended his experiments to very macb higher pressureB, and 

uoed tlie ri!«utt« shotvn in the following table ; the temperature was 

od/iv was equiil to I under the pressure of 1 atmosphere: 



2000 
2500 
3000 



aoie 

2-322 
2 617 

2-862 



L queatiou of coiiitidenLble importance in these experiments, and one 
h we biive hardly sufficient information to answer satisfactorily, arises 
I the condensation of gas on the walls of the manometer, and possibly 
metration of the gati into the substance of these walln. It is well known 



that when we attempt to exhaust a glaas vessel a ooQsidernble amount, 
gas comes olf the gla^, and if the veeael contains pieces of metal -fc^^ 
difficulty of getting a vacuum -is atill fiiithep increased, as gas for some ti^cB* 
oontinua-4 to come from the metnl. Much of this is, no doubt, condeneed -oil 
the surface, but when ^* 
remember that water u- — i^ 
lie forced through gold i' 

Mcems not improbaMe tl'=^iial 
at high pressure the ^^g as 
may be forced some d^^li^- 
t;incB into the melal «' 

Ht'U as condensed on '^ 

Boyle's Law at L crrs w 
pressures. — The di^^ifi- 

fulty rirising from gas co— w- 
iijg otf the walls of c=:^he 
1 11 rtDo meter becomes b_^__i*' 
fiaUy acute when the pr— — *»■ 
sure is low, as here t=:=^Jie 
iiitions fioni Boyle's L^iw iiie jio miiall that any tiifling eiror n^ fij 
completely vitiate the experiments. This is probably one of the reasc^ns 
why our knowledge of the relation between the pressure and volume of 
gases at low preasurew U so unaatisfactoiy, ^.nd the results of differ^*il 
experiments so contnidictory. Accoiding to Mendetieff, and his result b»t 
been confirmed by Fuchs, jw for air at pi'essures below an atmosphere 
diminishes as the pressure 
diminishes, the value of ^ 
changing by about 3'o per 
cent, between the pressure 
of 760 and 14 mm. of 
If tliig 





i, thei 



,' for » 
wellaj 






mum value. On the other 
hand, Amngat, who mude 
!i series of very careful 
I'Xjjeriments at low pree- 
:^ure£, was not able to detwl 
any departure from Boyle's 
Law. According to Bobr, 
and hi^ result has been 
confirmed by'-Baiy and Kamsay, tlie lnw connecting p and i* for oxygen 
changes at a pressure of about '"a mm. of mercury. It has been 
suggested that tliis is due to the formation of ozone. The recent 
investigations by Lord Rayleigh on the relation between the pi-essure and 
volume of ga.ses at low pressiiras do not show any departure from 
Boyle's Law even in the case of oxygen. 

The results of Amngat's experiments are in fair ncf-'ordance with 
the relation between p and v, anived at by Van der Waals from 
the Kinetic Theory of Gases. This relation is expresfied by tlie 
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(p+f)(«-6) 



RT 



3n a, 6, R are oonstauts and T is the abeolute temperature. Thus p in 
tWb equation is replaced by /? + a/t^ and vhy v-b. The term o/r* or 
were p is the density, arises from the attractions between the molecules 
the gas; this attraction assists the outside pressure to diminish the 
ame of the gas. If we imagine the gas divided by a plane into two 
tions A and B, then op* is the attraction of A on B per unit area of the 
ne of separation ; it is the quantity we call the intrinsic pressure in the 



p^ 



Fio. 89. 

ory of Capillarity (tee chap. xiv). The v of Boyle's Law is replaced by 
b. Since the molecules are supposed to be of a finite although very 
ill size, only a part of the volume ** occupied " by the gas is taken up 
the molecules, and the actual volume to be diminished is the difference 
ween the space ** occupied " by the gas and that filled by its molecules; 
I proportional to the volume of a molecule of the gas. 
Van der Waals' equation may be written : 



hi) (-^)= 



RT 



that if 



have 



pv^y and .=p = x. 

V 

(y + aa)(l-6a;) = RT 



us, if the temperature is constant, the curve which represents the rola- 
n between pv and p is the hyperbola 

(y + ax) (1 - bx) = constant. 



I. so PROPERTIES OF MATTER. 

The ai»yiuptoieb of this hyperbola are ^'^€uc = o^ l—bx = iK There is a 
miDimam value d prst the point P (Fig. 89) where the tangent is honzontal. 
The ^-alue of x at this point Is easily shown to be given by the equation. 

a(l-&cy = 6RT. 

If bRT/a is less than unity there is a positive value of x given by this 
equation. This oorrespoods to the minimum value for pv in the cases of air, 
nitrc^n, and carbonic acid. We see, too, from the equation that as T 
increases x diminishes, that is, the pressure at which the minimum value 
of pv occurs is lower at high temperatures than at low. This agrees with 
the results of Amagat's experiments on nitrogen. When T gets so large 
that bRT/a is unity x = 0; at all higher temperatures it is negative-^'.;., 
P is to the left oi the vertical axis, there is thus no minimum value of ;w, 
and the gas behaves like hydrogen in that pv continually increases as the 
pressure increases. 



CHAPTER XIII. 

REVERSIBLE THERMAL EFFECTS ACCOMPANYING 
ALTERATIONS IN STRAINS. 

ediicients of elasticity of a substance depead upon the tempeni- 
I alteration in the state of strain of a body will be accompanied 
its temperature. If the body is stiffer at a high tem- 
penture than at a low one, then, if the strain is increased, there will 
De an increase in the temperature of the strained body, while if the body 
IM stiflVr at a low temperature than at a high one, there will be a fall 
in the temperature when the strain is increased. Thus, if the changes in 
strain in any es[ieriment take place so rapidly that the heat due to these 
changes has not time to escape, the coet^cients of elasticity determined 
by these experiments will be largei' than the values determined by a 
method in which the strains are maintained constant for a sufficiently long 
time for the temperature to become uniform; this foUows from the fact 
that tbe thermal changes which take place when the strains are variable 
are always sucb as to make the body stifier to resist the change in stiain. 
In those experiments by which the coeflicients of elasticity are determined 
by acoustical methods — i.e., by methods which involve the audible vibration 
of tbe subst&nce (see ^und, p. 135)— the heat will not have time todifiuse, 
«uid we should expect such methods to give higher values than the statical 
«Dee we have been describing. When we calculate the ratio bf the two 
coefficients we find that the theoretical difTerence is far too small to 
explain the considerable excess of the values of the constants of elasticity 
tound by Wertheim by acoustical methods over those found by staticctl 
xnetbods. 

We can easily calculate by the aid of Thermodynamics the thermal 

effects due to a change of strain. To fix our ideas, suppose we have two 

tarabers, one malnbiiued at a temperature T^, the other to the teinpera- 

e T,; Uiese temperatures are supposed to be absolute temperatures, and 

^ to be less than T,. Let us suppose that we have in the cool chamber a 

retched wire, and that we increase the eloogation e by Se ; then if F is the 

u required to keep the wire stretched, tbe work done on the wire is 

B n is the area of the cross-section and I the length of the wire. Now 
wafer the wire with ite length unaltered to tbe hot chamber, and for 
piplicity suppose the thermal capacity of tbe wire exceedingly small, so 
'"" re can neglect the amount of htut required to heat up the wire; 
stiUness of the wire chaiigt-j- with temperiituro the tension P' 
tqairect to keep it stretched will not be tbe same ns P. Let the wii-e 




cif. thnthe 



3* uv*. 




:?- 



it i^endentij 

work 

ii ost in tlie odder 
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U.--V ^ k Utoe ABoo^t of kflBt giv«n oat bj tlie wire wlmi the ekmgation 
i» XEierHwcti br c« uni «/ is the iti l ut of tlie wire, hence the mechanical 
cqoiv^fclcikt of the heAt girvn oat pemnit ¥xihme. when the dongation is 
meMn red hr l^^ is equal to 

If this beat is prevented from ^■^^pi^g from the wire it wiQ raise the 
temperatore, and if c^ is the rise in tcsmperattire doe to the elongatio'^ 
le we see that 

X le (1) 

JKp 

where p is the density of the wire, K its specific heat, and J the mechftDicBl 
erjuivalent of heat. We see that this expression proves the statement 
maile a}>ove, that the temperature change which takes place on a change ^ 
the Htrain is always such as to make the body stiffen to resist the chang®* 
Wo ain readily obtain another expression for IQ^ which is often more 
c'^)rivf)ni(!nb than that just given. In that formula we have the expreesioo 
(hV/ct)e constant. Now, suppose that, instead of keeping e constant all 
through, we first allow the body to expand under constant tonsion ; if tf ^ 
the (;()<)fliciont of linear expansion for heat, and ^ the change ^ 
toiiiporaturo, the increase in the elongation is w^ ; now keep the 
tomponiture constant, and diminish the tension until the shortening due 






THERMAL EFFECTS ACCOMPANYING STRAINS. 



133 



tx> the dimination in tension jugt compensates for the lengthening due to 
the rise in temperatures. In order to diminish the elongation by bt^T we 
must diminish the tension bj qt*^ where q is Young's modulus for the 
wire, henoe 

aP=-9«5T 



or 



hence by equation (1) 



zap 
\aT 



ap\ 

v-L/eooDsUot 






but qhe is the additional tension ^P required to produce the elongation he, 
hence the increase in temperature hd produced by an increase of tension 
^P is given by the equation 

.ap (,) 



ae= -'^'^ 



JKp 

Equations (1) and (2) are due to Lord Kelvin. 

Dr. Joule {Phil. Trans, cxlix. 1859, p. 91) has verified equation (2^ by 
experiments on cylindrical bars of various substances, and the results ot his 
experiments are given in the following table. The changes in temperature 
were measured by thermo-electric couples inserted in the bars. 





T 


P 


ta 


K 

•110 
•102 
•120 
•095 


d? 


obterred. 


calculated. 


Iron 

Hard steel . 
Cast iron 
Copper 


286^3 
274-7 
282^3 
274 2 


7-5 
7-0 
6^04 
8-96 


l-24xl0-» 
l-28xl0-» 
1-11x10-* 
1-7182x10-6 


10» 

10» 

103xl0» 

97 X 10» 


- -1007 

- •I 620 

- -1480 
-•174 


-•107 
-•125 
-•115 
-•154 



A qualitative experiment can easily be tried with a piece of india- 
rubber. If an indiarubber band be loaded sufficiently to produce a 
considerable extension and if it be then warmed by bringing a hot body 
near to it, it will contract and lift the weight ; hence the indiarubber gets 
stiffer by a rise in temperature ; by the rule we have given, it ought to 
increase in temperature when stretched, since by so doing it becomes 
stifier to resist stretching. That this is the case can easily be verified by 
suddenly stretching a rubber-band and then testing its temperature by 
placing it against a thermopile, or even between the lips, when it will be 
found perceptibly warmer than it was before stretching. 

We can easily calculate what effect the heat produced \^i\\ have on the 
apparent elasticity if it is not allowed to escape. The modulus of eliiHticity, 
when the change in strain takes place so rapidly that the heat lias not 
time to escape, is often called the adiahatic modulus. 

Suppose we take the case of a wire, and suppose the tension increased 
by ^P, if the heat does not escape the increase he in the elongation will 
be due to two causes— one from the increase in the pull, the other from 
the increase in the temperature. The first part is equal to ^P/<7, where q 
is Young's modulus for steady strain; the second part is eqiud to hdbt 



:m 



FKOPErnES or matixs. 



-t *.!• 



it of liue&r 



Saeaat 



IF 



-• 



;*=-rI^ 



Jiu 



Cf = — — 



•<p 



€*" 






1 



JK< 



B-t; *f i* \ht Arittb^ar ^ Yoong's Modulo^' 

1 



? JKi> 



W 



It f 41 jv- frjm thi» equation that 1 9' is mlwmys less thmn Ijq or 9' 
U klw^hj.s grettcr thjui 7, &s we saw from genend reasoning must be 
the CM.^. By equation (^) we can calcolate the valne of q'jq. 'pf 
reso]t« are idven in the following table, taken from Lord Kelvin's 
art!cle on *• Elasticity " in the Encydoptrdia Britannica : 



Sa)«taDc«. 



Zinc 

Tin 

Silver 

^''opfKfr 

Jyea/l 

Iron 
IMatinum 



7-OOS 
7-404 

10-369 
8-933 

11-215 
2-942 
7-553 

21 -275 



-0927 

•0514 

•0557 

•0949 

•0293 

•177 

•1098 

•0314 



•0000249 

•000022 

•000019 

-000018 

•000029 

•0000086 

•000013 

•0000086 



8 56 

4-09 

7 22 

12-20 

1*74 

6 02 

18 24 

16^7 



^^dedocrf 



9^^*^' fUeqwti 



1-008 
1-00362 
1 -00315 
1*00325 
1 -00310 

1-oooeoo 

1-00259 
1-00129 



ThuK we see that in the case of metals q' is not so much as 1 p^ 
cent, greater than q. In Wertheim's experiments, however, the excess 
of q determined by acoustical methods over q determined by statical 
methods exceeded in some cases 20 per cent. This discrepancy has never 
Ix^on satisfactorily accounted for. 



CHAWER XIV. 

CAPILLARITY. 

Thkhe are many phenomena wliich show that liquids behave as if thc-y 
were enclosed in a stretched memlirane. Thue, if we take a piece of bent 
wire with a flexible ailk thread stretching from one side to the other and 
dip it into a Kolutioii of soap and water so as to get the part between the 
ailk and the wii-e covered with a film of the liquid, the silk thi-ead will be 
drawn tight as in Fig. 90, just as it would be if the film were tightly 






Hiii-icKcil :viiri endeavouring to contract so that its area choiUd be as small 
as possible. (Jr if we take a framework with two threiids and dip it into 
the smp and water, both the threads will be pulled tight as in Fig. 51, the 
liquid again behaving rr if it were in a state of tension. If we tAke n 
ring of wire with a liquid iilm upon it and then place on the film u cloijeil 
loop of Bilk and pierce the film insiide the loop, the film outride will pull 
the silk into a circle aa in Fig. 1)2. The efi'ect in again just the same its it 
would be if the films were in a state of tension trying to assume lu; t^mall 
u Area as possible, for with a given circumference the circle is the ciu-ve 
which has the largest area ; thuR, when the silk is dragged into the circular 
tona, the area of the film outside is iis small or possible. 

Another method of illustrating the tension in the skin of a liquid in 
to watoh the changes in shape of a drop of water forming quietly at tlie 
•nd of a tube before it finally breaks away. The observation is renderwl 
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much eoHier if the water drops are nllowed to form in 
poraliiD uil and bliulphide of carbon, as the drops are larger and U 
more gradmtlly. Tlie sliape of the drop nt one £tage is shown in I^. 93. 
If we mount u thin indiambber membrajie on a hoop 




it OS in Fig. 94, and gradually fill the veeeel with water and watch t 
chtingee in the shape of the membrane, these will be found to correapon 
closely to those in the drop of water falling from the tube; the sta^ 
corresponding to that immediately preceding the falling away of the An 
is especially interesting ; a very marked waist forms tn the membrane a 
this stage, and the water in the bag fnlla rapidly and looks as if it wet 
going to burst away ; 
membrane, howevei 
' reaches another figure o 
equilibrium, and if 
re water is poured in 

c ■ ■■■ nainsasinFig.9*. 

\'~ — — '^^BtBw Again, liquids behaT« 

"^ a» if the tension in tJieJIt 

outer layers was differen 
FiQ. 9fi. for different liquids. 

may easily be shown \ 
covering a white flat-bottome<l dish with a thin layer of coloured « 
and then touching a part of itA surface with a glass rod which has bee 
dipped in alcohol ; the liquid will move from the pai-t touched, leaving th 
white bottom of the dish drj-. This shows that the tension of the water j 
greater than that of the mixture of alcohol and water, the lii]md beiilj 
dragged awny from pluces where the tension is weak to placrw where it j 
htrong. 




CAPILLARITY. 

fi"ono very importimtiiiffeieiice between tlie beliuviourof ordii 
Riretched elastic membranes and that of liquid films, for wLUe the teosion 
iu s membrane increases with the amount of stretching, the teasion in 
a liquid film ie independent of the titi'etching, provided that this is not so 
great as to reduce the thicknoiss of the 61m below about five milliouths 
of a centimetre. This cao be shown by the following experiment : bend 
a piece of wire into a cloeed plane curve nad dip this into a solution of 
soap and water so as to get it covered with a film, then hold the wire in 
a nearly vertical position so as to allow the liquid in the film to drain 
down ; this will cause the film tu be thinner at the top than at the 
bottom ; the difference in thickness is very apparent when the film gets 
thin enough to show the colours of thin plates, yet though the film is of 
very uneven thickness the equilibrium of the film shows that the tension 
IB the same throughout,* for if the tension iu 
the thin part were greater than that in the 
thick, the lop of the film would drag the 
hotlom part up, while if the tension of the 
thick part were greater than that of the thin 
liie lower pail of the film would drag the top 
part down. 

DeQnltion of Surface Tension.— Sup- 

pave that we have a film stretched on tlio 

/ramework ABCD, Fig. UG, of which the sides 

-A£, BC and AD are fixed whUe CD is 

ua ovable ; then, in order to keep OD in 

^W] uilibrium, a force F muxt be applied to it 

**-t^ t'igbt angles to its length. This force is 

»"^»«3[uired to balance the tensions exerted by 

***»*— h face of the film; if T is this tension, 

:>T.CD=P; 

J*/"* ^a quantity T defined by this equation is culled the surface tension of the 
*"=i"«uij; for water at 1«''U. it is about 78 dynes per centimetre. 

— Potential Energy of a Liquid arising* from Surface Tension.— 

^^^ _we pull the bar Ci) out through a distance j", the work done is F^, and 
»J^* ■-» is equal to the increase in the potential energy of the film, but 
»• =2T.CUr = Tx.(increa8e of area of film). Thus the inciease in the 

*'*:eatialenergy of thefilm is equal to T multiplied by the iuci-ease in area, 
^^~-^ %hat in consequence of surface tension a liquid will possess an amount of 
^^^^~%«Dtial energy equal to the product of the surface tension of the liquid and 
^«^^^area of the surface. Starting from this result we can, as OauKS showed, 
.^,J^*^uee the consequences of the existence of surface tension from the 
^^^^^"ijiciple that when a mechanical system is in equilibiium the potential 
""^^gj- is a minimum. Thus, if we take, as Plateau did, two liquids of the 
le density, aay oil and a mixture of alcohol and water, and consider the 
■.^silibrium ot a mass of oil in the mixture. Since the ilensily of the oil 
%Jie same as that of the surrounding fluid, changes iu the shape of the 
w will not affect the potential energy due to gravity ; the only change 

If Ilie film 18 verlicol the tension at the top is very alightly greater than Ihot Kt 
Mlioni, KO as tu allow the iHfTeraiice nt tensiun tu baUaco ll'C exceedingly 
II Wight of the lilm. 
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in the potentifll encijifv «ill W (lie cbange iii the energy due tc BUrf«» 
tension, and, by the principle just stated, the oil will assume the shipein 
which this potential energy is ft minimum — i.e., the shape in which tbs 
area of the surface ia a. minimum. The sphere is the surface which for* 
given volume has the smalleat surface, 90 that the drops of oil in the liquid 
will be spherical. This experiment can easily be tried, and the spherii*! 
form of the drops is very evident, especially if the oil ia made mow 
distinct bv the addition of a little iodine. 

If a drop of liquid is Dot surrounded by fluid of the same denatv, 
but ia like a drop of mercury oq a plate whi. h it does not wet, then any 
change in the shape of the drop will affect the potential energy due to 
gravitAtion na well as that due to surface tension, and the shape of IM 
drop will be determined by the condition that the total potential energy is 
to be as small as possible ; if the drop ia very large, the potential enajT 
due to the surface tension is insignificant compared to that due tograniy, 

and I he drop spreads oat 

J fiat so OS to get its centre of 

___„, r 'i I ' — - — ■ — — ■■ ■ ■ - ■ gravity low, even tbouj^ 

this involvefl an incwMs in 
B the potenli&l ener^ due U> 

Fig. 97. the surface-tension. n,lwwi 

ever, the drop ia very smiU 
the potential energy* due to gravity is insignificant in comparison witil 
that due to surface-tension, and the drop takes the shape in which tlx 
potential energy due to surface-tension is as small as pa<iBib]e ; this slup^ 
as we have seen, iH the spherical, and thus surface-tension will caose ill 
very small drops to be spherical. Dew-drops and rain-drops are very 
conspicuous examples of this ; other examples are afforded by the 
manufacture of spherical pellets by the fall of molten lead from a Aot 
tower and by the spherical form of foap-bubbles. We shall show later oo 
that if the volume of the litjuid is the same as that of a sphere of ndiui> 
the liquid will remain very nearly spherical if o' is small compared wiw 
T/gp where T is the surface-tension and p the density of the liqnifl. 
Thus, in the case of water, where T is about 73, drops of less than S otS 
millimetres in radiiis, will be up proximately spherical. 

Another important problem which we can easily treat by the methoo « 
energy is that of the spreading of otie liquid over the surface of anotber. 
Suppose, for example, we place a drop of liquid A on another tiqaiil o 
(Fig. 1)7), we want to know whether A will spread over B like oil owr 
water, or whether A will contract and gather il^elf up into a divp. Ths 
condition that the potential energy is to be as small as possible showE th»' 
A will spread over B if doing so involves a. diminution in the potentiJ 
energy; whUe, if the spreading involves an increase in the poteotiM 
enei^, A will do the reverse of spreading and will gather itself up in » 
drop. Let us consider the change in the potential energy due to «n 
increase 8 in the area of contact of A and B where A ia a flat drop. We 
have three surface- tensions to consider : that of the surface of ccntftrt 
between A and the air, which we shall mil T, ; that of the surface "f 
contact between B and the air, which we shall call T, ; and tliat of tb« 
surface of contact of A and B, which we shall call T„. Now when vv 
increase the surface of contact between A and B by 8 we increase the 
energy due to the surface-tension between these two fluids by T„ x &, we 
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e sur race -tension belweeti A and rati' 
■nd dinuDiuh thut due to the surface- tension between B and tbe nlr by 
T, X S, bence the total inoreoK in the potential energy is 

<T, + T„ - T,)8, 

And if this ia negative S will increase — i.e., A will spread over B ; the con- 
dition for this to be negative is that 

T,a-T, -fT|„ 

so thftt if this condition 19 fulfilled the liquid A will spread out into a thin 
film And cover B, and there will be no place where three liquid surfaces 
meet. If, on the other hand, any one of the tensions is less than the sum 
of the otlier two — i.e., if we can construct a triangle whose sides are 
proportional to T„ T, and T„, then a drop of one liquid can exist on the 
surface of the other, and we should have the three li'[Uid surfaces meeting 
at the edge of a drop. The triangle whose sides are proportional to 
T|, T,, T|, is often called Neumann's triangle; the esperiments of 
Quincke, Maraugoni and Van Mennbrugghe, show that for all the liquids 
hillierto investigated this triangle cannot be drawn, as one of the tensions 
ia klwaya greater than the sum of the other two, and hence that there can 
ie no position of equilibrium in which three liquid surfaces meet. 
Apparent exceptions to this are due to the fouling of the surface of one of 
^e liquids. Thus, when a drop of oil standi on water, the water surface 
— ! r«ally covered with a thin coating of oil which has spread over the 
trface ; or again, when a drop of water stands on mercury, the mercury 
ntrface is greasy, and the grease has spread over tbe water. Quincke has 
pliown that a drop of pure water will spread over the surfaco of pure 

Tliough three liquid surfaces cannot be in equilibrium when there is a 
B Bloug which all three meet, yet a solid and two liquid surfaces can be 
i»» «N)uilibriura ; this is shown by the etjuilibrium of water or of mercury 
••*^ ^laaa tubes when we have two liquids, water or mercury, and air, both 
• «>. contact with the glass. The considenition of the condition of 
■ ««ilibrium in this case naturally suggests the quei^tion as to whether 
I is anything corresponding to surface-tension at the surface of 
^ r^-n ration of two siiivitances, one of which is a solid. Though in this case 
•^ idea of a aldn in a stale of tension is not so easily conceivable as tor a 
|%]id, yet there is another way of i-egarding surface -ten -ion which is as 
~ <Iily applicable to a solid aw lo a liquid. We have seen that the 
Bt«ncie of surface-tension implies the posseMtion by each unit area of the 
J«i''H of an amount of potential energy numerically equal to the surface- 
*** *»»ir>n : we may from this point of view regard sui'face- tension a^ f>urface 
^**^rgy. Thti-e is no difficulty in i-onceiving that part of the energy of a 
» **■ id body may be proportional to its surface, snd that in this sense the 
"*iy ha* a surface-tension, this tension being measured by the energy per 
'it area of the surface. 

Let us now consider the ei|uilibrium of a liquid in contact with air and 

th resting oti a solid, and not acted upon by any forces except those dut' 

Suppose A, Fig, 9fi, repre«enlN the solid, It the liquid. 

Huvfnce of sepnmtinn of liquid and nir, Ef) the sur- 

> of the solid; let the angle FOD be denoted by 6; this angle is 
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caUed the angle of contact of the liquid with the solid ; let the snrfaoe 
of separation FG come into the position FG' parallel to FG, then if FG 
represented a position of equilibrium, the potential enei^ due to surface- 
tension must be a minimum in this position, so that it will be unaffected 




Fio. 98. 

by any small displacement of the substances ; thus the potential energy 
must not be altered by the displacement of FG to F'G'. This displace- 
ment of the surface causes B to cover up a long strip of the solid, the 
breadth of the strip being GG'. Let S be the area of this strip. Then 
if Tp T, and T„ are respectively the surface-tensions between A and C, 6 
and G, and A and B, the changes in the energy due to the displacement are : 

(1) An increase T^ due to the increase B 
in the surface between A and B. 

(2) An increase T,S cos 6 due to the 
increase S cos 6 in the surface between B 
and C. 

(8) A diminution T,S due to the dimiavi- 
tion S in the surface between A and C. 
\^ Hence the total increase in the energy^ ^ 

S(Ti, + T, cos e - Tj) 

and as this must vanish when we hsar^< 
equilibrium we have 

Tj,4-T, cos0 = Ti; 
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or 



T -T 
cos e = ^^^» 



T. 



cas 



(^ 



Thus, if T, is greater than Tjj, 
positive and d is less than a right angle* »^ 
T, is less than T,,, cos 6 is negative, and " 
greater than a right angle; mercury ^^ 
ease of this kind, as for this substance ^ 
about 140'\ The angle is termed ^' 
angle of contact. Since cos d cannot ex^^ 
unity, the greater of the two quantities T^ or T„ must be less than '^ 
sum of the other two. If this condition is not fulfilled the liquid B "^^ 
spread over the surface A. 

Rise of a Fluid in a Capillary Tube.— We can apply the i'esu]i> ^ 

have just obtained to find the elevation or depression of a fluid in a <>** ' 
which it does not wet and with which it has a finite angle of contact. 

Suppose h is the height of the fluid in the tube abDve the horizox^*^ 
surface of the fluid outside, when there is equilibrium ; and suppose ^'^if 
r is the radius of the tube at the top of the fluid column. Let T, be ^^ 
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Mirface-t«Deion between the tube anH air, T, that between the liquidn 
nnd T|, that between the tiilie and llie liquid. Then, if there is equilibrii 
ft slight displacement of the fluid up the tube will not alter the poten 
energy. Supposn tlien tliiit the fluid rises a short distance x in the ti 
thus cov«i'ing an additional area Ifirrjrof the tube, and diminishing the e 
of the tube in contact with the air by this amount. Thin increafien 
potential energy due to (turface-tenainn by 3ir»v(T|, - T[). 

The increase ia the potential energy due to gravity is the work d 
(1) by lifting the ma«s m^xpxx, where p is the density of the liq 
apunst gravity through a height A — this is equal to gphrr^x ; and (2) 
lifting the volume t> of the meniscus through a height x — this work is et 
to jpnc. 

Uence the tolAl increase in potential energy is 



2irra:(T„ - T,) + gphmr'x + yptw, 



and OS this must vanish v 



g(T, - T„) 



bub it fl is the angle of contact, we have just proved that 



T,«»fl = T,-Tu 



?r 



When the fluid wets the tube ft is mto and coe 6 = 1, then if 
***^*«>iscu8 is 80 small that it may be regarded as bounded by a h( 
^K*fc*ere, v is the difference between the volume of a hemisphere and 
**■ "fche circumscribing cylinder — i.e.. 



If is greater than a right angle A is negative, that is, the level of 



_^**c>wn by mercury, but by u 

^Kiiry and glass was measured 



ler fluid. The angle of contact beti 
^^ ^^'■tiu'jr atxM giuAcs wHB uLi:qiAiLrt;ii by Gay Lussac by causing mercnr 

^■^ up into a fiphericnl glass bulb ; when the mercury is in the lower 
^^* the bulb the surface near the glnss will be very much curved ; as 
^^^*Tcury rises higher in the bulb the curvature will get less ; the sui 

'^ the mercury at different levels is i-epresented by the dotted tint 
^^^, mo. There is a certain level at which the surface will be horizoi 

*- this place the tangent plane to the sphere makes with a horizontal j 

*^ Juigle ei|uiil ti) the supplement of the angle of contact between mer 
(f!as», A tnodilication of this method is to make a piece of < 



J 



,\J 
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pl*te glaas dippiop into niercui-y rotat© about a horizontnJ axis until t J^^ 
i-urface of the mercury on one side of the plate is Bat ; the angle made ^^^ 
the glass plute with the horizontal is then the aupplement of the angle v 
contAct between mercury and glass. 

The angle of contact between metctiry and glafis variee very widelt-^ 
undei' diSei'ent circumstances ; thus the meniscus of the mercury in ' ," 

thermometer may not be the same when the mercury is lisiag as when iM^ ' >' 
ia falling. We should expect this to be tlie case if the mercury fouk tb-M^t-^ 
glass, for in this case the mercury when it falls is no longer in coutac=:»^e 
with clean glass but with glass fooled by mercury, and we should iii[iii ■ '^i 
the angleofcontact to be very different from that with pure gUts. Quincke ^^k 
found that the angle of contact of a drop of mercury on a ^lass platM'^V-'ti 
steadily diraioished with the time; thus the angle of contact of a fr^hl i^ fc-Jj 
formed drop was 1 48^ 55', and this steadily diminished, and after two da; 




was only IS?"" U'; on tapping the plate the angle it)se to IH" I9',8knd 
after another two days fell to 140^. 

If we force mercury up a narrow capillary tube and then gradually 
diminish the pressure, the mercury at first, instead of fulling in the lube, 
adjusts itself to the diminished pressure by altering the curvature of its 
meniscus, and it is only when the fall of pressure becomes too large fur such 
an adjustment ta be possible that the mercury falls in the tube ; the con- 
sequence is that the fall of the mercury, instead of being continuous, takes 
place by a series of jumps. This effect is illustrated by the old experiment 
of bending a piece of capillary tubing into a U-tube (Fig. l(.'l)i pouring 
mercury into the tube until it covers the bend and stnnds at some height 
in either leg of the tube ; if the tube is vertical, the mercury can be made 
by tapping to stand at the same height in both legs of the tube ; now slowly 
tilt the tube so >xs to cause the mercury to run up the left leg of the tube ; 
it the tube is slowly brought back to the vertical, the mercury will be 
found to Eland at a higher level in the left leg of the tube than in the 
right, while the meniscus will be flatter on the left than on the right. 
This principle explains the action of what are called Jamin's tubes, which 
ore simply capillary tubes containing a large number of detached drops of 
hquid ; these can stand an enormous difference of preesui'e betwec 
ends of the tube without any appreciable movement of the drops along the 
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tube. Thus, suppose th.it AB, OD.EF (Fig. H)2) i-epreaeut thre 

tire drops aloag (.he tube, then in consequence of the different curvatures 



[of AB at A and B the pressure in the air at A will be greater than t hat at B, 
while the pi-fwsiii-e at C will lie greater tlian that at D, and so oij ; tliun 
eacb drop trunstuita a smaller presttui'o than il receives; if we have a large 
number of dropa in the tube the difference of pressure at the ends arising 
in this way may amount to several atntospheren. 
Relation between Pressure and Curvature of a Surface.— If 

we have a curvtd liijuiJ surface in ft state of tension the pressure on the 
coucnve side of the surface must be greater than that on the conves ; we 
«hnll proceed to fiud the relation between the difference of pi-essure on the 
two sides and the curvature of the Hnrfaoe. 

Let the small jwrtion of a liquid film, represented in Fig. lUSby ABCD 

Inhere AB and CD are equal and parallel and at right angles to AC and BD, 
%« in equilibrium under the i^urfiice tension and a difference of pressure p 
btween the two sideH of the lUm. When a system of forces acting on a 
C^oijy are in equilibrium we know by Mechanics that the algebraical 
**uiii of the work done by these forces when the body suffers a small die- 
f>'i»cement is zero. Let Uie film ABCD (Fig. 103) be displaced so that 
^Ach point of the tilm moves outward aJongthe normal to tt« surface through 
•■ small distance x, and let A'B'C'D' be the 
•displaced position of ABCD, then^the work -*' 

***>«i.e by the pressure is equal to 
pxarea ABCDxit; 
_ **^ work done ag-iiml the surface tension 
^^ T K increase in area of the surface ; and 
?**** * fil™ lia^ two sides the increase in 
_^*^ »rea of the film is twice the difference 
*****-'We©n the areas AB'C'D' and the area , 
"^ -**CI>, hence the work done against surface '' 
**-«ion is eqnal to 

2T X (area AB'C'D' -area ABCD) 
^^ce by the mechanical principle referred to 
p X area ABCD x j; = 2T(aiea A'B'C D' 

■^^e are considering a drop of water instead of a film we must write T 
''^itaid of 'i'M in this equation. 

Spherical Soap-bubble.— In this (wse ABUD win be a portion of a 

^"^rical surface and the normals AA', BB', CC, DD' will all pass thi-ough 

,• X-hb centre of the sphere. Let K he the radius of the spnere, then by 

**'«»ilar triangles 




I ABCD) 



(1) 



AB^=AB|'l 



OA 



V^b) 
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The area A'B'C'D' = A'B', BC = AB, Bc/l + |Y 

= AB,Bc(l+g) 
as we suppose x/K is so small that its square can be neglected. 

o' 




hence 
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area A'B'C'D = area ABCDf 1 + 





W 



substituting this value for the area A'B'C'D' in equation (1) the equation 
becomes 

4T 

so that the pressure inside a spherical soap-bubble exceeds the pressure 
outside by an amount which is inversely proportional to the radius of the 
bubble. 

General Case of a Curved Soap-bubble.— if the element of the 

film ABCD forms a portion of a curved surface, we know from the theory 
of such surfaces that we can find two lines AB, BC at right anglefi 
to each other on the surface such that the normals to the surface 
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at A and B intersect in O, while those at B and C intersect 
in a point O'. The lines AB, BC are said to be elements of the 
corvee of Principal Curvature of the surface, and AG and BO' are called 
the Radii of principal curvature of the surface. We must now distinguish 
between two classes of surfaces. In the first class, which includes spheres 
and ellipsoids, the two points O and O' are on the same side of the surface, 
such surfaces are called synclastic surfaces; in the second class, which 
includes surfaces shaped like a saddle or a dice-box, O and O' are on 
opposite sides of the surface; such surfaces are called anti-clastic 
surfaces. We shall consider these cases separately, and take first the 
case of synclastic surfaces. In this case (Fig. 104) we have by similar 
triangles 

A'B' = AB-— = ABf 1 + ^ J if R is the radius of principal curvature OA . 
Similarly B'C = BC^l + ^) if R' is the radius of principal curvature O'B. 
Hence area A'B'C'D' = area ABCD^l + S) ( ^ + w/ ) 

= area ABCd/i +0:/! f i; 

as we suppose x/R, x/R' both so small that we can neglect tbe product of 
'these quantities in comparison with their first powers. Substituting this 
value for the area A'B'C'D' in equation (1) we get 

;>=2t(^4,) (8) 

Let us now take the case of an anti-clastic siurface, represented in 
Fig. 105. In this case we have 



A'B' = AB(l+£) 



B'C'»BC^' = BC(1-J 



hence area A'B'C'D' = area ABCDf 1 +4^ 



R R'jj 



substituting this value of the area A'B'CD' in equation (1) we get 

^ = ^(s-E') (*> 

We can include (3) and (4) in the general formula 

if we make the convention that the radius of curvature is to be taken at* 
positive or negative according as the corresponding centre of curvature 
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ikhe prcsaire is gremUel or on the 



& ffi*z £k V cxpcHfd to €quAl 



oo the two adeep^O 



B B 



to t^carmu« m 



mukT 



most be equal and oppoote 
Ml right angles to the first Bj 
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»treiching a film oo a doeed piece of wire and then bending the wire we 
can get an infinite namber of smfaoee, all €i which possess this property; 
we can also get sm&ees with this pit^wrtT by forming a film between tbe 
rims of two fonnds open at the end, as in Fig. 106. By moving tbe 
funnels relatirelj to each other we get a most interesting series of 
surfaces, all of which hare their principal carratares equal and opposite. 
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If the film is in the shape of a HuiHFace of revolution — i.e., one which can ^ 
traced out by making a plane curve rotate about a line in its plane— ^'^ 
know from the geometry of aiich surfaces that Fig. 107, 



R = PO 



R' = PG 



where O iK the centre of curvature of the plane curve at P, and G the 
|)oint where the normal at P cuts the axis AG about which the cur^*^ 
i*otates. 
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If the preBsures on the two sides of the film are equal we must have 
PO=-PG. 

The only curve with this property is the catenary, the curve in which 
a uniform heavy string hangs under gravity, and thid, therefore, is the 
shape of the cross-section of a soap film forming a surface symmetrical 
about an axis, when the pressures on the two sides are equal. 

Stability of Cylindrical Films.— Let us consider the case of a 
symmetrical film whose surface approaches closely that of a right circular 
cylinder. Let EPF be the curve which by its rotation about the straight 
line AB generates the surface occupied by the film. EPF will not differ 
xnuch from a straight line, and PG, the normal at P, will be very nearly 




A G N B 
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equal to PN where PN is at right angles to AB. Hence, if R is the 
raMiids of curvature at P and p the constant difference of pressure between 
'tkke inside and outside of the film, we have 



-^(g^^j (') 



Let^ ^ be the height of P above the straight line EF and a the distanoe 
^tvv^een the lines EF and AB, then 

PN=a+y 
&ud ckA y is very small compared with a we have approximately 

PN a a» 
**"*^tuting this value of 1/PN in equation (1) we get 

R"2f"i'^a'"a»|^"^*\2T""o/J ^ ^^^ 

•• ^ 

3f i« the distance of P from a horizontal line at a distanoe 

^^^^ EF. Since the film is very nearly cyliDdrical, p is very nearly 
^^^^ to 2T/a; 80 that the distance between this line and EF will be 
'^^ «nall. ' 

Ileoce we see from equation (2) that the reciprocal of the radius of 
^^^^tnre at a point on the curve is proportional to the distanoe of the 
'^^^ from a gtraight line. Now we saw (p. 96 ) that the path 
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described by a point fixed near to the centre of a circle when the cirde 
rolls on a straight line possesses this property, hence we conclude that the 
cross-section of a nearly cylindrical film is a curve of this kind. The cone 
possesses t he following properties : it cuts the straight line, which is the path 
of the centre of the circle, in a series of points separated by half the 
circumference of the rolling circle, its greatest distance from this line 



9' 




is equal to the distance of the point from the centre of the rolling 
circle, while the reciprocal of the radios of curvature at a point is pro- 
portional to its distance from this line. 

Let us now consider what is the pressure in a nearly cylindrical 
bubble with a slight bulge. Let us suppose that the length of tiie bubble 
is less than the distance between two points where the curve which 
generates the surface crosses the path of the centre of the rolling 
circle. The section of the bubble must form a part of this cnrve. 
Let A and C, Fig. 109, be the ends of the bubble APO, the 
section of the film. Let the dotted line denote the completion of the 
curve of which APC forms a part, then if p is the excess of pressure 



«' ^^ . 




M 
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inside the bubble over the outside pressure and P any point on t^ 
curve, 




whore p is the radius of curvature of the curve at P. Now if we tal^ 
P at Q, a p(»int whero the curve crosses its axis 1/p = 0, hence 



p^. 



2T 
QK 
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3w if the film were strai^t between A and C ilie ex< 
would be given by ibe equation 

. iT 
^=AM- 

> QK is less tban AM, p is greater tban p'y benoe ibe preasore in tbe 
311 which bulges out is greater tban tbe pressure in tbe straight film. 
e can prove in tbe same way that in a film that bends in, as in Fig. 110, 
the distance between tbe ends is less tban tbe dihtance between tbe 



'^.. A 




its Q and Q' on the curve ; that is, if tbe length of tbe film is less tban 
the circumference of its ends, Uie pressure is less tban tbe pressure 
[ie straight film. 

[f the distance between tbe ends of tbe film is greater tban half 
circumference of tbe ends of tbe film these conditions are reversed. 
Por let Fig. Ill repre- 
sucb a film bending 
as before tbe excess of 
sure p will be given by 
equation 

^ 2T 
^ QK 

re Q is the point where 
3urve of the film crosses 
ixis. If the film were 
ight between A and C, 
:he excess of pressure, 
Id be given by the 
ition 



P' = 



AM 
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N'ow in this case AM is greater than QK, hence p' is less than p, 
ice the pressure in the film which bends in is greater than that 
.he straight film. In a similar way we can prove that in this case 
pressure in a film which bulges out is less than the pressure in a 
ight film. Hence we arrive at tbe result that, if the length of the 
is less than half the circumference of its end, the pressure in a 
that bulges out is greater tban that in a film which bends in, while 
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if the length of the film is greater than its semi-circuicference the 
pre^ure in the film that bulges out is less than the pressure in one 
that bends in. Mr. Boys has devised a very beautiful experiment which 
illustrates this point. The arrangement is represented in Fig. 112. 

A and B are pieces of glass 
tubing of equal diameter com- 
municating with each other 
through the tube e; this com- 
munioation can be opened or 
closed by turning the tap. £ 
and F are pieces of glass tnfaing 
of the same diameter as A, they 
are placed vertically below A 
and B respectively. The distance 
between A and E and B and F 
can be altered by raising or 
lowering the system ABC. First 
begin with this distance less 
than half the circumference of 
the glass tube, Fig. 113, closer 
the tap and blow between A and 
£ a bubble which bulges out, 
and between B and F, one that bends in. Now open the tap ; ^ey will 
both tend to straighten, air going from the one at A to help to fill up 
that at B, showing that the pressure in the one at A is greater than in 
that at B. Now repeat the experiment after increasing the distance 

between A and E and B and F to 
more than half the circumference of 
the tube. We now find on opening 
the tap that the film which bulges 
out is blown out still more, while the 
one that bends in tends to shut itself 
up, showing that air has gone from 
B to A or that now the pressure at 
B is greater than that at A. 

It follows from this result that 
the equilibrium of a cylindrical film 
is unstable when its length is greater 
than its circumference, while shorter 
films are stable. 

For let us consider the equilibrium 
of a cylindrical film between two 
equal fixed discs, A and B, Fig. 115, 
and consider the behaviour of a 
movable disc C of the same size placed 
between them. Suppose the length 
of the film is less than its circum- 
ference and that C is midway between A and B ; move C slightly towards 
B, then the film between B and C will bulge out while that between A 
and C will bend in. As the distance between each of the films is less than 
half the circumference the pressure in the film which bulges out will be 
greater than the one that bends in, thus C will be pushed back to its 
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injKl position and the equilibrium will be sbtUe. If C ia not nudwmjr 
^een AB but oesrer to B Uion to A, then erven if AC b |p«»tcr Unn 
Semi-circumfereDoe so that when C is pushed towkida B the f 
AC i» greater tiian when 
film is straight, yet it is 
f to prove th&t the excess 
pressure in BC is, in 

quence of its grmtMr 

iture, greater than tbat 
AO, so that O is again 
bed back to its old posi- 

fUtd the film is again 

BuppoAe now that the 

tknoe between A and B is greater than the circumfermoe of th» film, 
I that V, originally midway between A and B, is slightly di^laoed 
Mrds B. GB will bulge out and C'A will bend in as the length of 
h (if theee films ie gTeat«r 
D the eemi-circumference 
the film the pressure in 
I will be lew than that in 
1^ and will be pushed 
\ further from its origiun] 
itioD aud the eiiuilibriuni 
, be unstable. The film ' 
I contract at one pai-t 
I expand in another untd 

t and the film breaks up 
ho two Neparute spherical 

tioD^. 

These results apply to fluid 
linder^ a» well as to cylin 
ical films. Such cylindei-^ 

unstable when their length 
greater than their circuin- 
Examples of thi'^ 
Stability are afforded by th>' 
Baking up of a liquid jet 
to drops. The development 
inequalities in thethickn^!^ 

the jet is shown in Figs. 
Saudi 17 taken from iiistan- 
leoue photographs. The little 
DpH between the kug ones 

made from the narrow neckb which foim before the jet tinally 

kfi up. Another instance of this instabilily ix nRbrdeH by dipping 

glues fibre id water, the water gathers itself up into beads. A very 

Ltttiful UJustrntion of the same eflect is that of n wet spiilerV weli, 

■wn in Fig. 118, when again the water gnthers it«elf up into Hplierjcni 




If the fluid i 



very i 



i the effect of visrosity niny counleiluilni 
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I the insUliilitT due to >^<irrace tension ; thus it Li possible to gel lung tbii: 

I thread-t of^treiu-le oi- of molten glass (iii<l qiinrtz. 

I Force between two Plates due to Surface-tension.— ut A 

I and lt(Fig. 1 1 :<))>e two pmilel |ilito 

j sejwi-Mteil by a film of wat*r or some 

I ^^ liquid which wets them; then, Hi 

I ^^^' is the distance between the plaiw 

I ^iJ^ iiiid \y the diameter of the arai of 

^^^^ ^ S the plate wet by the liquid, the 

^^^H L ^\ radii of curvature at the frw sur- 

^^^^1 \ 9 * fiioe of the liquid are approxim>t«lf 

^^^P V ^ ' '<^/^atid D/^, hence the pressure 

^^^^^^^^^^^^^^^^^^^^^^B atmospheric pressure by 




2TJ 



or if i2 IB very small c. 
2T 
H approximately — - . 






D the difTerence of preti^ure 

Now the plate A is presoed towards B by the atmospheric p«smw 
and away from It by a pressure which is less tlian this byST/rf; heMeiU 




A is the nrea of the plate wet by the film, the forc-e urging A towan^^ 
Hi. 2" 

The force varies inversely as tJie distance between the plates ; thii^^ 



B -<< , 



:ir 



if a drop of wat«r is placed between two plates of glass the platee ardK 
forced together, and this still fmther increftses the pull between the platetf' 
aa the urea of the wetted surface increases while the difitance between the^ 
plat«3 diminishes. 
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tractions and Repulsions of small Floatingr Bodles.- 

t, such «s litinw or (liet'e.'- of i-ovk, flouting on the siirfiice oi 
ii<l often attnict ench other and coDect togetiier in cluxtefH ; this 
a when the bodies are all wet by the liquiil, and also wh^ii none of 

are wet; if one body is wet and one is not wet they repel each other 
they Dome close together. To inve-itigate the theory of this effect, 
I suppose that A and B are two parallel vei'tical plates immersed in a 
I which weta both of them, the liquid will stand at a higher level 
len the plates than it does outside. We shall begin hy showing that 
tomontal force exerted on a 

by a meniscus such as PRQ, 
V is the same as the force 
It would be exerted if the 
icus were done away with and 
liquid continued horizontally 
I the surface of the plate. For 
der the water in the meniscus 
.; it is in equilibrium under 
horizontal tension at P, the 
cal ten.iiuu at Q, the force 
led by the plate on the liquid, 
vertical liquid pressure over 
and the pressure of the atmo' 
re over PQ. The i-esultant 
rare of the atmoBphero over 

which we shall call w, in the 
nntal direction is equal to the 
rare which would be exerted on 

the part of the plate wet by Fin. liO. 

tnetiif«us, if this were exposed 

[tly to the atmospheric pressure without the intervention i 
d. The horiKontal forces acting from left to right c 



B the meniscus 
libriuu, hence 



~ force exerted by plate on meniaciiB. 

s in equilibrium the horizontal forces mi;st be i 



force exerted by meniscus on piiite = T - jr, 

this is precisely the force which would be exerted if the meniscuB wore 
t away with and the hori^onlal surface of the liquid prolonged to □ 
ilate. Hence, as far as the horizontal forces are concerned, we may 
loee the surfaces of the liquid flat, and reprBi^ented by the dotted lines 
"ig. 120. Considering now the forces acting on the plate A, the pulls 
bed by the enrfuce-tension at K and U are equal and oppoeite ; on the left 
tlate is acted on by the atmospheric pi-easure, on the right hy the pressure 
le liquid. Now the pressure in the liquid at any point is less than the 
Wpheric pressure by an amount proportional to the height of the point 
9 the level of the undisturbed liquid ; thus the pressure on A tending 
uh it towards B is greater than the pressure tending to push it nwny 
t 6, and thus the plates are pulled together. 
Sow suppose neither of the plates in wet by the liquid— a case repre- 
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sented in Fig. 121. We can prove, as before, that we mny suppoiw thp 
fluid to be prolongeil lioriiontally to meet tbe plates. Tlie force lending 
to posh the plate A towanls B is the ppeaeuru in the liquid, the fi>n» 



tending to pu»h it nwity in the atmosphecic pressure^ How the preesur^ 
at any point in the liquid is greater than the atmospheric pressure bj H 
amount proportional to the depth of the point below the iindisturbei 
aiirface of the liquid ; heace, the presaui-e tending to push A to B will bl 
greatei' than that tending to push it away fioi 
B, so that the plates will again appear 1 
attract each other. 

Now take the case where one plate is wfl 
by the liquid while the other is not, "" 
section of the liquid surface will be as i 
l'i2, the curvature of the surface being of c 
sign against one plate, and of the opposite eig 
against the other. When the plates are i 
considerable distance af«rt, the surfaces of tli 
liquid will he like that shown in Fig. 121 
between the plates there is a Bat horicooH 
surface at the same level as the undistortM 
liquid outside the plates ; in this eaa«s there t 
evidently neitberattraction nor repulhionbetwee 
Fia. 123. the plates. Sow suppose the platea pufihei 

nearer together, this flat aurface will dim' 
and the last trace of it will be a horiEontal tangent crossing the liquidi 
Since the curvature changes sign in paitfjug from A to B, there tnuBt lie 1 
place between A and B where it vanishes, and when the curvatun 
vanishes, the pressure in the liquid ia equal to the atmospheric prensui 
this point, at which the tangent crossea the Hurfnce, must he on t 
prolongation of the free suiface of thi liquid. Now suppose that t 
pUtfs are so near together that this tangent (vuses to be hortxontal, u ^^ 
the liquid takes the shape shown in Fig. 123. We can Dhow, 1^ tk 
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111 p. 15o, that thi^ action on the plate A of th« iQetiiecus 
e eauiB OR it the iiienii?cui> were removed and the liquid 
surface stretched horizontally beLween the plates, the surface-tension in 
this surface being equiU to the horizontal eompimeiit of the surface tension 
at the poiiib of inflection. Now consider the plate A ; it is pulled from 
S by the surface-tension and towards it by only the horisontat component 
of this at F, the force pulling it away is thuH greater than the other, and 
the platea will therefore repel each other. If the plates are pushed very 
r together that the point of inflection on thti surface gets suppressed the 
tquid may rise between the plates and the repulsion be replaced by an 

Methods of Measupinff Surface-tension. 
By the Ascent of the Liquid in a Capillary Tube.— a finely 

vided glass scule is placed in a vertical position by meiins of a plumb' 
le, the lower end of the scale 
dipping into a vessel V, which contains 
some of the liquid whose surface 
tension is to be determined. The 
capillary tube is prepared by drawing 
oat a piece of carefully cleaned glass 
tube until the internal diameter is 
considerably less than a millimetre ; ^ 

" bore of the tube should be as 
Itiform as possible, for although the 
ight to which the fluid rises in the 
Ihpilhiry tube only depends on the 
^ius of the tube at the top of the 
leniscus, yet when we cut the tube 
\ thift point to determine its i-aditis, 
\ the tube is of uniform boi-e, no 
e if we fail to cut it at 
ictly the right place. Attach the 
_Ja.pillary tube to the scale by two 
elastic bands, and have a good light 
behind the scale. Dip the capillary 
tube in the liquid, and it will rush 
op the tube ; then raise the capillary 
jBbe, keeping ils end below the fluid 
. T, this will make the meniscus 
' 1 the tube and ensure that the 
■ibe above the meniscus is wetted by 
I liquid. Now read off on the 
■kle the levels of the liquid in V 
bd the capillary tube, and the dif- Kio. ill. 

flrence of levels will give the height 

to which the liquid rises in the tube. To measure r, the radius of the 
tube at the level of the meniscus, cut the capillary tube carefully across at 
this point and then measure the internal r^idiu.'f by a ^ood niicr< bcope with 
'' micrometer scale in the eyepiece. If the section, when observed in the 
found to be far from circular, the experiment should be 
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repeated with another tube. The surface tension T is determined by ttt 
equation (p. 141). 

T = Jp^Ur + - j where p is the density of the fluid. 

By the Measurements of Bubbles and Drops.— This method 

due to Quincke. The theory is as follows: suppose that AB, Pigs. 1^ 



the 



18 

25 




r 



Fio. 126. 

and 126, represent the section of a large drop of mercury on a horizon 
glass plate when turned upside down or a large bubble of air surrounded 
water. Let a central slab be cut out of the drop or bubble by two 
vertical planes unit distance apart, and suppose that this slab is cut in 
by a vertical plane at right angles to its length ; consider the equilibriunM^ 
the portion of this slab above the horizontal section BC of greatest area in " 
case of the drop, and below it in the case of the bubble. 



tai 
by 

el 
B\i 

of 
Ine 





Fig. 126. 

The horizontal forces acting on the upper portion are the surface, ten^ 
T, and the horizontal pressures acting over the flat section ADE^and 
curved surface. If the drop is so large that the top may be considerec^— 
plane there will be no change of pressure as we pass from the air just al 
the surface of the drop to the mercury just below it ; * in this case 
difference in the horizontal components of the pressure over ADEC 
the pressure of the atmosphere over the curved surface is, since 
unity, equal to 

As this must be balanced by the surface tension over AD we must hair^ 

T = i(7pDE' (1> 

By considering the equilibrium of the portion ABFGHD of the drap 




on 
he 
as 
ve 
he 
d 
is 



have 



T(l4.cosw) = i^pA» 



(O 



where h is the thickness of the bubble or drop, and w the angle of oonttf^ 
at F between the liquid and the plate. From equation (2) we have 

* If the drops are not largo enoagh for this assnmption to be true, a oorreetJ^M 
has to be applied to allow for the difference in pressure on thb two tides d the 
surface through A. 
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Ills the thickneeN of all large divps or bubbles in a liquid is independent of 
le size of the drops or bubbles. By measuring eUhei- DE or k, and using 
{uutioti (1} or (2) we can determine T. Jn the caxe uf bubbles it is mure 
DTeoieDt to use, instead of a flat piece of fzlas!*, the coDi^Te surface of a 
nf, as this facilitates greatly the mnnipulation of the bubble. In 
B, if we use equation (-2), we must remember thiit A is the depth of the 
of the bubble beluw tbe borizontal plane through the circle of 
itact of the liquid with the glass. Thus, in Fig. 127, h in equal to NE and 
t to AE. It is more convenient to measure A E and then to calculate NE 
m the radius of curvature of the lens aud the radius of the circle of 
itoct of the glass and the liquid, DeterminntionH of the surface tension 




of liqoidH by this method have been made by Quincke, Uagie, and Wilber- 
force.* Magie used thie method to determine the angle of contact, as it is 
evident from equations (1) and (2) that 



188S) found the 



■ ^P> 



2 72DE 
By this method Magie {PhiL Mag., vol. j 
illowing values for the angle of contact with glaa 

Allele zero. Angle GniM. 

Ethyl alcohol . Water (?) 

Methyl alcohol . Acetic acid 

Chloroform Turpentine 

Formic acid Petroleum 

Benzuie .... Ethev .... 16" 

Determination of the Surface -tension tiy Means of Ripples.— 

The velocity with which waves tmvel over the surface of a liquicf depends 
on the surface-tension of the liquid. The relation between the velocity and 
Borface-tension may be found an follows : Let Fig. 1 2h represent the section 
of a harmonic wave on the surface of the liquid, the undisturbed level of 
the liquid being jry. If gravity were the only force acting, the increase in 
vertical pressure at N due to the disturbance produced by the wave would 
be equal to <?/iPN, when p is the density of the liquid. 
"The surface tension will give ri— ' ■'■*'•'' — ' — 



n additional r 



^proximately vertical, pi-euaure equal per unit h 



b1, and therefore 
, where R is the 



* See fuot-DOte od opposite page. 
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radius of curvature of the section of the wave by the plane of the paper; 
the radius of curvature in the normal plane at right angles to the plane of 
the paper is infinite. Now if the amplitude of the wave is very 8mall 
compared with the wave length, the wave curve may be generated by a 
point 6xed to a circle rolling in a straight line ; and the amplitude is 
equal to the distance of* the point from the centre of the circle, and the 

P 




Fio. 128. 

wave length is equal to the circumference of the rolling circle. The line 
asy is the path of the centre of the, rolling circle. Now we saw (p. 147) that 
for such a curve 

JL^PN 

R a» 

where a is the radius of the rolling circle ; but if X is the wave length 
2wa a X, so that 

R X» 

Thus the pressure at N, due both to gravity and surface-tension, is 

4irrr^ 



( 



9P + 



X» 



IPN 



hence we see that the effects of surface-tension are the same as if gravity 
were increased by iirT/X^p, Now the velocity of a gravity wave on deep 
water is the velocity a body would acquire under gravity by falling 
vertically through a distance X/47, where X is the wave length — t.e., the 

velocity is Jg\/2fr. Hence v, the velocity of a wave propagated under 
the influence of surface-tension as well as gravity, is given by the equation 



«=VA{,.-} 



The velocity of propagation of the wave is thus infinite both when 
the wave length is zero and when it is infinite ; it is proportional to the 
square root of an expression consisting of the sum of two terms whose 
product is constant. It follows from a well-known theorem in algebra 
that the expression will be a minimum when the two terms are equal. 
Thus the velocity of propagation of the waves will be least when 

or when X = 2ir\ — 

in this case the velocity is equal to 

i 



^<?) 



i^ 



;Ji 
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X = 1-7 cm., and r 



«.;» 




travel over the siirfuce of water with a smaller 
velocity than -JA era. per second. For any velocity greater than this it 
L8 possible to lind a wave length \ such that waves of this len^i^h will 
ti-»vel with the given velocity. Waves whose lengths are Kmaller than 
that corresponding to the minimum velocity iire calleil " ripplew," thooe 
vi'ho8e lengths exceed this value " waves." A wttve is props^ted chiefly 
by gravity, a ripple chiefly by surface ten»ioi(. 

The velocity of a " wave " increasai as the wave length increases, while 

that of a " ripple " diminishes. Interesting examples of the formation 

of ripples are furnished by the standing pattei-ns often seen on t!ie .surface 

of running water near an obstaiTle, such n» a 

etoaeora flshing-Une. Thus, let AB represent 

s stone in a stream running from right to left, 

the disturbance caused by the flow of the water 

sgninet the stone will give rise to ripples which 

travel np stream with a velot^ity depending upon 

their wave length. C'lode to the Atone the 

velocity of the water is zero, so that the ripples 

travel rapidly away from the stone. When, 

however, we get so far away from the stone, say 

P, that the velocity of the water is greater 

'2d cm./soc., it is possible to find a ripple of 

igth thst its velocity of propiagation ' "" ' '■'■ 

the water is ecjiial to the velocity of the 

I, the ripple will be stationary at P, and will form tliere a pattern of 
\ts and hollows. As the velocity of the water increases as we i-ecede 
the stone the ripples which appear stationary must get shorter and 
Aorter in wave length, and thus the creste in the pattern will get nearer 
and nearer together as we proceed up stream. We see that the condition 
that the pattern should be formed at all is that the velocity of the stream 
must eiEoeed 2.? cm. /sec. Fig. 139 is taken from a photograph of the 
■ipples behind a stone in running water. A similar explanation applies to 
the pattern in front of a body moving through the liquid. 

Ijord Rayleigh was the first (PhU. Maij., xxx. p. .IHO) successfully to 
ftpply the measurement of ripplee to the determination of the surface- 
tension, and his method was used by Lir. Itorsey [P/ii(. Mag., xltv, p. !t60) 
to determine the sui-f ace-tension of a large number of solutions. Lord 
Rayleigh 's method is to generate the ripples by the motion of a glass plat« 
attached to the lower prong of an electrically driven tuning-fork, and 
dipping into ihe liquid to be examined. To render ihe ripples (which for 
the theory to apply have to be of very small amplitude) light reflected from 
the 8ui*faGe is brought to a focus near the eye of the observer. On 
account of the rapidity with which all phases of the waves are presented 
in succession it is necessary, in order to see the waves distinctly, to use 
intermittent illumination, the perio<l of the illumination being the same 
aa that of the waves. The illumination can be made intermittent by placing 
in front of the source of light a piece of tinplate rigidly attached to the 
prong of a tuning-fork, and so arranged that once on each vibmtion the 




^^Kl^tin bmm «Udl T cm ba det«iun«L Tbe amod lam fa Hi ^ 
^^^■rHMMB V ia tbsM up Bri Mito amkB compkKd vith the finL 

^^POidlatiaas of a l^herleal nrop of Uqnid nador SarftM- 

^^■■loa llMe.— Wtai Ike dn>p b is e^tiiUbriam mtder tniifimi tamiin 
it fa ifihariwl ; if it fa iliehllj dalmied, m w to itvoma as; otbir Utm, 
mni tiacn kft to itHtf, the mrCMS-tciinoa will poll it back aotO it apin 
bacati ^hwioL WImb it hu nmeiyei this state the Uqnid in tbe dnqt 
fa Boving; and its inertfa wiD cany the drop tfaraogh tbe ephmeal fom. 
It wSl cowtiaiie to dopart haa thfa form Bntil the eiuface-tcnsion is ibk 
to oremma the inertia, when it is again polled back to the spherical fonn, 
paaaes throq^ it and again retnms ; tbe drop will thns vibnte aboot tlta 
i whwfa al afaane^ We can find bow the time of vibration depends npin 
the sbe ot the drop bf the inetbod of dimensions, and the problem fonut 
ao exceDent example of tbe use of this method. Supptwe tbe drop tn« 
from the action of gravity, then t, the time of vibration of the drt^ lUj 
depend apon <■ the radina, p tbe densi^, and S the sorfaoe^eneion at tbe 
liquid ; let 

where C is a numiarical constant not depending upon the units of nmffi, 
length, or time ; tbe dimeodons of the left-band side are one in time, 
none in length, and none in ma^i, which, adopting the usual rotation, ve 
denote hy [T]' [L]° [31]"; the right-hand side must therefore be of tbe 
same dimenaioaa ; now a is of dimensions [TJ [LJ'TM]"; p [Ti'-[L]-'[M]'; 
and 8, since it is energy per unit area, [T]"'[L]"[Mp; hence the dimensions 
oftf'p^'are, [T]'" [L]-*»^'[M]"». As this is to be of the dimenaion e rf a 
time, we have ^^^^| 

-22=1, -3^-l-x = U, j/ + z = ^^H 

therefore ^ = |ti/ = ii2==-l ^^^| 

So that t, the time of vibration, varies as s/pa*/^ ■ ''t it vuries as the 
square root of the uass of the drop divided by the surfaoe-tension ; a more 
complete investij^tion, involving considerable matheoiatical analysis, shows 



that ( . 






^ ' V '"u , wnere c is the time of the gravMt vibration of the drop. 

The reader can easily mlculate the time of vibration of a drop of any size 

e remembers that the time of vibration of a drop of water ^'fi cm. in 

itlis is very nearly 1 secoud. The vibralicin.~i of ii sphere under tiurfac«- 
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D can easily be followed by tbe eye if a large spherical drop of water 

Eu formed in a mixture of petroleum and bisulphide of carbon of the same 

J<leaisity, Ijennrd (Wiedemann's Annaleti, xxx. p. 20!!) appJiMl the 

, oscillation of a drop to determine the surfaceMnMon of a liquid. He 

determined tbe time of vibration by taking instantaneous photographs of 

the drops, and from this time deduced the surface-tension by the aid of 

the preceding formulie. 

Detennination of Surface-tension by the Size of Drops.— The 

surface- tension is sometimes measured by determining the weight of a drop 
of the liquid falling from a tube. If we treat the problem as a staticiU 
one and suppose that the liquid wetfi the tube from wliich it falls, then 
just on tbe point of falling the drop below the section .4 /f (Fig. 1.10) is to be 
regarded as in equilibrium under the surface -ten a ion acting 
upwards, the weight of the drop acting downwards, the 
pressure of the air on the surface of the drop acting upwards, 
aad the pressure in the liquid acting downwards across the 
section AB. If o b tbe radius of the tube, T the surface- 
teosion, then the upward pull is 2iraT. If we supiKise nt 
the inijtaut of fulling that the drop is cylindrical at the end of 
the tube, the pressure in the liquid inside the drop will be 
greater than the atmospheric pressure by T/a (are p. 14.')). 
Hence the effect of the atmospheric pressure over the surface Fiu. ISO. 
of the drop and the fluid pressure across the section AB is a 
I downwards force equal to iraT/a or mT. Hence, if id is the weight of 
I tlie drop we have, equating the upwards and downwards forces. 



2mi1 = v! + iruT; 



.raT = 



Tbe detachment of the drop is, however, essentially a dynamicnl pbeno- 
I menon, and no statical treatment of it can be complete. We should not 
therefore expect the preceding expression to accord exactly with the results 
of experiment. Lord Kayleigh* finds the relation 3'8aT = ir to be sufficiently 
exact for many purposeK. Most observers who have used this method 
seem to have adopted the relation '2iraT = ir*, a formula which gives little 
more than half the true surface-tension ; the error comes in by neglecting 
tbe change of pressure inside the drop produced by the curvature of its 

Wilhelmy's Method. — This consists in meiisuring the downward pull 
exerted by a fluid on a thin plate of glass or metal partly immersed in tbe 
fluid ; the fluid is supposed to wet the plate. The pull can be readily 
measured by suspending tbe plate from one of the arms of the balance and 
observing the additional weight which must be placed in the other scale-pan 
to balance the pidl on tbe plate when it is partially immersed in tbe fluid, 
allowance being made if necessary for tlie effect of the water displaced. If 
I is tbe length of the water-line on the plate, T the surface-tension, then if 
the liquid wets the plate the downward pull due to surface-tension is Tl, 

Method of Detachment of a Plate. — Some observers have deter- 
mined tbe surface-tension of liquids by measuring tbe pull required to drag 
a plate of known area away from the surface. Tbe theory of this method 
^HOBemblet) in many respects that by which we determined tbe thickness of 
^^bdrop or air babble (sm p. 1 Jll). Let us take the case of a rectangular 
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plate being pulled away from the surface, and let the figure represent ^-' 
section by a plane at right aogtee to the length of the rectangle. UonsJderini^" 
tlie equilibrium of the portiou whose section is EBCF, and whose leiigtl:^.^ — 
perpendicular to the paper is unity, the horizontal forces acting npon it^ ' • 
are: (1) the forces due to surface- tension— i.e., :?T acting from left to right ^.^ 
(2) the atmospheric pressure on the curved surface BC acting from right t< a^^ 

■ ' ' '3 equal to Ili^^S 



Fto. ISI. 



fluid pressure acting aoroe 

preBMUre in the liquid at /' 

pressure across EF is equal to Wd - \gpd- 

liquid. Kence, equatiug the components ' 



n where II is the atmo* 

7^ pheric pressure ajid d L 

\^ the height of the lower- 

^ surface of the plat« above" 

the undisturbed level oE 
the liquid ; and (3) th» 
the Burfare EF from left to right. TbiE 
lo n. and therefore the resultant fluid- 
where p is the density of thea 
the two directions, we have 



4T 



2T + nti - lyptP = nrf, or d* = 

Now the fluid pressure just below the surface is less than the atmospber 
pressure by gfid, heuce the upward pull P required to detach an area of thft- 
plute equal to A is equal to Aypd, and substituting for d its value, we find 

P=2As/T; 

Jaeger's Method. — In this method the least pressure which will force 
bubbles of nir from the nurrow orifice of a capillary tube is measured. 
The pres.^ure in a spherical cavity exceeds the pressure outside by 2T/a 
where a is the radius of the sphere, hence the pressure required to detach 
the bubble of air exceeds the hydrostatic pressure at the urifice of the tube 
by a quantity proportional to the surface-tension. This method, which was 
used by Jaeger, is a very good one when relative and not absolute values 
of the surface-tension are required ; when, for example, we want to find 
the variation of surface. tension with temperature. 

The following ore the values of the surface-tension at 0" C, and the 
temperature coefficientF of the surface-tension for some liquids of frequent 
occurrence. The surface- tension at (° (J. is supposed to be equal to T„ - )>t. 
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The surface-tension of salt solutions is generally greater than that of 
pure water. If T, is the surface-tension of a solution containing n gramme 
equivalents per Hire, T„ the surface-tension of pure water at the same 
temperature, Dorsey* has shown that T, = T,r-(-Rn, where R has the 
followingvalues— NnCI (1-53); KCl {I'Tl); i{Na,CO,) (2-00); i(K,COJ 
{1-77); J(ZnSOJ(l-86). 



Liqafd 


Tt 


Ether (C,H,.0) 


. 193 


Alcohol (U,H,0) . 


. 25-3 


Benwne (U.H.) 


. 30C 


Mercury , 


. 527-2 


Water . 


. 75-8 



sov. Phil. Mig.. 44, 1 



r. p. 38B, 
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On the Effect of Temperature on the Surface-tension of 

Liquids. — Tlie curface-tension of nil li>|iii(iH liimiiiislies as tlie tcmpemture 
ibcreHsea. This ciin be Ghowii in the ciute of miter by tlie following 
exjieriiuent : A poul of wuter is tormeil on a liorixoiitui pliite uf cleun 
metal ; powdered salpbur is dusted over the surface of tbe wnter aud beat 
applied locally to tbe under aurfa4,-e of the mettil by a tine jet; on the 
application of the boat the portion of tlie water im mediately ovei- the flame is 
rapidly swept clear of the sulpbiir ; this is due to the greater tension in 
tfa« cold liquid outside pulling the sulphur away against tbe feebler tension 
in tbe warmer water. 

Biitvos [Witd. Ann. 27, p. 448) has pointed out tliat for many liqiiidn 
«l(TH)eti is equal to - 21, being independent of tlie nature of the liquid und 
the temperature; here T is tbe surface- tension of the liquid, v the "molecular 
Tolume"— ^i.e,, the molecular weight di«ded by the density— and ( the 
temporature. It is cleai' that, if we assume that d(Tt'l)jdt has this value 
for a liquid whose density and suifaee- tension at different temperatures 
nre known, we can determine the molecular weight of the liquid. The 
aoetlioil has heen applied for this purpose, and some interesting i-esulUi 
Iiave been obtained ; for example, water is a liquid for which Etitvos' rule 
<JoeB not hold, if we suppose the molecular weight of water to be l^. 
Jf, however, we assume the molecular weight of water to be SH^i.e., that 
each molecule of water has tbe composition ^Hfi, then Eotvos' rule is 
found to hold ut temperatures between KW" and 2(Hi ' 0. ; below the lower 
of tliesB tempei'atures the molecular weight would have to be taken as 

|^r«ater than 3fi in order to make Eotvos' rule apply. Hence, Eiitvos eon- 
crluded that the molecules of water, or at any late the* molecules of the 
^tirface layers, have the composition 2H,0 above l'»»' C, while lielow that 
te«inpenkture they have a still more complicated composition. 
It follows that if Eotvoa' rule is true, 
Ti'I = 2I(T,~() 
■wwherc T, is some constant temperature, which can be determined if we 
ftc now the value uf Tand tat any one temperature. T, is the temperatiu'e at 
^wiich the surface-tension vanishes, it is therefore a temperature which 
K>« ^hflbly does not dili'er much from tbe critical temperature ; the values of 
5l~„ for ether, alcohol, water, are roughly aljoiit 1«() ', aD.'i ', iiiil}" C. Tlteir 
^w — jtical teroperatui-ee are estimnted liy Van Jer Waals to be 11)0" 2;)0° 
& i»o C. 

Cooling' due to tbe Stretching' of a Film.— Since the surface- 

t^^Kuion changes with the t«uiperature, any changeiiinthearea of a film will, 

I *^^ tbey involve work done by or against aurfnoe- tension, be accompanied by 

. ■■"* ^maal changes. We CHn calculate the amgunt of those thermal changes 

we can imagine a little heat engine which works by the change of 

■ w^»ce-ten6ion with temperature. A very simple engine of thi.i kind is as 

»■ InwH : KuppoM that wc have w rectangular framework on which a film 

^itretcheii, and that one of the sides of tbe framework can move at right 

_ t**'** ** ''* 'f^'gl^h. IjBt the mass of the framework and film be so small 

I i«»^M it hrts uo appreciable heat capacity. Suppose we have a hut chamber 

1 ^<^*«3 a cold chamber, maintaine<l respectively at the alMolute t«mperaturwi 

■lid tip wliere 0, and 0, are so near together tliat the amount; of heat 

^ ■ fd to raise the l>ody from 0, to ft, is small corripnrod with the 

d eBect dne to change of ai-en. Let us place tlie film iu the hot 
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diamber, and atret-ch it so that its area increases by A, then take it out 
of the hot chamber and place it in the cold one, and allow the film to 
contract hy the amount A ; the film has thu» recovered ltd original area. 
Let it be now placed again in the hot chamber. If the surface-t^naion oF 
the film when in the cold chamber la gi«ater than when in the hot, then 
the film when contracting may lie made to do more work than was 
required to stretch it, so that there will be a gain of work on the cycle ; 
the process is plainly revefsihie, bo that tlie film and its fmnieworfc and 
the two chambers constitute a reversible engine. Hence, if H, is tlie 
heat absorbed in the hot chamber, H, that given out in the cold, both 
being me»sured in mechanical units, we have by the Second Lavt of 
Thermodynamics, 



H, 



H,-^H, 



(1) 



If Tsj.Tftj are respectively the surface -tensions at the temperatures fl, 
and 0„ then the work done in etretcbiog the film = 2T«,A, while the work 
done by the film when contracting is 2Ts,A, hence the mechanical work 
gained = i{T9,-T|),)A. By the principle of the Conservation of Energy 
the mechanical work gained must equal the difference between the 
meciianical equivalents of the heat taken from the hot chiimber and given 
up to the cold, hence 



II, 






It /3 is the temperature coefficient of T, then 



H,= 



- l'B,A/J 



Thua H, is positive when /i h negative, so that when the surface- 
tension gets less as the temperature increases, heat must be applied to the 
film to keep the temperature constant when it is extended — i.e., the film 
if left to itself will cool when pulled out. This is an esaniple of the rule 
given ou page Si that the temperature change which takes place is such as 
to make the system stifier to resist extension. For wator /3 is about 
T/.'ir>0, BO that the mechanical equivalent of the heat required to keep 
the tempomtui'e constant is about half the work done in stretching 
the film. 

Surface-tension of very thin Films.— The fact that a vertical 

soap film when allowed to drain shows diffei'ent colours at different places 
and is yet in equilibrium shows that the thickness of the film may vary 
within wide limits without any substantial change in the surface-tension. 
'I'lie connection between surface-tension and the thickness of the film 
and tlie surface-tension was investigated by Rucker and Reinold,* The 
method used is represented diagrammaticnlly in Fig. 132. Two cylindrical 
lilios were balunced against each other, and one of them was kept thick by 
passing an electric current up it ; this keeps the film from draining, tho 
• Jtilcker BQd Beinold, PkS. Tram. 177, part 1[. p. 627. 1B86. 
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oihet' film was alluwed to drain, anil a difference of surf ace- teiihion wiw 
indiotted by a bulging of one of the cylinderB oiid n shrivellitig of the 
other. When films are fir^t formed the value of their surface-tension is 
very irregular ; but Riicker and Reinold found that, if they were allowed 
to get into a steady state-, then a direct coinpariHOu of the a urfikce- tension 
overs rongo of thickDeesextending from lii-}iffi./i {fi.fi is 10'' em.) ilown to 
the slage of extreme tenuity, when the film sbowd the black of the first order 
of Newton's scale of colour, 
showed no appreciable 
change in surfaee- tension, 
although, had the difference 
iimuunt«(] to as much an 
one-half per cent , Reinold 
and Riicker believed they 
vould have detected it. A 
large number of determina- 
tions of the thickness of 
the block films were made, 
Eome by determining the 
electrical reNiatance and 
then deducing the thick- 
neea, on the asnumption 
that the specific resistance 
is the same as for the - 
liquid in bulk, others by yto. 182. 

det«nntDing the retarda- 
tion which a beitm of light suflera on passing through the lilni, and 
assuming the refraction index to be that of the liquid in muss: all these 
determinations gave for the thickness of the binck films a constant value 
about \2 fi.fi. At first sight it appears as if the surface-tension sufl'ei'ed 
no change until the thickness is less than 12 /i.ft. The authors have 
shown, however, that this is not the right interpretation of their i-esults, 
tor they find that the black and coloured partti of the film are separated 
by a sharp line showing that there is a discontinuity in the thickness. 
In extreme cases the rest of the film may be as much as 2'>0 timeu thicker 
than the black part with which it is in 

contact. The section of a film showing i ^ \ 

a black part is of the kind shown in 

Fig. ISH. The stability of the film K it. 133. 

shows that the tension in the thin 

part is ei]ual to that in tiie thick. It is remarkable that in these films 
there are never any parts of the film with a thickuesa anywhere between 
12 fi.fi. and aomething between 4.) and 95 fi./i.; films whose thioknosses 
are within this range are unstable. This is what would occur if the 
surface-tension first begins to diminish at the upper limit of the iiniitable 
thickness, and after diminishing for some time, then begins to inci'eate as 
the thickness of the film gets less, until at 12 fi.fi. it has regained its 
original value ; after thia it inci'enses for some time, and then diminiithes 
indefinitely ils the thickness of the film get^ smaller andJMnaller. |The 
clianges in ourf ace-tension are represented graphiailly by the curve in 
Fig. 134, where the ordioates represent the surface-tension and the 
aWisBR the thickness of the film, For suppose we have a film thinning', it 
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will be in equilibrium until the upper part gets the thickness corresponding 
to the point P on the curve; as the tension now gets less than in the thicker 
part of the film, the thicker parts pull the thin part away, and would 
certainly break it, were it not that after the film gets thinner than at R 
the tension increases until, when the film reaches the point Q, the tension 
is the eame as in the thick film, and there is equilibrium between the 
thick and the thin pieces of the film. This equilibrium would be stable, 
for if the film were to get thinner the tension would get greater, and the 
film would contract and thicken again, while if it got thicker the tensioD 
would fall and the film would be pulled out until it regained its original 
thickness. Thus all the films which are in contact with thick films must 
have the constant thickness corresponding to Q, The equilibrium at S^ 
when the tension has the same value as at Q, is unstable, for anj 
extension of the film lowers the tension, and thus makes the film yield 
more readily to the extension. The region between E and P is unstable, 




Thicknrss 

Fio. 134. 

so is that between T and 0. The region TJi would be stable, but would 
be very difficult to realise. If we start with a thick film and allow it to 
thin, the only films of thickness less than that at P which will endure will 
be those whose thickness is constant and equal to the thickness at Q. 
Johannot {Phil, Mag,^ 47, p. 501, 1899) has recently shown that a black 
film of oleate of soda may consist of two portions, one having a thick nef« 
of 12 fx.^, the other of 6 ^x.^x. In this case there must be another dip 
between S and R in the curve representing the relation between surface- 
tension and thickness. 

Vapour Pressure over a Curved Surface.— Lord Kelvin was the 

firat to show that in consequence of surface-tension the vapour pressure in 
equilibrium with a curved surface is not the same as the pressure of the 
vapour in equilibrium with a flat one. We can see from very general 
considerations that this must be the case, for when water evaporates from 
a flat surface theie is no change in the area of the surface and therefore 
no change in the potential energy due to surface-tension ; in the case of a 
curved surface, however, such as a spherical drop, when wator evaporates 
there will be a diminution in the area of the surface and therefore a 
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lUiion ill tho potential energy due to sur race-tension, thus tlie surface- 
tension will promote ev-aporation in this c&se, as evapomtion is ftccompaiiied 
by a diminution in the potential energy. Thus evaporation will go ou 
further from a spherical drop than from a plane surface ; that in, the 
pressure of the water vapour ia equilibrium with the sphericnl dn-p is 
greater than for the plane area. 

Jxird Kelvin's determination of the elfect of curvature on the vnj'oiip 
pressure is as follows: Let a fine capillary 
tube be placed in a liquid, let the liquid rise 
to A in the tube, and let B be the level of tbe 
liquid in the outer vessel. Then there must 
be a state of equilibrium between the liquid 
uid it« vapour both at A and R, othei-wise 
evaporation or condensation would go on and 
the system would not attain a steady state. 
Let J) p' be the pressures of the vapour of the 
liquid at S and A respectively, A the height 
of A above B, 



P=P 



-pressure due to a column of vapour 
whose height is A 



where a is tbe density of the water vapour. 
If r is the radius of the tube, then T being 
the surface-tension, 

— = difference of pressure on the two sides of 
*■ the meniscus. 

Now the pressure on the fluid aide of the ! 
meniscus is equal to II -gfih where p is the 
density of the liquid and II the pressure at 
the level of the water surface in the outer 
vessel } the pressure on the vapour side of 
tiie difference of presauree is equal to ^p - o 



meniscus is IT - grrh ; 
')h, 6o that 



•rv 



ff(p-a)h* 



i heDoe by equation (!) 



P =-P- 



-t 



* In LhemvestigalionofthocapIIUryasceat In tubes given on p. I fis.o-U neglected 
I compariwiQ wicb p. 
t The formula in tbe tent gives the value for ji' - ji when this \s »mal\ compared 
I with]),- Ihegeneral eqtiaiion for;/ idb; be proved to be (DegleutiDgir in compHrison 



t where S is the abaolaie temperature sad R tbe 



Rfl 



In tbe equation for a perfect 



PROPERTIES OF MATTER. 



heuce the (<i[itilibrium va,pour pi-eesure over the conc&ve hemispherical 
surtuce is loss than that over a plane surface at the eune temperature " 
2Tff/(p - ir)f . We may write this as (rf»/{/i - o) where u la the amount 
which the pressure below the curved surface is less than that below 
plane. If the shape of the water sui-face had been convex, tike a dewdrop, 
lUBtead ofociicAve, the pressure in the curved liquid would be greater than 
that in the plane surface instead of being le^, and the pref«ure of the 
water vapour over the surface would be great«r than over a pUne surface. 
It can bo shown that if an externa! pressure u were applied to a plane 



ire by H 

nt t^ m 

iw the ^ 




surface the vnpour pressure would he increased by unjp (see J. J. Thomson.^ 
Afiplicaliims nf Dynamic*). Unlens the di-opa are exceedingly small, the? 
effect of curvature on the vapour pressure is iuappreciablu ; thus if tli^ 
radius of the drop of water is one -thousandth part of a millimetre th& 
change in the vapour pressure only amount-s to about one part in niro 
hunib'ed. As the effect is inversely proportional to the radius it in- 
creases rapidly tia the size of the drop diminishes, and for a drop 1 f^.ft 
in radius the vapour pressure over the drop when in etjuilibrium would be 
more than double that over a plane surface. Thus a drop of this sise 
would evaporate I'apidly in an atmosphere from which waternoutd condenee 
on a plane surface. This hiia a very important connection with the 
phenomena attending the formation of rain and fog by the precipitation (A 
water vapour. Suppose that a drop of water bad to grow from an 
indefinitely small di-op by precipitation of water vapour on its Burfa<«; 
stDce the vapour pressure in equilibrium with a very small drop is raucb 
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greater tbaji tbe normiil, the drop, unless {jliicetl in n apace in which the 
water vapour is iu a very supersalunited coiiditioD, will evapomte nnd 
diminiBh id size instead of being the neat of condensation and increasing in 
t&diua. Thus these small dropa would be unstable and would tjuivlcly 
disappear. Hence it would seem as if this would be an insuperable ditKculty 
to tbe formation of drops of rain or cloud if thewe drops have to poas 
tbrongh an initial stage in which their size is very small. Aitken has 
shown that as a matter of fact the«ie drops are not formed under ordinary 
conditions when water and water vapour alone are present, even though 
the vapour is considerably oversaturated, and that for the formation of 
rain and fog the presence of dust ia necessary. As the water is deposited 
ftTOund the particles of dust, the drops thus commence with n finite radius, 
and so avoid the difficulties connected with their early stages. The effect 
of dust on the formation of cloud can be shown very easily by the following 
experiment. .4 and B are two ve^isels connected with each other by a 
fiezible pipe; when B is at the upper level indicated in tlie diagram the globe 
A is partly tilled with watei- ; if the vessel B is lowered the water runs out of 
A, the volume of the gas in .1 increases, and the cooling caused by the 
expansion causes the region to be oversaturated with water vapour. If A is 
filled with the ordinary dusty air From a room, a cloud is formed in A 
whenever B is lowered ; thia cloud falls into the water, cnrrying some dust 
with it; on repeating the process a second time more dust is carried down, 
and so by continued expansions the air can be made dunt fi-ee. We find 
that, after we have made a considerable number of expansious, the cloud 
ceaseii to be formed when the expansion takes place ; that the absence of 
the cloud is due to the absence of dust can be proved by admitting a littlo 
dust through the tube ; on making the gas expand again a cloud is at once 
formed. 

It was supposed for some time that without dust no clouds coidd be 
formed, but it has been shown by C T. R. Wilson that gaseous ions can 
ut as nuclei for cloudy condensation if the supersatu ration exceeds a 
certAin value, and he has also shown that if perfectly dust-free air has its 
volume suddenly iiicreaaed I '4 time a dense cloud is produced. Though 
dust is not absolutely essential for the formation of clouds, yet the 
conditions under which clouds can be formed without dust are very 
exceptional, inasmuch as they rei|uii« n very considerable degree of super- 
saturation. 

Movement ot Camphor on Water. -If a piece of camphor is 

scraped and the shavings allowed to fall on a clear water surface they 
dance about with great vigour. This, as Marangoni has thown, is due to 
the camphor dissolving in the water, the solution having a smaller surface- 
tension than pure water ; thus each little patch of surface round a particle 
of camphor is surrounded by a film having n, stronger surface-tension than i(s 
own, it will therefore be pulled out and the surface of the water near the 
bit of camphor set in motion. For the movements to take place the 
surface-tension of the water surface must be greater than the camphor 
■olution ; if the surface is greasy the surface-tension is less than that of 
pure water, and may be so much reduced that it is no longer sufficient td 
produce the camphor movements. Lord Rayleigh has measuretl the 
thickness of the thinnest film of oil which will prevent the motion of the 
camphor ; the thickness was determined by weighing a drop of oil which 
was allowed to spread over a known area. He found that to stop 
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the camphor movements (which involved a reduction of the surface- 
tension by about 28 per cent.) a layer of oil 2 fi.fi thick was required 
(1 /i./i= 10"' cm.), and that with thinner films the movements were still 
perceptible. This thickness is small compared with 12 fA.fi the thidcness 
found by Riickor and Reinold for black films, but it must be remembered 
that the surface which stops the camphor movements is still far from 
acting as a surface of oil ; the surface-tension, though less than that of 
water, is greater than that of oil. The manner in which a contaminated 
water surface varies with the amount of contamination has been investigated 
by Miss Pockels and also by Lord Rayleigh {Phil, Mag., 48, p. 321). Miss 
Pockels determined the surface-tension by measuring the force required to 
detach a disc of known area from the surface; Lord Rayleigh used 
Wilhelmy's method. The amount of contamination was varied by confining 
the greased surface between strips of glass or metal dipping into the water, 
by pulling these apart the area of the greased surface was increajsed and 
therefore the thickness of it diminished, while by pushing them together 
the thickness could be increased. 

The way in which the surface-tension is afiected by the thickness of the 
layer of grease is shown by the curve (Fig. 136) given by Lord Rayleigh. 



Fio. 137. 

In this curve the ordinates are the values of the surface-tension, the abt-cifsie 
the thicknesses of the oil film ; both of these are on an arbitrary scale. It 
will be seen that no change in the surface-tension occurs until the thickness 
of the oil film exceeds a certain value (about l/i./i); at this stage the surface- 
tension begins to fall rapidly and continues to do so until it reaches the 
point (7, where the thickness is about 2./i./i. ; this is called the camphor point, 
being the thickness required to stop the movements of the camphor particles. 
After passing this point the variation of the surface-tension with the thick- 
ness of the film becomes much less rapid. Lord Rayleigh gives reasons for 
thinking that the thickness 1 fi.fi is equal to the diameter of a molecule of oil. 
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hxis, when tlie amount of contamination is betveen Ihu limitK corre- 

sponding to B. thickneSR of the eurface layer between 1 /i.^ and the smallest 

t^ickoees rec|uired to give the surfaov tension of oil, any diminution in the 

coutamination such as would be produced by an ertension of the surface 

would result in an increase in the surface-tension. This is a principle of 

jrreat importance; it Beems first to have been clearly stated by Moniugoni. 

Suppose we push a strip of met«l along a surface in tbie condition, the metal 

will heap up the grease in front and scrape the surface behind, tlius the 

surface-tension behind the t-trip will be greater than that in front, so that 

the strip will be palled back; there will thus be a force resisting the motion 

of the strip due to the variation of the surface-tension. This is Maxangoni's 

explanation of the phenomcnou of superficial viscosity discovered by Plateau. 

r Plateau found that if a vibrating body such ns a com pass- needle waa 

kndisturbed from its position of equilibrium and tfaen allowed to return to it 

1(1) with its sui-face buried beneath the surface of the liquid, (2) with 




s face on the surface of the licjuid, then with certain liquids, of which 
I water was one, the time taken in the second case is considerably greater 
f than that in the Srst. We see that it must be so if the surface of the 
liquid is contaminated by a foreign substance which lowers it« surface- 
tension. 

Calming* of Waves by Oil.— Similar considerations will explain the 
action of oil in stilling troubled waters. Let us suppose that the wind 
acts on a portion of a contaminated surface, blowing it forward ; the 
I motion of the surface film will make the liquid behind the patch cleaner 
I ftnd therefore increase its eurface- tension, while it will heap up the oil in 
front and so diminish the surface-tension; thus the pull back will be 
greater than the pull forward, and the motion of the surface will be 
retarded in & way that could not occur if it were perfectly clean. The 
oiled surface acts so as to check any relative motion of the various parts 
of the surface layer and so prevents any heaping up of the wat«r. It is 
tliese heaps of water which, under the action of the wind, develop into a 
high sea ; the oil acts not so much by smoothing them down after they 
have grown as by stifling them at their birth. 

A contaminated surface has a power of self-adjustment by which the 
surface-tension can adjust itself within fairly wide limits; a film of such a 
liquid can thus, as Loi-d Rayleigb jwints out, adjust itself to as to he in 
equilibrium under circumstances when a film of a pure liquid would have 
'o lH«ak. Thus, to take the cose of a vertical film, if the surface-tension 
rare absolutely constant, as it is in the case of a pure liquid when the film 
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is not too thin, this film would break, since there would be nothing to 
balance the weight of the film. If, however, the film were dirty, a very 
slight adjustment of the amount of dirt at dififerent parts of the surface 
would be sufficient to produce a distribution of surface-tension which would 
ensure equilibrium. It is probably on this account that films to be durable 
have to be made of a mixture of substances, such as soap and water. 

Collision of Drops. — If a jet of water be turned nearly vertically 
upwards the drops into which it In^eaks will collide with each other; if the 
water is clean the drops wOl rebound from each other after a collision, but 
if a little soap or oil is added to the water, or if an electrified rod is held 
near the jet, the drops when they strike will coalesce instead of 
rebounding, and in consequence will grow to a much larger size. This can 
be made very evident by allowing the drops to fall on a metal plate; ihe 
change in the tone of the sound caused by the drops striking against the 
plate when an electrified rod is held near the jet is very remarkable. 

The same thing can be shown with two colliding streams. If two 
streams of pure water strike against each other in dust-free air, ai> in 
Fig. 138, they will rebound ; if an electrified rod is held near, however^ 
they coalesce. 



CHAPTER XV. 
LAPLACE'S THEORY OF CAPILLARITY. 

Laplace's investigations on surface-tension throw so much light on this 
subject, as well as on the constitution of liquids and gases, that no account 
of ^e phenomena associated with surface-tension would be complete without 
an attempt to give a sketch of his theory. Laplace started with the assump- 
tioa that the forces between two molecules of a liquid, although very intense 
when the distance between the molecules is very small, diminish so rapidly 
when this distance increases that they may be taken as vanishing when the 
distance between the molecules exceeds a certain value e: e ia called the 
range of molecular action. We shall find that we can obtain an explana- 



.(Lj 



A 
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tion of many surface-tension phenomena even although we do not know 
the law of force between the molecules. Let the attraction of an infinite 
flat plate of the fluid bounded by a plane surface on a mass m at a point 
at a distance z above the surface be mtnl^js), where v is the density of the 
fluid ; in accordance with our hypothesis \(f(z) vanishes when z is greater 
than e. It is evident, too, that m<nl/{z) will be the attraction at a point on 
the axis of any disc with a flat face whose thickness is greater than c and 
whose diameter is greater than 2c. 

Suppose we imagine a fluid divided into two portions A and ^ by a 
plane ; let us find the pull exerted on ^ by ^ . Divide B up into thin layers 
whose thickness is dz ; then if 2; is the height of one of these layers above the 
surface of separation the force on unit area of the layer is equal to (np{z)<rdz ; 



h 



hence the pull of ^ on 9 per unit area is equal toa^ I \l4^z)dZf 

o 

e 

which, since ^l^z) vanishes when z>e Is the same bs a^ I \l4^z)dz, 

o 

This pull between the portions A and B is supposed to be balanced by a 
pressure called the '^ intrinsic pressure,'' which we shall denote by K. K then 

is equal to t^ I }^4^^)dz 
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We shall find that the phenomena of capillarity require ns to suppose 
that, in the case of water, the intrinsic pressure is very large, amoonting 
on the lowest estimate to several thousand atmospheres. We may reipark 
in {mssing that the intrinsic pressure plays a very important part in 
Van der Waals* Theory of the Continuity of tiie Liquid and C^aaeous States; 
it is the term a/r* which occurs in his well-known equation 



(p+5)(«'-*)-BT («.p.l29) 



We see, too, at once from the preceding investigation that K is eqaal 
to the tensile strength of the liquid, so that if the common suppositioQ 
that liquids are as " weak as water," and can only bear very small tensile 
stresses without rupture, were true, Laplace's theory, whidi, as we hive 
soon, requires liquids to possess great tensile strength, would break down 
at the outset. We have seen, however, p. 122, that the rapture of 
liquids under ordinary conditions gives no evidence as to the real tensile 
striMigth of the liquids, for it was shown that when water and other 
Hi^uiils are carefully deprived of absorbed gases — in fact, when they are 
not broken before the tension is applied — they can stand a tension of a 
i;reat many atmospheres without rupture ; thus on this point the properties 
of li(|uids are in accordance with Laplace's theoiy. 

There is another interpretation of K given by Duprd which enabka 
us to form an estimate of its value. Consider a film of thickness A 
(whert« A is small compared with e) at the top of the liquid ; the iratk 
v^\vi\\vi\ to pull unit of area of this film off the liquid and* remove it 
out oi tho sphere of its attraction is evidently 



r\JMz)dz 



Thus tho work roiiuircti to remove unit volume of the liquid and 
M^ittor it thnni^h space in the form of thin plates whose thickness is 
huiaU Kvmiv4ixHl with the range of molecular attraction is K. Now the 
work nH(uinsl to tako one of these films and still further disintegrate 
it until tvioh uioKvule is out of the sphere of action of the others will 
U« MUiUl K\nu|>arod with the work required to tear the film off the surface 
\«f tho lK(ui\l; houiv K is the work required to disintegrate unit volumes 
\^t' tho liqui\l until its moleoulw are so far apart that they no longer 
ovoit .-luv attr;iotiou on each other; in other wwds, it is the work required 
X\\ v;i(vi'iso unit volumo of the gas. In the case of water at atmospheric 
touavi\4tuiv this is aUnit tUH^ thermal units or 600 x 4*2 x 10^ = 25*2 x 10^ 
uuvh:%uuv%t unus ; or ^iuiv an atmi>sphere expressed in these units is 10^- 
th\H >\xmUl ut-4l<o K tS|UAl to alH>ut 2.'>.0iH> atmospherea* 

Work rtKniired to move a Particle flrom the Inside to tlie 

Uut»Ut«» of a rluld« i\nusivlvc th^> force on a particle P at a depth z 
lvU»\N tho sutt\i\v; tho fv«\v due to the statum oif fluid above P will be 
KJu^H^l hv tho i^ttidotivni i^ the stratum of thickness z below P; thus 
tho l'\^(\v ao(u\^ \vu r will U^ that due to a slab of liquid on a particle at 

* \ All \U>t \Va\U Ki\^ iho MU^wia^ Tmlae of K deduced from his equation: 
H4UM \o..^S' )\V;MvU\«»t \:^vV^ t«.^vKakH>bolilOO>:i40aGarboo bisulphide 2900-2890 
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a dLntance z above its surface — 1.«., mayi^^z). Hence the work done in 
bringing the particle to the surface is 



■/■ 



m / in\^z)dz - m{Kltr) ; 



o 



an equal amount of work will be required to take the particle from the 
surface ouc of the range of molecuhir attraction, the total amount of work 
required is thus 2m(K/o'). 

Hence, if a particle moving with a velocity v towards the surface starts 
from a depth greater than c it cannot cross the surface unless 

, , 2mK , 4K 
imtr > or tr > — 

flr ff 

In the case of water, for which o* = 1 and K on the preceding estimate 
is 25,iK)0 atmospheres or 2*0 x 10'", we see that a particle would not cross 
the surface unless its velocity were greater than 3 2 x 1(>^. The average 
velocity of a molecule of water vapour at 0° C. is about G x 10^, so that if 
the water contained molecules of water vapour it would only be those 
possessing a velocity considerably greater than the mean velocity, which 
would be able to escipe across the surface. 

Work required to produce a new Fluid Surface.— Let us con- 
sider the amount of work required to separate the two portions A and B 
into which a plane C divides the liquid. Dividing B up, as before, into 
slices parallel to the interface, then the work done in removing the slice, 
whose thickness is dz and whose height above the plane is z^ is per unit 
of area equal to 



(^dz I }P{x)dx = a^dzr, if t? = / \l4jx:)dx 



hence the work required to remove the whole of the liquid B standing on 
unit area away from ii is / trvdz ; 

o 

integrating this by parts we see that it is equal to 

00 oo 

O O 

Now the. term within brackets vanishes at both limits, and - ?= - \L(z\ 

dz 



f' 



hence the work required is a' I z\l^{z)dz 

o 

For this amount of work we have got 2 units of area of new surface, 
hence the energy corresponding to each unit of area (t.e., the surface- 
tensioo), which we shall denote by T is given by the equation 



=i-'/ 



z\l^{z)dz (1) 
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Young, at the beginning of the century, showed how from T and K it 
was possible to calculate the range of molecular forces. He did this by 
assuming a particular value for the force, but his argument is applicable 
even when we leave the force undetermined. 

If \l/{z) is always positive, then, since e is the greatest value of z for 



Oh 



which \j/{z) has a finite value, we see from equation (l)that 



K<'/<K 



z)dz 



hence 



c> 



2T 



For water T = 75, and if we take K = 25,000 atmospheres = 2 5 x 10*®, then 
the above relation shows that c>7 xlO~\ In this way we can get an 
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inferior limit to the range of molecular action. This method, which ^ 
given by Young, was the first attempt to estimate this quantity, and 
seems to have been quite overlooked until attention was recently calleci 
it by Lord Rayleigh. 

It is instructive to consider another way of finding the expression 
the surface-tension. Consider a point P inside a liquid sphere (Fig. 1 -^ 
Then, if P is at depth Z>, below the surface, greater than (7, the forces act>s- 
on it, due to the attraction of the surrounding molecules, are 
equilibrium ; if the distance of P below the surface is less than C, 
to find the forcr *n P describe a sphere with radius C and centre P, 
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the force on P, acting towards the centre of the larger sphere, will he 
equal to the attraction which would he exerted on P by a quantity of the 
fluid placed so as to fill BA CD^ the portion of the sphere whose centre is 
P^ which is outside the larger sphere. This portion may be regarded as 
consisting of two parts — (1) the portion above the tangent plane at A, the 
point on the large sphere nearest to P^ and (2) the lenticular portion 
between this plane and the 

sphere. Now the attraction ^^ ^ 

of the portion above the 
tangent plane is the same as 
that of a slab of the liquid 
extending to infinity and 
having the tangent plane for 
its lower face, for the por- 
tions of liquid which have 
to be added to the volume 
ADEF to make up this slab 
are at a greater distance ^'o- ^•*^- 

from P than (7, and so do 

not exert any attraction on matter at P, Thus, \l AP = z^ the attraction 
of AFDE on unit mass at P^ using the previous notation, is (n\{z)\ the 

attraction of the lenticular portion at P can be shown to be:^)//(2;) when 

XV 

R is the radius of the liquid sphere. Hence the total force at P acting 
on unit mass in the direction AP \& equal to 

<rW)^'^z) (3) 

Consider now the equilibrium of a thin cylinder of the fluid, the axis of 
the cylinder being PA ; divide this cylinder up into thin discs, then if dz 
is the thickness of a disc, z its distance from A and a the area of the cross- 
section of the cylinder, the force acting on this disc is equal to 




|<r'\/<i) + ^i/<2;)lac^2; 



This force has to be balanced by the excess of pressure on the lower face 
of the disc over that on the upper face ; this excess of pressure is, if p 

represents the pressure, equal to aj-dz ; 

dz 

hence, equating this to the force acting on the disc, we get 

Thus the excess of pressure at a point at a distance C below A over the 
pressure at ^ is equal to 



fa'iP{z)dz 4- fo'^yl^{z)di 



2T 
or with our previous notation K + ^^ . 
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The pressure has the same value at all points whose depth below the 
surface is greater than c. The term 2T/R represents the excess of 
pi-essure due to the curvature of the surface ; we obtained the same value 

by a different process oo 
p. 145. If the surface of 
the liquid sphere had been 
concave instead of oonvexi 
an inspection of the figure 
shows that to obtain the 
force on P we should 
have to subtract the attn& 
tion due to the lenticalar 
portion from the attrM- 
tion due to the portion 
ADE instead of adding 
it ; this would make the 
pressure at a point in the 
mass of the fluid less than 
that at a point in the 
fluid but close to the 
surface by 2T/JEt. 

Thickness at which 
the Surface - toision 

changes.— We can determine the point at which the surface-tension 
begins to change by finding the change of pressure which takes place as 
we cross a thin film. Let Fig. 143 represent the section of such a film, 
bounded by spheres ; if the thickness of the film is small the radii of these 
spheres may be taken as approximately equal. Let P be a point in the 
film, APB a line at right angles to both films, then the investigation just 
given shows that if AP = z^ BP=^z\ the force on unit mass at P, is equal to 

when R is the radius of one of the films. We see, too, from the last paragraph 
that the pressure at B must be greater than that at A by 

Jwm + '^m]dz - J{rPW) - ''^M^Wz = ^^Jz>\iz)dz 
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o 



o 



o 



where t is equal to AB^ the thickness of the film. Hence, from the for- 
mula (p. 145) for the difference of pressure inside and outside a soap 
bubble, we may regard 



- / z4^z)d'. 



as the surface-tension of a film of thickness t. Since y\4^z) vanishes when 
z is greater than c, the surface-tension will reach a constant value when t 
is as great as c ; hence c, the range of molecular action, is the thickness of a 
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film when the surface-tension begins to fall off. When t is less tliRn e 
■ee from the preceding expression th«t T, being the surface-tension, 

ow if T is represented by a curve like Fig. 134, cTT/dt is mto down to P, 
poailive from P to R, negative from R to T, and positira again for alt 
thioner films; hence, since the force of a slab is attractive when J. is 
positive, repulsive when J, is negative, this would imply, on Laplace's 
kbeory, that the molecular forces due to a slab of liquid at a. point outside 
»re at first attractions ; then, as the point gets nearer the ^b, they change 
to repulsions, and change again 
to attractions as the point ap- 
proaches still nearer to the slab. 
If t is so small that 4^1) can be 
regarded as constant, we see 
that T will vary as (', so that 
ultimately the surface - tension 
will diminish very rapidly as the 
film gets thinner. 

On the Effect of the Ab- 
ruptness of Transition be- 
tween two Liquids on the 

Surface-tension of their Interface.— Laplace astumed that the rouge 
of molecular forces was the 8ame for all bodies, and that at equal diatances 
the force was proportional to the density of the substance. This Implips 
that the function 4^z) is the same for all bodies. This hypothesLs is 
certainly not general enough to cover all the facts; it is probably, 
however, suSJciently general to give the broad outlines of capillary 
phenomena. Let us calculate on this hypothesis the surface-tension 
between two fluids A and B. Let a, a, he the densities of these fluids; 
then to separate a sphere whose area is S from the liquid A requires the 
expenditure of work equal to 




iSa, 



'Jz4^z)dz 



(.« 



■■^) 



Let U8 make a spherical hole of equal 

the expenditure of an amount of work equal to 



U. To do this will ruqui 



)i^«,'J'z4iz)dz 



us place the sphere A in the hole in B, and let the fluids come into 
contact under their molecular forces; during this process the amount of 
work done by these forces is 
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It By A igii C^ mt B JM C I mfiftKAiiij. Xaa* of tikne renhs are in 
w^ck -Ec<«*TnwTC. L<5 m^ ii?^Pf««r. qb. Uk MiiiM|Kiim that the 

i Ea jueup. litis fifiees c£ ^■*«*^'g tfae tzmzaitioa between 
A ^sd E 3if7» zntfiol : w^ 2^3. *^ las br iu^yM Bg that we have between 
A ^z»i B & jrngr it A lairt ±ziri C wiua» ^iensEtr is the arxthmetkal mean 

isniHtr :c A irii Rin«»cT^- = |Tj^ = T;3- Hence, thoogb 
vtrt bi.7» rwc i;=r£iieififr -:f iec«r&::ir:fi ^rrfrt of cce. the energv per unit 
ci ^arcc. 2^ ccl J ccf( ; -zirta^ cf ibas oc ozit mrcA of the origiojd surface ; 
iht 'xCftI e&errr cztt z»z ssiijtee-igEiaao, k ocLir one half ol the 
L ziJt 'STkzst^zc wi^ afr:re Abnipc. Br ***^"g the transition 
fc«cvigieii A ai>i B $;ill zoi^re zr3iiu;al by intefpoang m liqTiids whoee 
deu^'iLes ari& in aritcjx^cdfal prrere^^w ve reduce the energy due to sorface- 
tixjioti ti> 1 1% — I of i^ 'jri^^izLAl v^&Ioe. Hixss we eondude that any dimi- 
nution in the abmpczje^ will •liminish the energy due to surface-tension. 
Thi)» result may have important bearings on the nature of rhemical action 
between the surface la vers of iiijuids in contact, for if a layer of a chemical 
cr^mjxKinri of A and B were interposed between A and B the transiticm 
beiwe^m A and B would be less abrupt than if they were directly in contact, 
and therefore the potential energy, a2» far as it re^ilts frc»n surface-tension, 
would be lefw. Chemical combination between A and B would result in a 
diminutir/n of this potential energy. Now anything that tends to increase 
i\m diminution in potential energy resulting from the diemical combina- 
tion promotes the combination; the forces that give rise to snrface- 
Usfunan would, therefore, tend to promote the chemical combination. Thus, 
in the chemical combination between thin layers of liquid there is a factor 
Itrmtftii which is absent or insignificant in the case of liquids in bulk, and 
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we may expect that chemical combination between thin layers of liquids 
might take place even though it were absent in ordinary cases. 

Similar considerations would lead us to expect changes in the strength of a 
solution near the surface whenever the surface-tension of the solution depends 
upon its strength : if the surface-tension increased with the strength there 
would be a tendency for the salt to leave the surface layers, while if the 
surface-tension diminished as the strength of the solution increased the 
salt would tend to get to the surface, so that the surface layers would be 
stronger solutions than the bulk of the liquid. The concentration or 
dilution of the surface layers would go on until the gradient of the 
osmotic pressures resulting from the variation in the strengths of different 
layers is so great that the tendency to make the pressure equal just 
balances the effects due to surface-tension. 
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DIFFUSION OF UQUIDS. 

If two lii|ui<ls are left in contact with each other and are free from the 
a(.-tton of external forces, then if they can mix in any ptoportioD tbey oiU 
of tfaemselvea go on mining until the whole mass is uniform in comi 
tion. This process may be illustrated by taking a vertical glass tube and 
filling the lower part with a strong solution of a coloured salt, such ss 
copper sulphate. On the top of this clear wat«r is poured very slowly 
and carefully, so as not to give rise to any currents in the liquid. The 
coloured port will at first be separated from the clear by a sharply marbal 
surface, but if the vessel is left to it«elf it will be found that the apper 
part will become coloured, the colour getting fainter towards tlie top, 
while the colour in the lower part of the 
tube will become fainter than it was origiii- 
ally. This change in colour will go on until 

, ^^ ultimately the whole of the tube is of a 

uniform colour. There is thus a gmdiud 
transference of the salt from the places 
where the solution is strong to tbo^ where 
it is weak and of water in the opposite 
direction, and equilibn'utn is not atteintd 
untU the strength of the solutioti is UDiform. 
This process is called diffusion. In liquids 
it ia an exceedingly alow process. Thus, if 
the tube containing the copper sulphate 
Holtition were a metre long and the loirer 
half were filled with the solution, the upper 
half with pure water, it wouK) take con- 
siderably more than ten years before the 
mixture became approximat«]y uniform ; if the height of the tube were a i 
centimetre, it would take about ten hours, the time required being 
proportional to the fH|uare of the length of the tube. 

The first Bystematic experiments on diffusion were made by Graham in ' 
1«51. The method he nneil was to take a wide-necked bottle, such as is 
xhown in Fig. 144, end fill it to within a short distance of the top with 
the salt Boltition to be examined ; the bottle was then carefully filled up 
with pure water pressed from a sponge on to a disc of cork floating on the 
top of the solution; the bottle was placed in a larger vessel filled with j 
pure water to about an inch above the top of the bottle. This was left I 
undisturbed for several days, and then the amount of salt which had ] 
eHcupud from the bottle into the outer vessel was determined. Oraham \ 
wnd in this way able to show that solutions of the same strength of J 
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is; 



diETerent subatanceB diffuseil with different velocities ; that solutions of tlie 
same salt of different strengtlia diffused with velocities proportional to the 
strength ; that the mte of diffusion increased with the tempemtiit'e, and 
that the proportion of two ttalta in a mixture was altered by diSiision, and 
that in some caaea a decomposition or separation of the constituents of 
complicated salts, such tm bisulphate of [Kitash and i)otash alum, could be 
brought about by diffusion. Though Gmbam's exf erimenta proved many 
important and interesting properties of diffusion, they did not lead to 
sufficiently definite law.t to enable us to calculate the slate of a mixture nt 
any future time from its state at the present time. This step was made 
by Fick, who, guided by Fourier's law of the conduction of bent— the 
diffusion of temperature— enunciated in 1855 the law of diffusion, which 
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AS been abundantly veri6ed by Hubsequent experiments. Fick'n law may 

e stated as follows : Imagine a mixture of salt and water arranged so that 

I Ikyera- of equal density are hori/.ontal. Let the state of the mixture 

V be such that in the layer at a height x above a fixed plane theru are 

F.n grammes of s-ilt per cubic centimetre; then across unit area of this 

pass in unit time from the side on which 



plane R— grammes of salt will 
solution is stronger to that 



'hich it is weaker. R is called the 

diffusivity of the substance ; it depends on the nature of the oitlt and the 

solvent, on the temperature, and to a slight ext«nt on tbe strength of 

the solution. This law is analogous to Fourier's law of the conduction of 

heal, and the same mutbematical methods which give the solution of the 

thermal problems can be applied to determine the diatiibution of salt 

.through the liquid. The curves in Figs. 145 and 14C represent the solution 

l two important problems. The first represents the diffusion of salt from 

Baturated solution into a vertical column of wat«r, tlie surface of pepara- 

m being initially the plane ,c = o. The ordinates represent the amount 

salt in the solution at a distance from the original surface of separation 

ipresented by the aliscissn-. The times which have elapsed since the 

.mencement of diffusion are proportional to the squares of the numbers 
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on tbe emrc ; tfans, if the find curve reprf^eDte the state of things iifteP 
tune T, the woood repre«enl« it aft«r h time 2T, the thin) after a t' 
ST, and m on ; for the same ordinate the absci^sie on i-urve 2 ia ti 
that oo cttnre I, on curve :'< three times that on carve I, aud eo on ; thus 
the tine reqnired for diSiutioo through a given length is proportional to 
the fquare of the length. The curves are copied from Lord Kelvin's 
CoUeeUd Fapert, vol- iii. p. 43?: for copper sulphate through water 
T = 2.'>,700 seconds, for oagar through water T=17,100,and for sodiam 
chloride through water T = 539u. The second figure 14(i represents the 
diffusion when we hare initially a thin layer of salt solution at the bottom at 
tk vertical vessel, the rest of the vessel being filled with pure water ; tha 
ordiuates represent the amount of salt at a distJince from the bottom of 
the vessel represented hy the absdsse. The times which have elapsed 
e the commencement are 




e squares of 



proportional 

the numbers on the 

By stirriug up a Bolution 
of a salt with pure water we 
bring thin layers of the solvent 
and of the salt near together ; 
as the time required for difius. 
■ng through a given distance 
varies as the square of the 
distance, the time required 
for the salt and water 
become a uniform mixture 
greatly diminished by drftwiug 
out the liquid into these thio 
I Ay era by stirring, and as 
much diffusion will take much 
in a few tieconda 
take place in a.^ many lioun 
without the mixing. We can see in n general wtiy why the lime required 
will be proportional to the equnre of the thickness of the layers ; for if wi 
hnlve the thickness of the layers we not only halve Uie dietance the salt 
has to travel but we double the gradient of the strengtli of the solutinn, 
and thus by Pick's law double the speed of dilFusJon ; thus, as we halvo 
the distance and double the speed, the time required is rednceil to one 
quarter of its original value. 

Methods of Determining- the CoefDcient of Diffusion.— If we 

know the original diatriliution of the salt through the water and the value of 
B, we can, by Fourier's mathematical methods, calculate the distribution of 
wilt after any intei'val T ; conversely, if we know tlie distribution after thifl 
interval, we cau use the Fourier result to determine the value of 1 
Thus, it we have any means of measuring the amount of salt in tbi 
iliflbrent parts of the solution at successive intervals, we can deduce the 
value of U. It is not advisahle to withdraw n sample from the eotulio 
and then determine its composition, as the withdrawal of the mmple 
might produce currents in the lii|uidH whose effects might foj- outweigli nnj 
due to pure diffusion ; it is, therefore, neceasBry to sample the compoeitioi 
tit the solution when in situ, and this hns been done hy measuring s 
physical pi^operty of the solution which vaiiea in n known way with the 
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strengtli of the solution. In Lord Kelvin's method the specific gravity is 
the property investigated r the lower half of a vertical vessel ia filled with 
a solution, the upper half with pure water ; glass beads of different densities 
are placed in the solution ; at first they float at the junction of the solution 
and the water, but as diffusion goes on they aepnmte out, the heAvier ones 
sink and the lighter ones rise. Ity noting the position of the beads of 
knowu density we can get the diHtrtbution of salt in the solution, and 
thence deiluce the value of R. The objection to the method is that air 
bubbles are apt to form on the beads when salt will crystallise out on them, 
anil thus alter their buoyancy. In the case of sugar solutions the strength 
of the diirerent layers can be determined by the rotation of the plane of 
polarisation. H. F, Weber verified F'iclc'a law in the case of zinc sulphate 
solution by measuring the electromotive force between two lunolg&mated 
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plates; be bad previously determined how the electromotive force 
depends on the strength of the solutions in contact with the plates. The 
diffusion of different salt* was compai-ed by Long { Jfieii. .i7tn. 'J, p. H 1 A) by the 
method shown in Fig, 147. A stream of pure water flows through the bent 
tube, a wide tubefastenedon to the bent tube establishes communication with 
the solution in the beaker ; after the water has flowed through the betit tube 
for some time the amount of salt it carries over in a given time becomes 
constant. As the water in the tube is continually being renewed, white the 
' length of the solution in the beaker may be regarded as constant, since 
the experiments only a very small fraction of the salt is carried over. 
e potential gi-adient in the neck will be proportional to the strength of 
tke solution ; so that the amount of salt carried off by the stream of water 
in unit time is proportional to the product of the difi'usivity and the 
strength of the solution. liy measuring the amount of salt carried over by 
the stream in unit time the difl'usivities of different salts can be compared. 
As a result of these experiments it has been found that as a general rule 
tita higher the electricnl conductivity of a solution of a salt the more 
rapidly does the salt diffuse. The relative values of the difiusivtty for some 
of the commoner salts and acids are given in the table on p. l«fi. llie 
solutions contain the name number of gramme equivalents per litre, »nd 
the numbers in the table are proportional to the number of molecule;) of 
tlie salt which crofis unit surface in unit time under the same gradient of 
strength of solution. 
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KI 
NkI 

NH.NO, 
KNO, 

N»NO, 
liNO, 
BftN,0, 

HgSO. 

ZnSO, 
CnSO, 
MdSO. 



These Dambeni show that ns a general rule the solte which diffuse the most 
ntpidlj' kre those whose solutions have the highest electrical conductivity. 
The absolute vahien of the diffusivity for a large number of substaocM hflve 
been determined bj Schuhmeister (ICieii. Akad. 79, p. 6l.)>1) and Schefler 
{Okem. Btr. xv. p. 7HS, xvi. p. 1903). The Inrgest value of the diffnsivitj 
found by Scheffer was for nitrie add ; the diffuBirity varied with the 
concentration and with the temperature ; for very dilute solutions &t 
'M" C. it was 2 X 10' (cm.j'/sec. — i.e., if the strength of solution varied by 
one per cent, in 1 cm, the amount of acid crossing unit area in one second 
would be about one five-mill ion ths of the acid in 1 c.c. of the solution. 
For solutions of NiiCl the diffusivity was only about one half of this value. 
Gi-ahiim found that the velocity of diffusion of NaCI through gelatine was 
about the same as through water. 

Diffusion through Membranes. Osmosis.— Qraliam was led by 

his experiments ou diflusion to divide substances into two classes — cryslal- 
loid and colloid. The crystalloids, which include mineral acids and «atts, 
and which as a rule can be obtained in definite crystalline forms, diffuse 
much more rapidly than the substances called by Graham colloids, such ta 
the gums, albumen, starch, gla^, which are amorphous and show no mgns 
of crystallisation. The crystalloida when dissolved in water change in a 
marked degree its properties : for example, they diminish the vapour 
pressure, lower the freezing- and raise the boiling-point. Colloidal sub- 
stances, when dissolved in water, hardly produce any effects of thin kind, 
in fact, many colloidal solutions seem to be little more than mechanical 
mixt.ures, the colloid in a very finely divided state being suspended in the 
fluid. The properties of solutions of this class ai-e very interesting ; the 
particles move in the electric field, in some coses as if they were positively, 
in others as it they were negatively, charged. The addition of a trace of 
acid or alkali is often su]£cient to produce precipitation. The reader will 
find an account oF the properties of these solutions in papers by Pictoo 
and Linder {Joitmal of Chemical Sociely, vol. 70, p. BG8, ISS" ; vol. til, 
p. 148, 18!)2); Stoeckl and Vanino {ZeiUehrift f. Phya. Chem., vol. 30. 
p. flR. 1809); Hardy {Proceedittgit of Roi/al Society, fiG, p. 110; Journal of 
Physiotagy, 24, p. 2S«). Colloidal substances when mixed with not tco 
much water form jelliea ; the structure of these jellies is sometimes on a 
Bufiieiently coarse scale to be visible under the microscope (nee Hanly, 




Diffusion of liquids. 



\H1 






^'ratteJiti'jt Roijal SocifU/, fiG, p. Ori, 1900), and appureudy eonsistji of a 
> or less solid framework through which the li(iiiid is Jispersed. 
nigh many of these jellies crystalloids nre able to difl'une with a 
:ity approaching that through pure wnter; the colloids, oii the other 
1, are slapped by such jellies. Grahnm founded on this a method for the 
KeporAtion of crystAJIoida and colloids, called rlinlycis. In this me'.hod a film of 
m colloidal substance, such aa parchment paper 
(paper treated with sulphuric acid) or a piece of 
bladder is fastened round the end of a glacs tube, 
the lower end of the tube dips in wnter which is 
frequently changed, and the solution of crystalloids 
and colloids is put in the tube above the parchment 
paper; the crystalloids diffuse through into the 
water, and the colloids remain behind ; if time he 
given and the water into which the crystalloida 
diffuse he kept fresh, the crystalloids can be entirely 
separated from the colloids. 

The passage of liquids through films of this 

kind is called osmosis. The first example of it 

J have been observed by the Abb6 Nollet, 

I in 1748, who found that when a bladder full of 

I alcohol was immersed in water, the water entered 

the bladder more rapidly than the alcohol escaped, 

1 that the bladder swelled out and almost burst. 

If, on the other hand, a bladder containing water 

wu plncfd in alcohol the bladder shrank. 

The motion of fluids through tlieue membm.ne.s 
can "be observed with very simple apparatus: all 
thai is necessary is to attach a piece of pai-chment- 
IMper firmly on the end of n glairs tube, the upper 
portion of which is drawn out into a fine capillary 
tube ; if this tube is filled with a solution of sugar 
and immersed in pure water, the top of the liquid 
in the capillary part of the tube moves upwards 
with sensible velocity, showing the entrance of 
watdr through the parchment- {taper. Grftham 
ivgiu^ed this transport of water through the 
tnembraDe as due to this colloidal substance being 
able to hold more water in combination when in 
contact with pure water than when in contact with 
a salt solution ; thus, when the hydration of the 
membrane corresponding to the side next the water 
extends to the side next the solution, the memh;une 
cannot hold all the water in combination, and some 
of it is given up ; in this way wnter is transportwl from 
Diembrune to the other. 

Membranes of parchment-paper or bladder are [lermeable by crystalloids 

s well as by water. There are other membranes, however, which, while 

I permenble to water are impermeable to a large number of salts; these 

« are called semi-pernieahle membranes. One of these, which 

extensively used, ts the gelatinous precipitate of ferricyanide of 

which is produced when copper sulphate and potassium ferri- 
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cyanide uome into contat't. This precipitate is mech&niciilly exi.<eeilingly 
weiik, but PFetTer luade Rcrviceable membranes by precipitAlisg it in the 
pLiitM of n porous pot. If sucli a pot is filled with a very dilute solution 
of iKipper sulphikte and imiueraed in one of ferricyatiide of potassium tiio 
two flolutiona will diU'uKe into the walls of the pot, and where they meet 
the gelatinouid precipitate of ferricyanide of copper will be formed : in this 
way a continuous membi-ane may be obtained. For details as to the pre- 
cuatioQs which must be taken in the preparation of these membranes the 
I'eoder is referred to a paper by Adie [I'rooeeding* of Chemical Soeitti), 
lii. p. 344). If a membrane of this kind be deposited in a porous pot 
fitted with a pressure gauge, as in Fig. 14t<, and the pot be filled with a 
dilute solution of a. siilt and immersed in pure wat^r, wat«r will How into 
the {)ot and compress the air in the gauge, the 
pressure in the pot increfitdng until a definite 
pressure ia reached depending on the strength 
of the tfolution. When thb pressure ia 
reached there is equilibrium, and there is no 
further increase in the volume of water in 
the pot. 

Osraotic Pressure,— Thus the flow of 

water through the membrane into the 
stronger solution can l>e prevented by apply- 
ing to the solution a definite preseure ; this 
pressure is called the osmotic pressure of the 
solution. It is a quantity of fundamental 
importance in considering the properties of 
the solution, as many of theee properties, 
such as the diminution in the vapour pres- 
sure, and the lowering of the freezing-point, 
ai-e determinate a^ soon as the osmotic 



when a volume v of 
W'^ water passes across a tiemi- permeable mem- 
brane from pure water into a solution where 
the osmotic pressui-e is F is equnl to Pf. 
For, let the solution be enclosed in a vertical 
WaUr titbg clawed at the bottom by a semi -permeable 
membrane, then when there is equilibrium 
the solution is nt such a height in the tube 
that the pressure at the membrane due to 
the head of the solution is equal to the 
osmotic pressure. When the systam is in 
V by Mechxnics that the total work done during any 
T«t this alteration canst«t 
i-permeablo membrane, this 



small alteration of the system must be zero. 
in a volume v of water going through the w 

will raise the level of the solution, and the work done against gravity 
is the same aa if a volume v o( the solution were raised from the level of 
the membrane to that of the top of the liquid in the tube. Thus the work 
done against gi-avity is vgph, where h is the height of the solution in the 
tube and p the density of the solution ; since the pressure due to the head 
of solution is eqnal to the osmotic prcsKure gph = P, hence the work done 
against gravity by this alteration ia Pv, and since the total work done 
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InuBt be zero, the work done on the liquid when it croKses t)ic membrune 
must be Vv. 

The values of the osmotic preRfiuree for difTerent solutions was first 

l'det«nmtiefl bv Pfeffer," who found the very teaiarkable result that for 

P'Weak solutions which do not conduct electricity the osmotic pressure is 

' equal to the gaseous pressure vhich would be exerted by the molecules of 

the salt if these were in the gaseous state and occupying a volume equal 

to that of the solvent in which the salt is dissolved. ThuE, if I ginmine 

equivalent of the salt were dissolved in a litre of water the osmotic pressure 

would be about '2'2 atmospheres, which is the pressure exerted by 2 

grammes of hydrogen occupying a litre. Pfeffer's experiments showed 

that approximately, at any rate, the osmotic preSHure was, like the pressure 




of a gas, proportional to the absolute tempemture. If the cell is placed in 
RDother solution instead of pure water, water will tend to run into the cell 
if the nemotic pressure of the solution in the cell is gi-eatei' than that of 
the Boiution in which it va immersed, while if the osmotic pressui-e in the 
8 less than that out«ide the volume of water in the cell will decrease ; 
if the osmotic pressure is the some inside and outside there will be no 
flbange in the volume of the water inside the cell. Solntionii which have 
tiie same osmotic press\u-e are called isotonic solutions. A convenient 
iniethod of finding the strengths of solutions of different salts which are 
iiotonic was invented by I)e Vries.t He nhowed that the membrane lining 
the cell-wall of the leaves of some plants, such as Tradegcantia discolor, 
.Curcuvui rubricaiUU, &nd Begonia nMJiicala, is a semi -permeable membrane, 
tning permeable to water but not to salts, or at any rate not to many 
Baits. The contents of the cells contain salts, and so have a definite osmotic 
pressure. If these cells are placed in a solution having a greater osmotic 
|ireseure than their own, wat^r will run from the cells into the solution, 
ihe cells will shrink and will pre.=«nt the appearance shown in Fig. loO b. 
Kg. 15(1 a shows the appenrance of the cells when surrounded by water; 
khe weakest solution which produces a detachment of the cell wiU be 
approximately isotonic with the contents of the cell. In this way a series 
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of solntioDS can be prepared which are iaotonic with each other. De Yries 
found that for non-electroljtes isotonic solutions contained in each unit of 
volume a weight of the salt proportional to the molecular weight ; in other 
words, that isotonic solutions of non-electrolytes contain the same number 
of molecules of the salt. Tlus is another instance dP the analogy between 
osmotic pressure and gaseous pressure, for it is raM^y analogous to 
ATogadros* law, that when the gaseous pressures are the same all gases 
at the same temperature contain the same number oC molecules per unit 
volume. Although the direct measuremoits on osmotic pressure hitherto 
made may seem a somewhat slight base for the establishment of such an 
important conception, an immense amount of experimental work has been 
done in the investigation of such ph«KMnena as the lowering of the vapour 
pressure, the raising of the boiling- and the lowering of the freezing-point 
produced by the solution of salts in water. The conception of osmotic 
pressure enables us to calculate the magnitude of these effects from the 

strength of the solution; 
the agreement between the 
values thus calculated and 
the values observed is so 
close as to furnish strong 
evidence of the truth of 
this conception. 

Vapour Pressure of 

a Solution.--The change 
in the vapour pressure due 
to the presence of salt in 
the solution can be calcu- 
lated by the following 
mothod due to Van t' 
Hoff: Suppose tho salt 
solution J[, Fig. 151, is 
divided from the pure water B by a semi-permeable membrane — t.e., one 
which is permeable by water and not by the salt; transfer a small 
quantity of water whose volume is r from J to i5 by moving the 
membrane from right to left. If II is the osmotic pressure of the solu- 
tion the work required to effect this transference is Wv ; now let a volume 
V of water evaporate from B and pass as vapour through the membrane into 
the chamber A and there condense. If V is the volume of the water vapour, 
cp the excess of the vapour pressure of the water over B above that over A^ 
the work done in this process is ?/>V. The process is clearly a reversible one, 
and hence by the Second Jjaw of Thermodynamics, since the temperatures 
of the two chambers are the same, there can be no lof s or gain of mechanical 
work. Thus, since the work spent in one part of the cycle must be equal 
to that gained in the other, we have 

nr = IpW 

Suppose/? is the vapour pressure over the water, let V be the volume 
occupied at atmospheric pressure IT, by the quantity of water vapour which 
at the pressure p occupies the volume V ; then by Boyle's Law, 
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rbut for w&ter vapour r/V = 




The osmotic pressui'e in a solution of I gramme equivalent per litre 
r of a salt which does not disuwciate when dissolved ie atwut '2'i Htmot^pliet'et) ; 
1 thus for such a solution 



1 



r tho solution is neai'ly - i>or cent, leiis tlian 



I 



If the 1 
>alt solution, the 



ipoor pressure of tho 
wulor vapour from H 



I 



W the vapour pressure 
'over pure water. 

If the surface of the solution is subjected to a pressure equal to 
the osmotic pressui'e tlie vapour pressure over the solution will increase 
and will be equal to the 
pressare over pure water. 
For let Fig. 1 52 represent a 
vessel divided by a dia- 
phragm permeable only by , 
wnter and by water vapour, 
and let the salt solution in 
A be subject to a pressure 
equal to tho osmotic pres- 
sure. Under this pressure 
the liquids will be in eijui- 
librium, and there will be 
no flow of water across the diaphmgm. 
water is greater than thn,t of the s 

will go across the diaphragm and will condense on .1 ; mis wm muKe 
the solution in A weaker and reduce the osmotic pressure. Since the 
external pre8.iure on .J is now greater than its osmotic pressure, water 
will flow from A to B across the diaphragm ; thus there would be a 
continual circulation of water round the sj'stem, which would never be 
in equilibrium, As this is inadmissible, we conclude that the vapour 
pressure of the water is not greater than that of tho solution ; similaily if 
^it were less we could show that there would be a continual circulation in 
Ithe opposite direction ; in this way we can show that the vapour pressure 
of the solution when exposed to the osmotic pressure is ei|ual to that of 
pure water. Thid is an example of the theorem proved in J. J. Thomson's 
ApplicalioitM of Dj/namici lo Phyaiea and Ckemiitry (»eo also Poynting, 
Phil. Mag., sti. p. :1!)) that if a pressure of » atmospheres be applied to the 
sorfaDB of s liquid the vapour pressure of the liquid p is incieased by 5p 
"fhero 

Zp _ density of the vapour at atmospheric pressure 
~~" density of the liquid. ' 

Lowering- of the Boiling'-polnt of Solutions.— The determma- 

tiion of the vapour pressure is attended with considerable difficulty, and it 
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is much easier to measure the effect of salt od the boiling- or f reesiDg-point 
of the solution. 

Let A and B be resaels confauntng reepectively salt solution and pure 
water, separated by a Bemi-permeable membrane, and let the temperatures 
<J the vessels be such that the vapour preesuro over the solution is the 
same as that over pure water. Let be the absolute temperature of the 
water, + £S that of the solu- 
tion. Now suppose a volume 
V of water flows from B tio A 
across the diaphragm ; if 11 is 
the osmotic pressure of the 
solution, mechanical work n« 
will be done in this operation. 
Let this quantity of water be 
evaporated from A and pass 
through the walls of the 
diaphragm and condense in 
' B. Ah the vapour pressures 
are the same iu the tw%> 
cases, no mechanical work is 
jrio. io». gained or spent in this opera- 

tion. The system is now in 
its original state, and the operation is evidently a reversible one, so that 
we can apply the Second Law of Thermodynamics. Now by that law we 

Heat taken from the boiler _ Heat given up in the refrigerator 
Absolute temperature of boiler Absolute temperature of refrigerator 

MecbapJcal work done by the engine 

Difference of the temperatures of boiler and refrigerator. 

In our case the mechanical work done is IDi. The heat given up in tlie 
refrigerator is the heat given out when a volume v of water condenses 
from steam at a temperature 6; if X is the hent given out when unit mass 
of steam condenses and 7 the density of the liquid, the heat given out in 
the refrigerator is Xwu ; hence by the Second ikw we have 

~B~~ld °' ?~X^ 

Let us npply this to find the change in the boiling-point produced by 
disMtlving 1 gramme equivalent of a Halt in a litre of water ; here fl 
is 22 atmospheres, or in C.G.S. units 22 x 10'. X it the latent heat of 
steam in mechanical units— 1.0 , 536 x 4'2 x 10*, 7 is unity, and = 373; 






S9- 



373 X 22 X 10" 



'37 of a degree. 



The experiments of Raoult and others on the raising of the boiling- 
point of solutions of organic salts which do not dissociate have shown 
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thiit Uie nmoUDt of the rise in the boiling- point ia almost exactly '37 of 
II liegree for each gramnio equivalent per litre, a result which ta strong 
caiifiniialion of the truth of the theory of osmotic pressure. 

Lowering- of the Freezing-point of Solutions.— a similar in- 

vestigntioTi enables us to ciitculiLte the depression oF the fre^ zing-point 
due to the addition of suit. Let vl, li (Fig. 15J) represent two vet^els 
sepnrnted by a se mi- (>erm cable membrane, A containing the salt soliittoo 
at its freezing-point and B pure water at its freezing-point. Let acolume 
M of water pass across the Homi-penneable membrane from Bio A; if it 
is the osmotic pres.sure of the solution, mecbanica] wi,rk llv will be gained 
by this process ; let this quantity of water be frozen in A, the ice produced 
tukcn from A placed in B, and there melted. The system has now returned 
t« ilsoiigioal condition, and the process is plainly i-eveniible ; hence we can 

^^^^^^jtte Second Law of Thermodj namics If 9 is the absolute tempera- 
ture of the freezing-point of pure wafer 9 - cfl that of the freezing-point 
of the solution, if \ is the latent heat of water and a its dem>ity ; the 
heat tiiken fi'om the hot chamber B at the temperature is \av; hence 
by the Second Iaw we have 

*^ = 5? or ^- = ^ 

B IS d X<t 

Thus in the oa«6 of water for which 8 = 273, X = ftOx42 x 10', a= 1 and 
when the strength of the solution is 1 gramme equivalent per litre, 

n = 25x10"; hence ifl = l-79^ 

the case of solutions of organic 
mparison of theory with experi- 
I m«nt for a variety of solvents is shown in the following table : 






Lo» 


ering of frecBini; point for organic ralu, 


Solvent 




Observed Calculated 


Acetic acid , 




3'9 . . . 3-H8 


Formic acid , 




2-8 .. . 2-8 


Benzene 




4-9 .. . fi-I 


Mitro-benzene 




y-C-i . . .60 


JBtby lene-dibromiile 




II-7 . . HO 
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Dissociation of Electrolytes.— Tiio preceding 1116017 g'*« 

sntiefoctory account of the effect upon the boiling- und freezing-points 
producpH by oi'gnnic snlts uud acida when tbe osmotic pi-eatiiie 
<;alcul]iit«d on the assumption that it is equal to the gaseous prtssuia 
which would he produced hy the fame weight of the Aalt if it wen 
gasified nod coutined in a volume equnl to that of the solvent. When, 
however, minernl salts or acids are dissolved in water the effect oti 
boiling- and freeziog-pointa produced by n gramuie equivalents per litl'O \i 
greater than that produced hy the same number of gramme equivalenU ot 
an organic salt, although if the osmotic pressure were given by the sama 
rule, the efiects on the freezing- and boiling-points ought to be the same 
in the two cases. Tbe osmotic pressure then in a solution of a mineral 
salt or acid is greater than in one of equivalent strength (i.«,, 
for which n is the same) of an organic salt or acid ; this has been 
verified by direct measurement of the osmotic pressure by the methods 
of Pfeffer and I)e Vries. This increase in the osmotic pressure : 
explained by Arrhenius as being due to a partial dissociation of the 
molecules of the salts into their constituted ts ; thus some of the 
molecules of NaCl are supposed to split up into separate atoms of 
Na and 01; since by this dirsociation the number of individual 
particles in unit volume is increased, the osmotic pressure, if it follows 
the law of gaseous pressure, will also be increased. Accordtn^ 
ArrheniuB, the atoms of Na and CI into which the molecule of the salt 
is split are charged respectively with positive and negative electricity, 
which, as they move under electric forces, will make the solution i 
conductor of electricity. In this way he accounts for tbe fact that 
those solutions in which the osmotic pressure is abnormally large aia 
conductors of electricity, and that, as a rule, the greater the oonduo- 
tivity the greater the escefis of the osmotic pressure. This view, 
which an account will be given in the volume on Electricity, has beui. 
very successful in connecting tlie various propei-tiea of solutions. 

Though the Ofmotie prestuie plays such an important part in the 
theory of solution, there is no generally accepted view of the way in v " " ' 
the Bait produces this pressui-e. One view ia that the salt exists in th« 
interstices between the molecules of the solvent in the state corresponding, 
to a perfect gas. If the volume of these interstices bore a constant 
proportion to the volume of the solvent, then, whatever this ratio may be^ 
we should get tbe ordinary relation between the quantity of salt 
the osmotic pressui'o to which it gives rise. For, suppose p is 
pressure of the gaseous salt, v the volume of the interstices, V the volume 
of the solvent ; then if a semi -permeable membrane be pushed so that a 
volume IV of water parses thraugh it, and TI is the osmotic preeaur^ 
then the work done is nfV ; but if uv is the diminution in the voluma 
of the interstices, the work done is pev ; hence 

mv=piv 
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nV=;>y or n=^; 

that is, the osmotic pressure is the same as if the gaseous salts occupied 
the whole volume of the solvent. 

Another view {see Poynting, Phil, Mag, 42, p. 289) is that the 
phenomenon known as osmotic pressure arises from the molecules of salt 
clinging to the molecules of the water, and so diminishing the mobility and 
therefore the rate of diffusion of the latter. Thus, suppose we have pure 
water and a salt solution separated by a semi-permeable membrane, since the 
water molecules in the solution are clogged by the salt they will not be able 
to pass across the membrane as quickly as those from the pure water, thus 
there will be a flow of water across the membrane from the pure water 
to the solution. Poynting shows that the mobility of the molecules of 
a liquid is increased by pressure, so that by applying a proper pressure 
to tiie solution we may make the mobility of the molecules of water in 
it the same as those of the pure water/, in this case there will be no 
flow across the membrane; this pressure is the osmotic pressure. 
Poynting shows that this view will explain the properties of inorganic 
salts if we suppose that each molecule of salt can completely destroy 
the mobility of one molecule of water. 



CHAPTER XVIT. 
DIFFUSION OF GASES. 

Ir A mixture of two gases A and B is confined in a vessel the gans 
will mix and each will ultimately be uniformly diffused through the veaA 
a8 if the oth«Mr were not present. If they are not uniforidy mixed to 
l^i^iu with there will be a flow of the gas A from the places where the 
density of A i» great to those where it is small. The law of this diffnsioD 
i^ aiml^you;^ to that of the conduction of heat or to the diffusion of liquids 
,^ud m\Y be expre«^$eil mathematically as follows : Suppose the two gases 
HIV arran^xl !^> that the layers of equal density are horizontal planes, and 
let (I l^^ the density of A at a height x above a fixed horizontal plane; tben 
in unit time the ma:i« of A which passes downward through unit area ol a 
h\M i«\M^tal |4ane at a h^ght x is proportional to the gradient of p and is 

e^^unl to K-/ wheri^ K is the interdiffusity of the gases A and B. The 

vhIuo of K hiis Unm measured by Loschmidt* and Obermayert for a 
\\xuM\)omblo ixuinWr of (^irs of gases. The method employed by these 
\\KMM'vtM> was to t^nke a long verticil cylinder separated into two parts by a 
\)iM' ii\ the middle. The lower half of the cylinder was filled with the 
lu\u ior pis, the upjH^r half with the lighter. The disc was then removed 
with f^ixvit \>Hiv si> tis not to set up air currents, and the gases were then 
uUow^h) to dit)\)se into each other; after the lapse of a certain time the 
diNO w;i> ix'pliwwl and the amount of the heavier gas in the upper half of 
tl\o o\liudor dotenuine«). From this the value of K was determined on 
tl\o assumption ^whioh is iu\>hably only approximately true) that the 
valuo \^f K d\H's not change when the proportions of the two gases are 
altoixnl. \Vait«4^ ^^^hI a different method to determine the coefficient of 
iutonlitVusion of air and i^arbonic acid; beginning with the carbonic add 
l>olow tho air ho uu>asurtHi bv means of Jamin's interference refractometer 
tho tvfraotiw index of various layers after the lapse of definite intervals of 
tiu\o ; f)^^u tho ivf motive index he could calculate the proportion of air and 
oarUuuo aoid gas and was tlius able to follow the course of the diffusion. 
!lt« fi>und that tho iHH^thoient of diffusion depended to some extent on the 
pn^portion U^twtHni the two gases, tlie %'alues of K at atmospheric pressure 
at iy V, varying iH^twtnm "1288 and *18G(5 cm. '/sec. The values found by 
lx>8chnudt and v. OWnuayer are given in the following table. They are 
for 70) om. pressure and 0' C: 

♦ Loschimdt, Wini, Btrichtf, 61, p. 367, 1870, 62, p. 468, 1870. 
+ Obermayer, HVftu BrrichU, 81, p. 162, 1880. 
t Waitx, iritdmann'j AntuUcn, 17, p. 201, 1882. 
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Gases. 


L050ilMlt>T. VO 

K cm.'/seu. 


■i Obebma 

Koro-'/aec 


CO--N,0 


■00881 


•0»li}6 


CO,-CO. 


■U065 


■18142 


C0,->0, . 


■14095 


■13569 


CO, - Air 


■14231 


■18433 


CO,-CH, 


■1585(i 


■14B50 


CO,-H. 


■55585 


■534l)i) 


CO.-C.ll, . 





■10061 


CO-0, . 


■18022 


■18717 


UO-H, . 


■C4223 


'64884 


CO-C,H, 


— 


■11639 


80,- H,. 


■48278 


— 


0,-H. . . . 


-72107 


-6605O 


0,-^, . . . 


— 


-17875 


0, - Air . 





■17778 


H,-Air. 





■63405 


H,-CH, 





■62544 


H,-N,0 





■5347S 


H,-C^, 


— 


■45933 


H,-C,H, 


— 


■4H627 



I 



We mKy, perhaps, gain some idea of the rapiiiitj of difTusioii by sayiug 
thftt the rate of equalisation in composition of a mixture of bjdrogen and 
UT \& nbout hulE that of the equalisalion of temperature in copper. 

As AQ exiimple of the i-at« at which diffusion goes on we may quote tlie 
result of aD experiment hj Graham on the diffusion of CU, into air. 
Cnrbonic acid wi^ poured into a vertical cylinder 57 cm. high until it lilled 
one-tenth of the cylinder. The upper nine-tenths of the vessel was 
filled with air and the gases were left to diffuse. They were found to be 
very approximately uniformly distributed throughout the cylinder after 
the lapse of about tu-o hours. As the time taken to reach a state of 
Approximately uniform distribution is proportional to the square of the 
length of the cylinder, if the cylinder were only one centimetre long 
Kpproximately uniform distribution would be attained after the lapse of 
about two seconds. 

The interdiffusity is inversely proportional to the pressure of the 
mixed gas ; it increases with the temperature. Ai«ording to the experi- 
tuents of Loschmidt and v. Obermayer it is proportional to fl" where 6 is 
the absolute temperature and n a quantity which for diffei^ent pairs of 
gases varies between I 75 and 2. 

Diffusion of Vapours. — The case when one o( the diffusing gaaea 
is the vapour of a liquid is of special importance, as it is on the i-ate 
of diffusion that the rate of evaporation depends. The methods which 
have been employed to measure the rate of diffusion of the vapour of a 
liquid consist esseutially in having some of the liquid at the bottom of a 
ra'lindrical tube and directing a blast of vapour-free gas aci^oss the mouth 
a the tube. When the blast has been blowing for some time a uniform 
jlgnulient of the density of the vapour is established in the tube, the value 
ti this is i/l where c is the maximum vapour pressure of the liquid at the 
tamperature of the experiment and 2 the distance of the surface of the 
liquid from the mouth of the tube. The mass of vapour which in unit 
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time flows out of llio tube — (i *., the nniuunt of the liquid wliioh evKponttf 
in unit time and which can therefore be easily measured), is Stjl vbere K 
is the diffusivity of the vapour into the gK&; as < ia known we can radily 
di^termiDe K by this method. A few of the results of experiments mode 
by Stefan* aod Winkelmannt are giv^i in the following table: 



VALUB of K IB 


cm.'/seo. AT O* C. 


IKD 760 nun, PftBSSUBK. 




HjdroKen. 


Air. 


Carbonic aciil 


Water-vapour 


■GS7 


. -198 


. -131 


Ether 


. im 


. 0775 


. -055S 


Carbon-bisulph ide 


. 369 


. 0888 


. -0629 


Benzol 


. -2M 


. 0751 


. -0527 


Methyl-alcohol . 


. -.WOl . 


■1325 


. -0880 


Ethyl -alcohol 


. -SSOfi 


. ■099-1 


. 0693 



Explanation of Diffusion on the Kinetic Theory of Gases.- 

The kinetic theory according to which a. gns coDsiNts of a grent Dumber of 
individual particles called molecules in rapid motion, affords a ready ex- 
planation of diffusion, Suppose we have two layers A and B in a mixture 
of gases and that these layers are separated by a plane G. Let there be 
more molecules of some gas y in A than in B, then since the molecules an 
in motion they will be continually crossing the plane of sepatstton, some 
going from A to B and some from B to A, but inasmuch as the moleculm 
of y in A are more numerous than those in B, more will pass from A to B 
than from B to A. Thus, A will lose and B gain some of the gas y; tliil 
will go on until the quantities of y in unit volumes of the layers A and B 
are equal, when as many molecules will pnss from A to B as from B to A, 
and thus the equality, when once establiphed, will not be disturbed by the 
motion of the molecules. It follows from the kinetic theory of gase* 
(see Boltzmann Porletungeti iiber Gaethe^e, p. 91) that, if there are » 
molecules of y in unit volume of B, n + en in a unit volume of A at a 
distance ex from that in B, and if x be measured at right angles to the 
plane Be]>arating the layers, then the excess of the number of moleciiln 
of y which go across unit area of from A to B over those which go from 
A to B is equal to SviOiXe---, where X is the mean free path of the molecules 

of 7 and c, their average velocity of translation ; the quantity Xc is evidently 
proportional to the diffusity. 

Now only depends upon the temperature, being proportional to tb 
square root of the absolute temperature, while X is inversely proportiona 
to the density, and if the density is given it does not, at least if tb 
molecules are regarded as hard elastic spheras, depend upon the tempen 
ture. If the pressure is given, then the density will be inversely, ani 
X therefore directly proportional to the absolute temperature. Thus, m 
this theory the coelficieut'of diffusion should vary as 6) where fl is tin 
absolute temperature. The eKperiments of Loschmidt and von Obermaya 
seem to show that it vaiies somewhat more rapidly with the temperature 

Another method of regarding the process of diffusion, which for so 
purposes is of great utility, is as follows : The diffusion of one gas 
through another B when the layers of equal density ore at right angles 

• Slefnn, Wint. Akad. Bcr., 65, p. S23. 1872, 

t WinkBlmanc, Witd. Ann., 22, pp. 1 and 162, 1934. 
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to a current of tho gjis A moving 
1 velocity w tlirougli a current of B 
Rlreaming with the velocity v in the opposite direction. To move a current 
of one gaa through another requires the npplicatioii of a. force to one gas in 
one direction and an equal force to the other gas in the opposite direction, 
This force will be proportionnl (1) to the relative velocity u+v of the two 
currenti', (2) to the number of molecules of A per unit volume, and (3) to 
that of the molecules of B. Let it then per unit volume of gas be e(|Ufil 
to A[, pifi, (u+p), where A^, iM a quantity depending on the nature of the 
gases A and B, but not upon their densities nor upon the velocity with which 
they are streaming through ench other; p, and p, are respectively the 
densities of the gnisea A and B — Lr.,, their niofisee per unit volume. Hence, 
to sustain the motion of the gases a force Aj,p| p, (« + ») parallel to x must 
net on each unit of volume of A and lui equal force in the opposite 
direction on each unit volume of B. These forces may arise in two waya; 
there may be external forces acting on the ganes, and there may also be 
■ifwces arisint; from varintionn in the partial pressures due to the two 
Mee. Let X,, X, be the external forces per unit mass noting on the gnses 
t«nd B respectively, and p„;>, the partial pressures of the gases A and B 
espectively. Considering the forces acting parallel to x on unit volume 
t A, the external force is X[p,, and the furce due to tho variation of the 
rtial pressure is - ilpJiLr,; hence the total force ia equal to -dpjdx+ X,p,, 
Dd as this is the force driving A through B we have 

(1) 






(2) 



Let us consider the case when there are no external forces and when 
I total pressure Py+p, is cnn.itant throughout the vessel in which 
fusion is taking place. In this case the number of molecules of A 

'hioh cross unit area in unit time must equal the number of molecules of 
which cross the same area in the tame time in the opposite direction, 
rt this number be 7 ; then if w, 11, are respectively the numbers of 

loWutee of A nnd B per unit volume, 



m, are the masses of the molecules of A nnd B respectively 






8 A,^,p,(''+«) = A„m,m,K + ,.,)? 

fow "i + n, is proportional to the total pressure, nnd as this i 
fcantthroughout the volume, «,-l-n, will be constant. Putting X = Oil 
tion (1) and writing N for n, +«„ we get 
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hence 



'--s 



dn. 



Now 1/ is the number of inoWuleB of A psBMng unit surface in unit 
time nnd dnjdj: IH the gnidient of this uuniber ; hence, from thv dtfinitioD 
of K, the interdiffusivity, given on p. lit!!, we see 



or if P is the total pressure 



Nn.Am 



itpa:; 



Thus, if Aj, is constant, K varies inversely as P, and directly ns {pj\)'- 
Since the pressure of a );iveti number of molecules per unit volnme if 
proportional to the absolute tenipemture, K, if A,, is constant, varies 
direct)}' tm the square of the absolute temperature. 

We ;an determine A„ if we know the velocity aci|uired by one of tba 
gasee A -vhen acted upon by a known force. Suppose that the gas A is 
uniformly distributed, BO that rfp,/dj; = 0, and that when acted upon by! 
known force it moves through B with a velocity w ; suppose, too, that B b 
very largely in excels and is not acted upon by the force, wo have then v 
very eraall compared with u, and from equation (1) we have 



Thun, if we know u, the velocity acquired under a known force X, we 
find A„, and hence K, the diffusivity. This result is of great importance 
in the theory of the diffusion of inns in electrolytes, and Nemst his 
developed an electrolytic theory of diffusion in fluids on this b 
Another important application of this result is to deteruiitie X from 
meofiurements of K and u. Thus, to take an example, if the particles of 
the gas A are charged with electricity and placed in an electric field of 
known strength, the force X will depend upon the charge ; hence, if in 
case we measure (as has been done by Townsend) the values of K and u, 
we can de<luce the value of X, and hence the charge carried by the 
particles of A. 

On the Obstruction offered to the Diffusion of Gases by a 

perforated Diaphrag-ni,— If a pprforated diaphragm ispkted acn 
cylinder it does nut diminish the diffusion of gases in the cylinder in 
ratio of the area of the openings in the diaphragm to the whole are 
the diaphragm, but in n much emaller degree, for the effect (>f the per- 
foration is to make the gradient in the density of the gases in the neigh- 
bourhood of the hole greater than it would have been if the diaphragm 
had been removed, and therefore the flow through the hole greater than 
through an equal area when there is no diaphragm. Thus, to take a case 
inveatigated by Dr. Horace Brown nnd Mr. Escombe (Proceediju/a Jioyat, 
Society, vol, C7, p. 12i), suppose we have CO, in a cylinder, nnd plaeo 
across the cylinder a disc wot with a solution of caustic alkali whicfa 
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I tho CO,, so that tlie density o( the 00, next the diec is wro. 
Tben if p is the density of the CO, at the top of the cylinder, the density 
gradient is pjl where I is the distance between the disc and the top of the 
cylinder, so that the amount of 00, absorbed by unit area of tho disc 
will be kfijl where k is the diffusivity of CO, through itself. Now suppoee, 
insteiul of a disc extending completely across the cylinder, we have a much 
BDoaller disc of radius a, then at the disc the density of the CO, will be 
zero, but it will recover its normal value p at a distance from the disc 
proportional to a; thus the gradient of density in the neighboui'hood of 
the disc will be of the order pja and not fi/l, and the amount of CO, 
absorbed by the disc will be proportional to i (ji/a) jtu" — i.e., will bo 
proportional tn a ; thus tbe absorption of the CO, will only diminish as 
the radius of the disc and not as tho area. This waa verified by Brown 
and EUcombe, nnd it has very important appliaitions to the passage of 
gases through the openings in the leaves of plant«. 

Diffusion of Gases thPoug"h Porous Bodies. — There are three 

processes by which gas may pass through a solid perforated by a series of 
holes or canals ; the size of the holes or pores determining the method by 
which the gas escapes. If tho plate is thin and the pores are not 
exceedingly fine, the gas escapes by what is called effusion ; this is the 
process by which water or air eecapes from a vesxel in which a hole is 
The rate of escape is given by Torriculli's theorem, so that the 

[velocity with which a gas streams through an aperture into a vacuum is 
,nx)portioaal to the square root of the quotient of the pressure of the gas 
loy its density, and thus for different gases under the same pressure the 
Velocity will vary inversely as the square root of the density of the gas. 
Bunsen founded on this result a method of finding the density of gases. 
This case, strictly speaking, is not one of diffusion at all, but merely the 
flow of the gas as a whole through the aperture. If the gas is a mixture 
of different gases its composition will not he altered when tbe gas passes 
through an aperture of this kind. 

The second method is the one which occurs when the holes are not too 
fine, and when the thickness of the plate is large compared with the 
diameter of the holes. In this case the laws are the same as when a gas 
flows through long tubes ; they depend on the viscosity of the gas, and are 
discussed in the chapter relating to that property of bodies. No change 
in tbe composition of a mixture of gases is produced wheu the gasea are 
forced through apertures of this kind ; this is again a motion of the gas 
a a whole, and not a true case of diffusion. Tbe third method occurs 
'hen the pores are exceediugly line, such us those found in plates of 
leerschaum, stucco, or a plate of graphite prepared by squeezing together 
powdered graphite untO it forms a coherent mass. In this owe, when we 
have a mixture of two gases, each finds its way through the plate 
inilependently of the other, and the composition of the mixture is in 
general altered by the paiisage of tlie gas through the plate. The laws 
governing the passage of gases through pores of this kind were investi- 
gated by Graham, who found that the volume of the gas (estimated at a 
atandanl pressure) passing through a porous plate was directly propor- 
tional to the difference of tbe pressures of the ga£ on the two sides, and 
iversely proportional to the square root of the molecular weight of tbe 
Thus for the same diflerence of pressure hydrogen was found to 
ipe through a plate of compressed graphite at four times the rate of 
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ojLY^tu Thtt*v it* w^? hav^ mixtures of equal volumes of hydrogen and 
vvvvK^tt ;j^tKl allow ih«m to pass through a porous diaphragm, since the 
lkvvirv>^tt ^:s (Krv>u|ch at four times the rate of the oxygen, the mixture, 
at'tiH* (««b^ii^ thr\Hu:h th^ piate^ will be much richer in hydn^en than in 
vvvv^S^i»<i. Tu^ ratij' v>£ didfu^iion can be measured by an instrument of the 
I^UVw ic^ kiiKi : A p^vrous plat« is fastened on the top of a tube which can 
U^ ue^vi ;j^ ;ft barv>ahrt«Nr IttW. A vessel for holding the gas being attached 
V th^ UL^ivr p«urt ^ Ihi^ tQbi^> this and the space above the mercury are 
^\h<itus^ : ^C^jk^ a( a iWdtttti^ pr««Qsure is then let into the vessel, and the 
mc^ ;aQ w bitch it pikss^K^ thr\>u^h the diaphragm into the vacuum over the 

mercury is measured by the rate of 
depression of the mercury column. 

The laws of diffusion of gases 
through fine pores are readily explained 
by the Kinetic Theory of Gases; for if 
the pores are so fine that the molecules 
pas« through them without coming 
into collision with other molecules, the 
rate at which the molecules pass throogb 
will be proportional to the average 
velvety of translation of the molecules. 
According to the Kinetic Theory of 
i%as««s this average velocity is inversely 
|4ro|iortional to the square root of the 
mokcuhur weight of the gas and direcUj 
pr\>portii>nal to the square root of the 
:%lvv.^lute temperature, hence at a given 
temperature the velocity with which 
the g:^ streams through the apertures 
will be in>-ersely proportional to the 
jsv^uitre root of the molecular weight; 
t hi> iii the r«^ult discovered by Graham. 

Thermal KfPusion. — The same 

restsk-Hiiiig will explain another pheno- 
luenoQ s^^metimes called thermad effu- 
sivni , Su|>|¥>se we have a vec^sel divided 
into !\\v^ ^vrtivux^i by a jx^rvHiji di^iphragm: let the pre^isures in the t^ 
»wtix*ws Iv t\\u;^l but their ten\|vratures> different, then gas will strewn 
fi>nu the ov^ld tv> the hv t |>tirt v>f the ve?:?*! through the duif^iragiD. For 
siuvv the presS5ix;t\V!i ^rx^ tn^iwl the densitit?(S in the two parts of the vesal 
art* iuvei"s<>ly prv^^vrtivnal to the ab^^lute temj^eratures while the velocito 
ar\> dirtvtly prv^|v^rtivnial tv^ the :?\|UAre rvx^ts of the absolute temperatures; 
hoiuv the uumlvr of moUnrulesi pa:%^ing frv^m the gas through the 
diApiimirm. which i^ prv^|vrtivHial to the product of the densities and the 
velocities, will Iv inver>ely prv*{vrtiv>n.>»l to the square root of the absolute 
temperature: thus more c.vs will passji from the cvild side than from the 
hot, and thert* will be a strecuu of pis from the ci-Qd to the hot pcttko 
through the Jiaphragui. 

AtmolysiS. — The diffusion of gase:> through porous bodies wms appiwd 
by Graham to produce the sei^aration of a mixttire oi ga£«s: tkis 
separation was called by him atmolysis, and to effect it he vstd *» 
instrument of the kind shown in Fig. i.r»6. A long tube made fi« the 
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of cluy tobacco-pipes is fixed by m^ns of corks in a gi»^B or 
metal tabe. A pinna tube is inserted in one of the end corks, and ia 
connected with an uir-pnmp so that llie annular spaces between the 
tobacco-pipes and the outer tube can be exhausted. The mixed gases 
whose oonstituents have to be separated is made to Bow tlirougii the clay 
pipes. Some of the gases escape through the walls nnd can be pufflped 
awRy and collected while the rest flows nn through the tube. In the gtia 
which pBsaee through the walls of the tube there ia a greater proportion 
of tbp lighter gas than there was in the mixture originally, while in the 
gas which flows along the tube there is a greater proportion of the 




heavier constituent. IF the cnnstitneiits of the gjiacM differ much in 
density a considerable .sepal at iun of (he gases may be produced by thia 
arrangement. 

Passage of a Gas through India-rubber.— The fact that gawa 

can pa^ through thin india-rubber was discovered in 1K81 by Mitchell, who 
fonnd that india-rubber toy-balloons collapsed sooner when jnflatixl with 
carbonic acid than with hydrogen or air, and sooner with hydrogen than 
air. The subject wa.« investigated by (iraham, who gave the following 
table for the volumes of different gases which pasw through india-rubber 
in the same time : 



N, 



CH. 



1 

1-13 

M49 

2- UK 



0, 



2-55fi 



The speed with which the gases pass through the rubber int 
very rapidly with its temperature. There is no simple relation between 
these volumes and the densities of the gas as there is in the case of 
diffusion through a porous plate, and the mechanism hy which the gases 
effect their passage is probably quite different in the two cases. The 
paasage of gases through rubber seems to have many points of resem- 
blance to the paaoage of liquids through colloidal membranes such as 
parchment-paper or bladder. The rubber is able to absorb and retain a 
certain amount of carbonic acid gas, this amount increasing with the 
pressure of the gas in contact with the surface of the rubber. Thus the 
layers of rubber next the CO, first get saturated with the gas, and this 
state of saturation gets transmitted from layer to layer ; but as on the 
other side oE the sheet of rubber the pressure of the CO, is less, the out«r 
layers cannot retain the whole of their CO, so that some of the gas 
gets free. 

Passage of a Gas through Liquids.— Tins is probably analogous 

to the la«t case ; the g;i»es whiuii :ii-e most readily absorbed by the liquid 
are those which pass through it most rapidly. 
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Passage of Gases throusrh red-hot Metal.— Deyille and Troost 

found that hydrogen passed readily through red-hot platinum and iron. 
No gas besides hydrogen is known to pass through platinum. Troost 
found that oxygen diffused through a red-hot silver tube ; quartz is said 
to be penetrable at high temperatures by the gases from the ozyhydrc^n 
flame. 

DUnision of Metals throusrh Metals. — Daniell showed that 

mercury diffused through lead, tin, zinc, gold, and silver. Henry proved 
the diffusion of mercury through lead by a very striking experiment : he 
took a bent piece of lead and placed the lower part of the shorter arm in 
contact with mercury ; after the lapse of some time he found that the 
mercury trickled out of the longer arm. He also showed the diffusion of 
two solid metals through each other by depositing a thin layer of silver 
on copper ; when this was heated the silver disappeared, but on etching 
away the copper surface silver was found. A remarkable series of ex- 
periments on the diffusion of metals through lead, tin and bismuth has been 
made by Sir W. Roberts- Austin**^ ; his results are given in the following 
table. K is the diffusivity : 

K cm. '/sec. 
8-47 X 10- 
3-55 X 10" 
l-DGxlO- 
1-96 X 10- 
3-69x10- 
5 23x10- 
5-38x10-* 
4-77 X 10-* 
3-68x10-* 
3-G9 X 10-* 
3-51x10-* 

It will be seen from these results that the rate of diffusion of gold 
through lead at about 500° is considerably greater than that of sodium 
chloride through water at 18*^ 0. Sir W. Roberts- Austin has lately shown 
that there is an appreciable diffusion of gold through solid lead kept at 
ordinary atmospheric temperatures. 

• Roberts-Austin, Phil, Trans. A., 1896, p. 393. 



Diffusing MeUl. 


Solyent. 


Temperature. 




Gold 


Lead 


... 492° ... 


„ 


w 


... 492° . 


» * ■ 


Platinum 


» 


... 492° 


• • • 


>» 


JJ 


... 492° . 




Gold 


99 


... 555 




>> 


Bismuth 


... 555 




»i 


Tin 


... 555 . 




Silver 


>> 


555 




Lead 


>> 


... 555 




Gold 


Lead 


. . . 550 




Rhodium 


ft 


. . . 550 





CHAPTER XVIII. 

VISCOSITT OF LIQUIDS. 

I A FLUID, whether hijuid or gaseous, when not acted on by external 
I forces, moves like a rigid body when in a bt«ady state of tnotion. When 
I in this state there ca.n be no motion of one part of the liquid relative 
to another; if such relative motion is produced, say by etirring the 
liquid, it will die away soon after the stirring cetuieH. Thus, for example, 
when a stream of water flows over a fixed horizontal plane, since the 
top layers of the stream are moving while the bottom layer in contact 
with the plane is at rest, one port of the stream is moving relatively 
to the other, but thb relative motion can only be maintained by the 
action of an external force which makes the pressure increaee as wa go 
If this force were withdrawn the whole of the stream 



would come to rest, llie slowly moving liquid near the bottom of 
the stream acts as a drag on the more rapidly moving liquid near the top, 
and there are a series of tangential forces acting between the horizontal 
layers into which we may euppose the stream divided ; thus the foi'ce 
acting along a surface such as AB tends to retard the more rapidly 
moving liquid above it and accelerate the motion of the liquid below 
it ; it thus tends to eijualise the motion, and if there were no external 
forces these tangential stresses would soon reduce the fluid to rest. ' 
fThe property of a liquid whereby it reaiats the relative motion of its.' 
t'_ parts is called viacosity. The law of this viscous resistance waa formu- 
lated by Newton {J'rineipia, Lib. II., See. 9). It may be stated as 
follows: Suppose that a stratum of liquid of thickiiees e is moving 
horizontally from left to right and that the horizontal velocity, which 
ifl nothing at CD, increases uniformly with the height of the liquid, 
and let the top layer be moving with the velocity V; then the 
tangential stress which may be soppoeed to act across each unit of a 
surface such as AB is proportional to the gradient of the velocity — i.a., 
to V/c — and tends to stop the relative motion ; i.e., the tangential streaa 
~ on the liquid below AB is from left to right, that on the liquid above 
I AB from right to left. The ratio of the stress to the velocity gradient is 
called the viscosity of the fluid ; we shall denote it by the symbol g. 
The viscosity may be deflned " in terms of quantities, which may be 
directly measured as follows : The viscosity of a substance L 
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by the tangential force on unit area of either of two horusontal plAHfiB 
at unit distance apart, one of which is tixed, while the other moves 
with the unit of velocity, the space between being filled with the viscocis 
substance*' (MaxwelFs Theory of Heat), 

It will be seen that there is a close analogy between the vificous 
stress and the shearing stref« in a strained elastic solid. If a stratom 
of an elastic solid, such as that in Fig. 157, is strained so that the hori- 
zontal displacement at a point P is proportional to the height of P 
above the plane CD, the tangential stress is equal to n x (gradient of 
the displacement) where n is the rigidity of the substance. The viscoas 
stress is thus related to the velocity in exactly the same way as the 
shearing stress is related to the displacement. This analogy is brought 
out in the method of regarding viscosity introduced by Poisson nnd 
Maxwell. According to this view, a viscous liquid is regarded as able 
to exert a certain amount of shearing stress, but is continually breaking 
down under the influence of the stress. We may crudely represent 
the state of things by a model formed of a mixture of matter in 
states A and B, of which A can exert shearing stress while B cannot, 
while under the influence of the stress matter is continually passing 
from the state A to the state B. If the rate at which the shear 
disappears from the model is proportional to the shear, say XO, where 
d is the shear, then, when things are in a steady state, the rate at 
which unit of volume of the substance is losing shear must be equal 
to the rate at which shear is supplied to it. If { is the horisontal 
displacement of a point at a distance x from the plane of reference, then 

6 = zr. The rate at which shear is supplied to unit volume is dJBldt or —■ -f : 
dx ^*^ ' dxdi* 

but d^jdt is equal to t?, the horizontal velocity of the particle, hence the 

rate at which the shear is supplied is dvjdx. Thus, in the steady state, 

dx 

If n is the coefficient of rigidity, the shear B will give a tangential 
stress equal to nQ or 

n dv 

X dx. 

If 7; is the coefficient of viscosity, the viscous tangential stress is equal to 

do 
dx. 

Hence, if the viscous stress arises from the rigidity of the substance, 

TJ = 7l/X. 

The quantity X is called the time of relaxation of the medium; it 
measures the time taken by the shear to disappear from tho substance 
when no fresh shear is supplied to it. 

This view of the \iscosity of liquids is the one that naturally suggests 
itself when we approach the liquid condition by starting from the solid 
state ; if we approach the liquid condition by starting from the gaseous 
state we are led {see p. 218) to regai*d viscosity as analogous to diffusion 
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and as arising from the movement of the molecules from one part of the 
substance to another. This point of view will be considered later. 

Flow of a Viscous Fluid through a Cylindrical Capillary 

Tube. — When the fluid is driven through the tube by a constant 
difference of pressure it settles down into a steady state of motion such 
that each particle of the fluid moves parallel to the axis of the tube, 
provided that the velocity of 
the fluid through the tube does 
not exceed a certain value de- 
pending on the viscosity of the 
liquid and the radius of the 
tube. The relation between 
the difference of pressure at 
the beginning and end of the 
tube and the quantity of liquid 
flowing through the tube in 
unit time can be determined as 
follows : 

Let the cross-section of the 
tube be a circle of radius OA = a, 
let V be the velocity of the fluid 
parallel to the axis of the tube 
at a point P distant r from this 
axis. Then dvjd/r is the gradient 
of the velocity, and the tangen- 
tial stress due to the viscosity 
is5j2i2/fi2r : this stress acts parallel 
to the axis of the tube. Consider the portion of fluid bounded by two 
coaxial cylinders through P and Q and by two planes at right angles to 
the axis of the tube at a distance A2; apart. Let r, r + Ar be the radii of 
the cylinder through P and Q respectively. The tangential stress due to 

viscosity acting in the direction to diminish t; is at P equal to 17-^- ; the 

dr 

area of the surface of the cylinder through P included between the two 

planes is 27rrA2;, hence the total stress on this surface is 

2iri/r— A2f 
dr 

Similarly the stress acting on the surface of the cylinder through Q 
include<l between the two planes is 
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H's^a-'iY']^ 



and this acts in the direction to increase v ; hence the resultant stress 
tending to increase v is e(|ual to 



<{-'£) 



ArAz 



Besides these tangential forces there are the pressures acting over the 
plane ends of the ring; if n denote the pressure gradient — i.e., the 
increase of pressure per unit length in the direction of v, then the 
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«ffMt ci the piej w mej OPf«r eke isada of dift ring » •sqarr^Lens « 
Ik fome irr^.U.^ tMnkimf^ to dhnm wii r. :3iius» die suicuia » iOmiT tibcrt 
in no ciiangK in tiie nooieiitnm <^ the ifofrf. iieoce zsut fonse tawnifri^ to 
dnuAifth nr mimt be eqnad Go thet twiiinig oi inereuie ic : we dins get 

d dw _-. , 



Xow met the liqaid b moving piraFM to tke axs» of die tabe tke 
yimimR mmt be the mume til over m, croot^ectioa of the tnxbe; kcnee 
n doe* Dei depeiMl apon r. A^tun, r mist be the smme for &I1 poisls 
ftt the Hone dutence fron the Axk, if the imd is inoxiLpc^aHKhile. for if 
9 cheDged MB we mofed permlM to the ims down the tnfoe^ the Toinae of 
Hqtiid flowing into the ring throogh P and Q wuuld noc be die aune as 
tlmt flowing oat. Sinee IL does not depend opon r, ami the left-hand «fe 
of er|nntion (1) does not depend upon anything hot r, wie see thakt D mife>t 
be crmiftant ; hence, integrmting (1), we get 

where C in a ocnurtant ; we have therefore 

If, =Jrn + - 

dr r 

integrating again we have 

7r=Jrni+Clogr + Cr (2) 

where C 1.4 another coniitant of integration. Since the vf locitj is not 
infinite along the axi^i of the tube — \,t^ when r = 0, C most vanish. To 
determine C we have the condition that at the surface of the tube 
the liquid im at rest, or that there iA no slipping of the liquid past 
the wallM of the tube. This has been doubted ; indeed, HelmhcJtz and 
Piotrowski thought that they detected finite effects due to the slipping 
of the liquid over the solid. Some verj careful experiments made by 
Whetham seem to show that under any ordinary conditions of flow no 
apprer.'iable slipping exists, at least in the case of liquids. We shall 
assume then that r = at the surface of the tube — \jt.^ when r=^a; this 
condition reduces equation (2) to 

,,r = l(r'-aOn (;i) 

Now if ;?, is the pressure where the lir|uid enters the tube, />, the 
prensuro where it leaves it, I the length of the tube, 

II = _ (/^ " ^t) 

the negative sign is taken because the pressure gradient was taken 
jxwitive when the pressure inci'eases in the direction of r. Substituting 
this value for II, e([iiation (3) becomes 

<7'' = ^n«'-0 (4) 
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The volume of liquid Q which passes in unit time across a section of 



the tuhe 



a 



= / 2irrvdr, 
o 



(5) 



This is the law discovered by Puiseuille for the flow of liquids through 
capillary tubes. We see that the quantity flowing through such a tube 
is proportional to the square of the area of cross-section of the tube. 

When the liquid flows through the capillary tube from a large vessel, 
as in Fig. 159, the pressure />, at the orifice A of the capillary tube 
differs slightly from that due to the head of the liquid above A, for this 




/{ 
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head of liquid has not merely to drive the liquid through the capillary 
tube against the resistance due to viscosity, it has also to communiaite 
velocity and therefore kinetic energy to the li([uid, so that part of the 
head is used to set the liquid in motion. We can calculate the cor- 
rection due to this cause as follows : let A be the height of the surface 
of the liquid in the large vessel above the outlet of the capillary tube, p 
the density of the liquid ; then if Q is the volume of the liquid 
flowing through the tube in unit time, the work done in unit time is 
equal to gphQ ; this work is spent (1) in driving the liquid through the 
capillary tube against viscosity, and this part is equal to {p^ -/>,) Q if 
J?, and Pf are the pressures at the beginning and end of the capillary tube 
(2) in giving kinetic energy to the liquid. The kinetic energy given to 
the liquid in unit time is equal to ' 



bf^ 



XV X ^nrdr 



where v is the velocity of exit at a distance r from the axis of the capillary 
tube. If we assume that the distribution of velocity given by equation (4) 
holds right up to the end B of the tube, then by the help of the equation (5) 



we have 



ira 
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Bubetituting this value in the integral we find that tlie kinetic energj 
posseesed by the fluid issuing from the tube in unit time is pi^jra' ; 
hence, equating the work spent in unit time to the kinetic euergy gained 
plus the work dune in overcoming the viscous restEtance, we have 



M^-Si, 



H the head which is spent in overcomiug the v 



B re&istance is not hfM 



This coiTection has been investigated by Hogenbach,* Couette,t 
Wilberforce,! and has been shown to make the results of experimeDl 
agree moi-e closely with theory. It is probably, however, not quite »ca 
rate on account of the assumption made as to the distribution of velocit 
at the orifice. 

Viscosity of Gases. — The viscosity of gases may be measured _ 
the same way as that of liquids, but the case of a gas flowing through 
cupillary tube differs somewhat from that investigated on p. 206, 
the liquid was supposed incompressible and the density constant [ 
case of the gas the density will, in consequence of the vari&tion in 
pressure, vary from point to point along the tube. Using the notation of 
the previous investigation, instead of ti being constant as we move parallel 
to the axis of the tube, the fact that equal^ma.sses pas3 each crossH^ectton 
requires pti to be constant as long as we keep at a fixed distance from the 
axis of the tube. Since p is proportional to p, where p is the pi'essure of 
the gas, we may express this condition by saying that pi* must be 
independent of e where s ts a length measured along the axis of the tube. 
Thus, since p varies along the tube, v will not be constant as x chaDge«; 
this variation of c will introduce relative motion between parts of the gas 
at the same distance from the axis of the tube, and will give rise to 
viscous forces which did not exist in the case of the incompressible liqaid.i 
We shttJl, however, neglect these for the following reasons ; if V^ is t" ' 
greatest velocity of the fluid, the gradient of velocity along the tube is 
the order ^Jl, where I is the length of the tube ; the gradient of vetocitieB 
across the tube is of the order 'VJa, where a is the radius of the tube ; as 
a is very small compared with /, the second gradient, and therefore the 
vi(«ous forces due to it are very large compared with those due to the first, 

On this suppofiiti 






equation (1) still holds, and since, n = t- 






• Hogenbach, PoggcjvlorS'i AnnaUn, 109, p. 885. 

JConette, Aimoltt dt CKimit tl de PItyiiijve, [6], 31, p. 433 
WUberforco, PhUoiophiaU Magasiiu. (5) 31, p. *07. 



VISCOSITY OF LIQUIDS. 21 1 

or, r^jarding p as oonstant over a croes-section of tbe tube, ne have 
d ( d{pv) \_ dp _,dp^ 
'rirV dr J '^dz ^ dz 

Since /wis iudependent of 2, we see -^ ia coostantand equal to (;>,'-;),')//. 




lli'J TT 
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Solving the differential equation in the Etme way as tliat on p. 308, we^t 



il« PROPERTIES OF MATTER, 

and tf T. » xht^ Tobame cntenng^ T, tluit leaving the tube, we have 






wa* 



It qT Ite GodBeiait of l^scosity.— The viBoosity q 

kw moist fr«iniMLtiT Imch deceraimed by measurements of the rate of flow 
o£ (biir ioai tmrooini captQarr tabes^ An apparatus by which this can be 
imw w s^vu in Fig. 160, ^ b a dosed vessel containing air under 
pcw8ttr« : tiiw praasure in this vessel is kept constant by means of the tabe 
A. whkk conaKCs G whk a Mariotte*s bottle ; the pressure in 6^ is always 
that «iM» to a cotamn of wator whose hdght is the height of the bottom d 
the air tobiK ia tke Mariocte s bottle above the end of the tube /). The 
jchtfs viwel mMifti in which dt is a capillary tube, contains the fluid whoee 
condktMLt q£ visiMsxrv is to be determined ; this vessel communicates with 



'^. 



^ 



F&& t«L. Fig. leSL 

tv by wwapir- 4a£ Ihe tabe £JlI : the pteasore acts on the liquid in ahcdifi 
aad <aaBMS it to flow throng the capillary tube from left to right ; two 
ttark» are ma<ie at ^ and c« and the volume between these marks is 
oumlally dirtermined. Let us call it T ; then, if T is the time the level of 
ihe liquid tab» to fidl from ^ (o c« Q = V T. The area of cross-section of 
ch^ tube hdt5 to be determined with great care, and precautions must be 
t^iken to prevent any diKt leetting into the capillary tube. As tbe 
vi$cv>$£ty v:iri<ti^ venr rapidly with the temperature, it is necessary to 
mALUtaia the temperature constant : for this purpo^ the vessel abode/ ')& 
pLftced in a Hith uLled with water. 

With an apparattfe^ of this kind Potseuille's law can be verified, and 
th«» viscv^ty determiued. It is found that, although Poiseuille's law holds 
with ^ncvat exactn^tsj when the rate of flow is slow, yet it breaks down 
when the mean \-vkvity Q xxr* exceeds a certain value depending on the 
sLse of the tube and the vi^\Kity of the liquid. This point has been 
inve«>tigaced by tViK>rne Keynv>ldis who finds that the state of flow we 
have |KX!^tulated iu deducing Poise<uUe*s law — i.e., that the liquid moves in 
straight lines parallel to the axis of the tube — cannot exist when the mean 
velocity exceeds a critical value ; the steady flow is then replaced by an 
irreguUr turbulent motion* the particltK of liquid moving from side to side 
of the tube. This is beautifully shown by one of Reynolds' experiments. 
Water is made to flow through a tube such as that shown in Fig. 161, and a 
little colouring matter is introduced at a point at the mouth of the tube : if 
the velocity is small the coloured water forms a straight band parallel to 
the axis of the tube, as iu Fig. UU ; when the velocity is increased this band 
becomes sinuous and fi oally loses all definiteness of outline, the colour 
filling the whole of the tube, as in Fig. li»2. Reynolds concluded from his 
experiments that the steady motion cannot exist if the mean velocity is 
greater than 1000 i| pa where ly is the NTSCOsity, p the density of the liquid, 
and a the radius of the tube. The units are centimetre, gramme and second. 

Measurements of the viscosity of fluids, both liquid and gaseous, have been 



VISCOSITY OF LIQUIDS. 



213 



made by determining the couple which must be applied to a cylinder to 
keep it fixed when a coaxial cylinder is rotated with uniform velocity, the 
space between the cylinders being filled with the liquid whose viscosity 
has to be determined. This method has been used by Couette and Mallock. 
The theory of the method is as follows : the particles of the fluid will 
describe circles round the common axis of the cylinders. Let PQ be points 
on a radius of the cylinders; 
after a time T, let P come to Fy 
Q to §', let OF produced cut QQ' 
in Q". Then the velocity gradient 
at P will be equal to (qQ'IT)-^ 
FQf' ; if b» is the angular velocity 
with which the particle at P de- 
scribes its orbit, tii + cio that of the 
particle at (?, then Q'Q" = OQ'liaT. 
Ijet OP = r,OQ = r-{- ^r, then since 
FQ" = h" the velocity gradient at 

P is (r + 3r)— , or when ^r is very 
or 



d 



tit 
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small, I'j- ; hence the tangential 
stress acting on unit area of the 

surface at P is i/r^-. Now consider 

dr 

the portion of liquid bounded by 

coaxial cylinders through P and A' and by two parallel planes at nght 

angles to the axes of the cylinders and at unit distance apart. This 

annulus is rotating with constant angular velocity round the axis of the 

cylinders, hence the moment about this axis of the forces acting upon the 

annulus must vanish. Now the moment of the forces actiug on the inner 

face of this annulus is 

znrnr—-^ = ^infr-j- 
dr dr 



and this must be equal and opposite to the moment of those acting on the 
outer surface of the cylinder ; now R may be taken anywhere ; hence we 
see that this expression must be constant and equal to the moment of the 
couple acting on unit length of the outer cylinder, which is, of course, equal 
and opposite to the moment of that on the inner. Let us call this moment 



r, then 
Litegrating this equation we find 



dr 



w= — 



4r7n7?* 



+ 



where is a constant. If the radii of the inner and outer cylinders are 
a and h respectively, and if the inner cylinder is at rest and the outer one 
rotates with an angular velocity i2, then since w = 0, when r = ay and = 11 



when r = 6, we find 



6^ -a* 







/ 



.»> & 



*■* 12 






liie TTScoaty of 
the Tmlaes 
ler iBftde aboat 
14^4 mz;d 14-39 



• -^ - ' ^. .-a^ >■ :^ci:t»i t: ;»rCirmrr«i ":i»» v25e,>RT«- cf gasps ms well 

ll^',^5v>i *f li^ v^sCtllJL'IZ^ XSC* — A-'Xier ZfKhod of determining 

,.**,* ••.->:>• ^»- . ."•: '.cir. >libi-«"*tl. jlZjC v>. E. Meyer, is that of 

s^<^> ^ -w*:^ • T: V -.jv'^ii-z.": :c 1 icrircc.*ai di» Tibrating over a 

*VsX Av-i ,,. >^- v,;**.'^.*^ x: t >^':c^ fujCizof aw*T, the space between the 

":«.>*: T2fo,>?irr is reijjuirwi. The viscositv 



0» ><*-v ,X'.'. 






" v\.,vv,- >••.»-: .1.11.'. '. i. 7"»i««.«fc.^ ^t\ il. p. 453L 
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of the lifpiid givai riae to n. couple tending'^ito retard the motion of the 
disc proportional to the product of the anguhir velocity of the disc and 
the viscosity of the liquid ; the calculation of tliie couple ia somewhat 
difficult. We shall refer the reader to the solution given by Maxwell 




imu^^-n 



TcTitperatur-e 



{CoUected Papers, vol. ii. p. 1). This method, na well aa the preceding one, 
O&n be used for ga^ieH as well ss for liquids. 

Among other methods for measuring ij we may mention the determina- 
tion of the logarithmic decrement for a pendidum vibrating in the fluid 
(Stokai) ; the logarithmic decrement of a sphere vibrating about n diiunetcr 
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•of lu ±iad : \he lo|gmiiUiiiiie deonement ol a hollow sphwe 
*i -vrsL 7^ liqpni and vibnitiiig mboot a diameter (Helmholtz and 
Hfimhiif- C^Ueekd Pmpen, toI. L p. 1 72). 

oefBeient of IHsOOSi^. — In all experiments on 
^THCKkscx n 3» rkaciesBUT- to paj great attentkm to the measurement of the 

of visoofiitj ol liquids diminishes veiy 
This is shown by the curve (Fig. 
If^t lakK froB Uifr paper \j Thocpe and Rodger {PhU Travis., 1894, A. 
^ :^ w^ie^ ibovs tJbt Rlstmi between the viscosity of water and ite 
?Hs.i«ff^iu3«. It will be seen that the viscosity of water at 80° C. is 
cdj abcci onc-icird of its value at 10^ C. lliorpe and Rodger, who 
de«mL-.si£d iat cDe&neni(«L of viscosity ol a large number of liquids, found 

eiv>Ri by Sktte, ^ = C (1 + 6l)*, where i| is the coefficient of 
iciT as tbe tmaperatnre I and C, h and n are constants depending on 
hirzx^ of the bqaid, was the one that agreed best with their ezperi- 
For wafeer ihev found that 




f = 



•017914 



(l + -l«3121iy 



wheiY f is the t e m p eia tm e in degrees Centigrade. 

Tbe following table^ taken from Thorpe and Rodger's paper (PM, 
Trami^^ A. l^:£^4. |x. \\, gives the value ol 9 in C.G.S. units for some liquids 
ol froquent ocrarrenoe. The table gives the value of the constants 0, 6, n 
in SkAte $ formula 



, = C(l+6<)' 






Sr»!TJL>ak 


c 

1 


b 


n 


Bromine .... 


1 

012535 i 


•008935 


1 -4077 


Chloroform 


007006 


•006316 


1 -8196 


CarN>n tetracl.loride .... 


013466 


•010521 


1-7121 


Carbon bisulrhi»:e .... 


004294 ; 


005021 


1-6328 


m 

Formic acid .... 


0292S0 


•016723 


17164 


Aoeiio acid 


016867 ' 


•008912 


2^0491 


Ethyl ether 


002864 


007332 


14644 


Benzene ..... 


•009055 


•011963 


1-6554 


Toluene 


•007684 


•008850 


1-6622 


Methyl alcohol 


•008083 


•006100 


2-6793 


Ethyl* alcohol 


•017753 


•004770 


43731 


Propyl alcohol .... 


038610 


•007366 


8 •9188 


Butvl alcohol : 








6' to 52" 


•051986 


•007194 


4^2462 


52' to 114" 


•056959 


•010869 


32150 


Inactive amyl alcohol : 








0"to40' 


•085368 


•008488 


4-3249 


4OM08O" 


•093782 


•012620 


8 3395 


80" to 128° 


•152470 


•026640 


24618 


Active amyl alcohol : 








Ono 35" 


•111716 


•009851 


4-3736 


35° to 73° 


•124788 


•015463 


3 2542 


73° to 124° 


•147676 


•127583 


20060 


Allyl alcohol 


•021736 


•009139 


2-7926 


Nitrogen peroxide .... 


•005267 


•007098 


1-7349 
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Warburg found that r/ for mereury at 17-2'' is equal to '016829. A later 
determiaation by Umftiii (-Woe. Oim. [4] 3, p. 151) gives ,, = ■01577 at 10°. 

The value ol ij foi' liijuid carbonic ftciii is very email, being at 15" only 
1/14-e of that of Wiiter. 

Effect of Pressure on the Viscosity.— The viscoeity of water 

diminishes slightly under increased pressure, while that of benzol and 
•ther increases. 

Viscosity of Salt Solutions.— A large number of experiments 
have been made on tbe viscosity of Nolutions, but no simple laws con- 
oectiiig tlie viscosity with the strength of the solution have been arrived 
at. In some coses tbe viscoaity of the solution is le^s than that of water, 
and in many cases the viscosity of the solution is a maximum for a particular 
Mrength. 

Viscosity of Mixtures. — Here again no general results have been 
arrived at, although considerable attention has been paid to this subject. 
In many cases the viscosity of a mixture of two liquids A, B is less than 
that calculated by the formula 

where ^^, ijn ore respectively tbe viscosities of A and H, and a, b are the 
volumes of A nod U in a volume a + A of the mixture. 

Lubrication. — When the surfaces of two solids are eovei-ed with oU 
or some other lubriciint they are not in contact, and the friction between 
them, which is much leas than when they are in contact, is due to fluid 
friction. The laws of fluid friction discussed in this chapter show that, 
if we have two parallel planes at a distance d apart, the interval between 
&em being AIIekI with a liquid, then if the lower plane is at rest and 
the upper one moving parallel to the lower one with the velocity Y, then 
if Y is not too great there is a retarding tangential force acting on the 
moving plane, and equal per unit area to tfVjd, where i; is a quantity 
called the coefficient of viscosity of the liquid. If we regard this aa & 
frictional force acting on the moving plate we see that tbe friction would 
depend upon the velocity, and would only depend upon the pressure between 
the bodies in so far as the pressure aflectied the thickne^ of the liquid 
layer and the viscosity of the lubncant. 

The laws of friction, when lubricants are used, are complicated, depending 
largely upon the amount of lubrication. When the lubricant is present 
in sufficiently large amounts to fill the spaces between the moving parts 
the friction seems to be proportional to the relative velocity of these parts. 
When the supply of lubricant is insufficient, part of it collects as a pad 
between the moving parts, as in Fig. 1G6; here the lower surface is at 
rest and the upper one rotating from left to right. Professor Osborne 
Bejmolda* has shown that, as the breadth and thickness of this pad 
depend upon tbe pressure and relative velocity, it would be possible to get 
friction proportional to the pressure and independent of the relative 
Telocity, even when the friction was entirely caused by the viscosity of a 
thin layer of liquid between the moving parts. 

Viscosity of Gases. — Gases possess viscosity, and the forces called 
into play by this property are, as in the case of liquids, proportional to 
the velocity gradient ; in fact, the definition of viscosity given on p. 205, 
• RojDold*. PXa. Tna\*^ 1888, pt. i. p. 1S7. 
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the Ujer ^. Some of these molecules wfU cross tiie {Jjuie from J to ^ 
a^l an *^iw%\ namrjer, ^ce the p>re:3&ure of the gms remains uniform, from 
/j X/f A. Tbe moment am paraliel to the pUme ol those which leave A 
mA CTT/Sn over xo B is greater than that of those which replace them 
cfttu\x»^ over from Jixo A : thas the laver A is continnally losing momentom 
while the Layer B \a gaining it. The effect is the same as if aforoe parallel 
X/t the phine of eefjaration acted on the laver J, so as to tend to 
hUt\t the motion from left to right, while an equal and opposite f<»ce acted 
on iSf tending U> increase its motion in this direction ; these forces are 
the \\i^'j}MSi forces we have been discussing in this chapter. If the distri- 
htition of velocity remains the same, the magnitude of these forces will 
he (irr;[Kixlional to the number of molecides which cross the plane of sepa- 
ration in unit time. 

'Die moIe^MjIcH are continually striking against each other ; the average 
free run U^tween two c^jllisions, called the mean firee path of the molecules, 
heinj( extremely Kmall, only about 10~* cm. for air, at atmospheric 
pn^MMure. Thin free i>ath varies, however, inversely as the pressure, and at 
the extremely low pressures which can be obtained with modern air-pumps 
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1 attain a length of several contimetres. When one molecule strikes 
1 ngninst uDotlier its course is deDected, so that, although it is ti-avoUing at 
I a great speed, it makes but httle progress in any assigned direction. The 
I consetiiienco of this is that the molecules which cross in unit time the 
I plane of separation between A and S can all be regarded as coming from 
I a thin layer of gas next this plane, a definite fraction of the molecules 
I in this layei' crossing the plane. The longer the free ptith of the molecules 
I the thicker the Inyer, the 
m. tiucknees being directly 
I proportional to the mean 
fine path. If n is the 
I number of molecules and 
r t the thickness of the 
I layer, the nun\ber of mole- 
I culea which in unit time 
s unit area of the 
I plane separating A and £ 
L will be proportional to nt. 
[ Let us consider the eSect 
V on this number of halving 
t th» pressure of the gas. 
J This halves n but dotibles 
I I ,' f ie proportional to the 
r free pnth, which varies 

inversely as the preieure, 

hence the product nt, and 

therefore the viscaiity, 

remains unaltered. This 
oning holds until the 
I thicknessof thelayerfrom 
I which the molecules cross 
I the plane of separation 
I getssolarge that the layer 
I reaches to the sides of 
I the vessel containing the 
, When this is the 
) no further diminu- 



the pressure Fio. 168. 

a, the product 

id, therefore, the viscosity, will fall as the pressure fulls. Thus in a 
Bel of given size the viscosity remains unaffected by the pressure until 
B pressure reaches a certain value, which depends upon the size of the 
lel and the nature of the gas; when thia pressure is pfL^sed the 
■' f diminishes rapidly with the pressure. This i.s shown very clearly 
curves in Fig. H!S, which represent the results of experiments 
tde by Sir William Crookes {Phil. Trans., 172, pt. ii. 387). In these 
a the ordinates represent the viscosity and the abscisste the density 
igaa. 

le diminution in viscosity at low pressures is well shown by an iumn- 
Mnt electric lamp with a broken filament. If this be shaken while the 
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lamp is exhauBted it will be a long time before the oscilUtiona die away; 
if, howoyer, air is odtnitted into ttie lamp through a crnek mnde with n 
lite the oscillatiotis when started die away almiHt immediately. 

Another reason why the eSects of viscosity are lesR at very low preMiures 
than at higher ones is the clipping of the gna over tlie siirFnce of the solids 
with which it is in contact, In the case of liijuida, no effects due to slip 
have been detected. Kundt and Warburg* have, however, detects such 
effects in gusea evoii up to a preesure of several miilimetres of mei-cury. 
The law of slip (gee MaJtwell, " Stresses in a Rarefied Gas," Phil. Trana., 
1 87) may bo expressed by saying that the motion in the gas is the same 
03 if a certain thickness L were cut off the solids, ami that the gas id 
contact with this new surface were at rest. This thickness L is propor- 
tional to the mean free path of the molecules of the gas. According to 
the experiments of Kundt and Warburg it is equal to twice the free 
path ; hence, as soon as the free path gets comparable with the diatanoe 
)>etween the Rotids in the gaa, the t»lip of the gas over these solids will 
produce appreciable effects ia the same direction as a reduction in 
viscoidty. 

Mean Free Path.— If we know the value of the viscosity we can 
calculate the mean free path of the molecules of agast for if we calcu- 
late, from the principles of the Kinetic Theory of Gases, the rate at which 
momentum is flowing aci-oss unit area of the plane A, li, Pig. K17, we find 
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dx 



that it is etjual to 

where v is the velocity of the stratum at a height x above a fixed plane, 
X ia the mean free path, fi the density of the gas, c the " velocity of mean 
square " (this can be calculated from the relation p = ^pc' where p is the 
pressure in the gas). The rate of flow of momentum across unit area 
is equal to the tangential stress at the plane AB i hence, if 7 is the viscosity 
of the gas, ij = ' iiiOcfiK. Let ns calculate from this equation the value 
of )l for air; taking for the viscosity at atmospheric pressure snd at 
15" C. 1; = I'!) X 10"', p at pressure If)' and temperatui-e 15" C, 
1-26x10"', heDcec = 4'6Tx 10',and X = -O00Ol cm. At the pressure of a 
millionth of an atmosphere the mean free path in air is 10 cm. 

The values of q for a few of the most important gases are given in 
the following table; the temperature is about 15° 0. These numbers 
are given by 0. E. Meyer ; they are deduced from hie o>vn experiments 
on the viscosity of air by the method of the oscillating disc and the expe- 
riments made by Graham on the relation between ihe rates of flow of 
different gases through capillary tubes: 



Air . 


- IB 


Sutpliurplted bjarogfn . 


/fiydrogcQ 


. '83 


Hrdrochloric acid . 


MHr,-b-gaa 


, 1-2 


Carbonio acid . 


Water-vapour . 


■975 


Nitrous oxide (N,0) 




. 1 08 


Methjl ether . . . 


Carbonic oxide 


. 1-84 


Methjl chlorids 


Grhylene . 


. 1-09 


Cvanogen 


Nitrogen . 


1-84 


RiilphurcDH ncM (SO,) . 


Oxygea . 


. 2-12 


Ethvl cljloride 


Nicric oxide (NO) 


. l-8fl 


Chlorine .... 



VISCOSITY OF LIQUIDS. 

Effect of Temperature upon the Viscosity of Gases.— Jncfeoee 

t temperature fans opposite efiecls on the viKcositieii of liquids and of gases, 
or wLile, as we hnve seen, it diminishes the viscosity of liquids it increoGes 
that of gases. If i; is the coefficient of vittcosity, and if tliis ie assumed 
to be propoi'tional to T" wliere T is the absolute temperature, then, accordiog 
Lwd Bayleigh's* experiments, we have the following vulues for ti ; 



Oxygen 
Hydrogen 



The values 



of c 



relate to a formula suggested by Sutherland, aa 
s, nt very high temperatures, if this i 



srding 
•lation 



. which ,-",--^i,i 
)b true, •; would vary a^ the Ki|uare root of the absolute temperature. 
Recording to Koch,t the viscosity of mercury vapour varies much more 
rapidly with the temperature than that of nny other known gas. He 
Sonoluded from his experiments that for this gua ij = aT'''. The results 
_ n above for helium and argon, both, like mercury vapour, mona,toiiuc 
elements, show that a rapid variation with temperature is not a necessary 
dbaracteristic of monatomic gases. Lord Bayleigh found that the viscosity 
if argon was 1'2I, and of helium U-9G tbiU of air. 

Coefficient of Viscosity of Mixtures.— Graham made an extensive 
tseries of experiments on the cuefflcienta of viscosity of mixtures of gases 
by meiauring the time taken by a kuown volume of gas to Sow through 
■ capillary tube. He found thjit for mijtures of oxygen and nitrogen, and 
of oxygen and carbonic acid, the rate of Bow thixmgh the tubes of the 
mixture was the arithmetical moan rate of the gases mixed ; with mixtures 
.containing hydiogen the results were very different ; how different is shown 
iby the following table, which gives the ratio of the transpiration time of 
the mixtui-es to that of pure oxygen : 



Hydnisen iind Ovbonlc 
100 ... 



10 



100 



■4321 
■47U 
■6157 
■5722 

•6786 
■7339 
■7635 

■7'!70 



Hrdrogenai 

100 



-7488 
■8178 
■8790 



100 



It will bo seen from this table that, while the addition of 5 per cent. 
of air to pure hydrogen alters the time of eS'usion by about 30 per cent., 
tbe mixture of half hydrogen, half air, lias a time of effusion which only 
■differa from that of pure air by about 8 per cent. Thus the addition ot 
hydrogen to air has little influence on the viscosity, while the addition 

Lir to hydrogen bas un enormous induence. 

Besistance to a Solid moving: through a Viscous Fluid.— When 

a solid moves through a lluid the [lortiona of the fluid next tlie solid are 
• Knyleigb, Proc. Rot/. Soc., 66, p. 08. 
t Eoch, Witd. Ann., 10, p. £87. 
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movicx with the same rekxatj as the solid, while the portions of the fluid at 
scute dKiADce off are at reel. The moTement of the solid thus involves 
relative modon ci the ilcid ; the Tisoosity of the fluid resists this motion, 
so that there is a force acting oq the solid tending to resist its motion. 

Sir George Stokes has shown that in the case of a sphere moving with 
a rerr small uniform TeloatT T through the fluid the force resisting the 
mocioci is cqital to 6x^V where a is the radius of the sphere, i; the 
Titicc»tT of the fluid through which it is falling. Consider now the case 
of a sphere falling through a visooos fluid ; just after starting from rest the 
TekiRtT will be flnall and the weight of the sphere will be greater than 
the Ti:«coQ$ refiistaiiee; the Telocitj of the sphere, and therefore the 
r«i>is&uK«« will increase until the resistance is equal to the weight of the 
s{4iere. When this Tt^odtj, which is called the critical velocity, is reached, 
the forc^i^ *c^u^ on the sphere will be in equilibrium, and the sphere will 
fall with a uniform velocitj which may also be called the terminal velocity. 
Since the efftctire weight of the sphere is equal to 4xar\p - <r)^/^» where p is 
the densatT of the sphm and r tlukt of the liquid through which it is moving, 
if V is the terminal rekcitr. 



9 , 



Y _ - yq^P - <^) /j) 



so thit the terminal Telocity is |»t)portionaI to the square of the radius 
of the spliere. In the case of a drop of water falling thix>ogh air for which 
, = IS X !»»"*, we find, if the radius of the drop is 1/100 of a millimetre, 
V ^, l*:? oai. ?<v. This result e^lains the slow rate at which clouds con- 
si >tiui: c^ fine drv>j\> of water fall. Since ly is independent of the pressure, 
the toruiin.-*! veKxnty in a gas will, since ft in this case is small compared 
with .K be invlejvndt*nt of the press^ure. 

As an .application of this formula we may mention that the size of small 
drv^}v> of wator has been d^t^mined by measuring the ratt? at which they 
fell thrvniirh air; from this the value of the radius can be determine^! by 
iviuativMi ^1\ The expret^iion for the resistance experienced by the sphere 
falliii;: thrvHiirh the viscous liquid is obtained on the supposition that the 
n\otivM\ of the liquid is so slow that terms depending upon the squares of 
tho vMvxntv of ti.f liquid can be neglected in comparison with those re- 
taiiu\l. Now, if V is the velocity, p the density uf the liquid, the forces on 
the livjviivl doivuvUnj: u^x>n the si^uares of the velocity, are proportional to 
the ci'J^^lit'i^^ of the kinetic eneriry jvr unit volume — i.c, to the gradient of 
ii.»V- ; the forces due to viscosity are projx>rtional to the gradient of the 
vis^vus stn\ss. If <i i> the radius of the sphere, the distance from the 
sphoiv at which the velocity may be neglected is pro[»ortional to a, hence 
the veUvntv jrnulient is of the onier (V a), and the viscous stress to lyV/a. 
Hoiuv, if wo c:ui n^jeot the etfeots depending on the squares of the 
veUvitv in ixMujvuisiMi with the effVvts of Nnscosity, pV must be small 
oouuvivihI with >;V d, or f>V<i must Ix^ small compared \^nth 17. Hence, if 
the pi^HH^lini; solution holds, we see, by sul>stituting for V the value of 

the limiting veUvity, that '^q -^' y »»ust be small. Lord Raj^leigh * 



i»* r 



• Ixinl Rayleigh, Pkd. 3/*i<7., [5] 56, p. 354. 
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has pointed out how much this restricts the application of Stokes' result ; 
thus, for example, in the case of drops of water falling through air, the 
theory does not apply if the drops are more than about one-tenth of a 
millimetre in radius. When the velocity of the falling body exceeds a 
certain critical value the motion of the surrounding fluid becomes 
turbulent, just as when the velocity of a fluid through a capillary tube 
exceeds a certain value the flow ceases to be regular (see p. 212). When 
this turbulent stage is reached the resistance b^mes proportional to the 
square of the velocity. Mr. Allen,* who has recently investigated the 
resistance experienced by bodies falling through fluids, finds that this can 
be divided roughly into three cases — (a) where the velocity is very small, 
when the preceding theory holds, and the resistance is proportional to the 
velocity ; (6) a stage where the velocity is great enough to make the forces 
depending on the square of the velocity comparable with those depending 
on viscosity ; in this stage the resistance is proportional to the velocity 
raised to the power of 3/2 ; (c) a stage where the velocity is so great that 
the motion of the fluid b^mes turbulent; in this stage he finds the 
resistance to be proportional to the square of the velocity. When the 
resistance is proportional to the square of the velocity the method of 
dimensions shows that it does not for a given velocity depend upon the 
viscosity of the liquid. For, suppose the resistance is proportional to 
a'f^ri'Y^y this expression must be of^the dimensions of a force — i.e., 1 in 
mass, 1 in length, and - 2 in time ; hence wq, have 

l=y + 2J 

1 =x- Sj/-z-{-n 
- 2= -z-n 

s) that a; = n, y = 71- 1,2? = 2 -71, 

and the resistance is propoi-tional to {^ap/T)Y{T}'/p)'y thus, if 7i = 2 the 
resistance Ls proportiunal to Wp, and is independent of viscosity. The 
energy of the body is spent in producing turbulent motion in the liquid 
and not in overcoming the viscous resistance. 

A great deal of attention has been given to the resistance of bodies 
moving with high speeds, such as bullets. It Ls doubtful, however, if the 
viscosity of the fluid through which the bullet moves lias any efiect uj)on 
the resistance ; we shall not, therefore, enter into this subject, except to 
say that the most recent researches, those by Zahm, seem to indicate that 
for velocities loss than about 30000 cm. /sec. the resistance may be repre- 
sented by av* + bv^y where a and b are constants. 

• Alien, Phil, Mag,, Sept. and Nov, 1900, 
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AOOELEHATION dae to gravity, 7-24 
Air, deyiations from Boyle's law as to, 126 
Aizy, hydrostatic theory of earth's cmst, 
23 

Dolcoath experiment, 35 

Harton pit experiment, 35 
Amagat, minimum value of j)v., 126, 127 
Angle off shear. 66 

Arc, correction for pendulum swing, 10 
Atmolysis, 202 

Bailt's Cavendish experiment, 39 
Bailie and Comu's experiment, 39 
Bats, bending of, 85-102 

vibration of, 94 
Baiymeter, von Btemeck's, 26 
Bending of rods or bars, 85-102 
Bemouuli's correction for arc of swing 

of pendulum, 10 
Boiling-point, depression of, in solutions, 

191 
Borda's pendulum experiments, 10 
Bonguer's pendulum experiments, 10 

experiments on determination of 
density of earth, 32 

rule and exceptions, 22-3 
Boyle's law, 125 

at low pressures, 128 

deviations of various gases from, 126 
Boys's Cavendish experiment, 40 
Braun's Cavendish experiment, 41 
Breaking-point of stretched wires, 55 
Babbles and drops, measurement of 
surface tension by, 156, 161 

Camphob, movements of on surface of 

water, 169 
Capillarity, 135-181 

Laplace's theory of, 173-181 
Capillaxy tubes, rise of fluids in, 140 
Carbonic acid, deviation of, from Boyle's 

law, 126 
Oarlini'e pendulum experiment, 35 
(^usini'B and Borda's pendulum experi- 
ment, 10 
Cavendish experiment, 86 
by other observers, 89 
see Earth, determincUion of demity of 
Clairaut's theorem, 22 



Collision, 109 

duration of, on impact, 112 

of drops, 172 

8ee also Impact 
Colloids, 186 

Compressibility of liquids, tee Liquids 
Computed times of pendulums, 15 
Contamination of films, 170 
Critical velocity in viscous fluids, 222 
Crystalloids, 186 

Deffobges' pendulum, 19 

Deg^ree of latitude, measurement of a, 

21 
Diaphragm, diffusion through, 186, 200 
Differential gravity balance, 26 
Diffusion of gases, »ee Oa$et 

of liquids, see Liquida 

of metals, 204 
Dilatation under strain, 64 
Dissociation of electrolytes, 194 

Eabth, determination of density of, 31 
by Airy, 35 
BaUy, 39 
Bougoer, 32 
Boys, 41 
Braun, 41 
Carlini, 35 
Cavendish, 36 
Comn and Bailie, 39 
von Jolly, 42 
Maskelyne, 33 
Mendenhall, 35 
Foynting, 43 

Richarz and Krigar-Menzel, 42 
von Btemeck, 36 
Wilsing, 41 
Effusion, thermal, 202 
Elastic skfter-effect, 55 
curve, 95 
fatigue, 57 
limit, 53, 69 
Elasticity, 53 

modulus of, 69, 102 
see also Young* s Modulus 
Electrolytes, dissociation of, 194 
EUiptioity of earth, 28, 24 
Elongation under strain, 64 

p 
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Sqvflibriiiiii of liquids in ctjutmcU 139 

It limple p«-ndalanu 13 



jAicn's method of detenniniag 



f ATIGCK. elastic, 57 

Faje't nile, 23 

YfioM, conf Tnifiarion of, 170 

cooHng electa, on stretching, 163 

stabtlitj of cjtindfiad, 147 
flezsre,99 

FkMting bodies, forces acting om 153 
Flsid motion, effect of, onp»dalams,14 

sniiaces, dismption of, 174 
Formabe for pendiunm motion, lS-24 
Frwiing'point, depressicii of in sola- 
tl0Bs,193 

Galilbo's obsemtioiis respectiiig pen- | 

dnloms, 8 
GflseoQS pressnres and Tolnmes, 124 
Gases, diffusion of, 196 

kinetic theorj as api^ied to the, 198 

obstruction to, offered bj perforated 
diaphragms, 200 

through porous bodies, 201 
Gases, passage of, throngh india-robber, 
203 

throngh liquids, 203 

through red-hot metals, 204 
Gases, visoosity of, 210, 218 

influence it temperature upon, 221 
GraTitation, constant, 29 

Newton's law, 28 

qualities of, 45-52 

9ee also Eartli, dennty of 
Gravit J, acceleration of, 7 

history of research, as to, 7 

Clairaut's theorem, 22 

Newton's theory of, 20 

Ricber's obserrations on, 20 

Swedish and Peruvian expeditions 

of investigation, 21 | 

GraTity balance, Threlfall and Pollock's, ' 

27 
Gravity meters, differential, 26 

Half-seconds pendolam, von Stenieck, 

24 
Hodgkinson's table of values of e on 

impact, 114 
Homogeneous strain, 62 
Hooke's law, 69 
Hydrogen, deviations of, from Boyle's 

law, 126 
Hydrostatic theory, 23 
Haygens' pendulum clock, 9 
theory of pendulums, 9 

Indian hurvey, experiments on pendu- 
lums, 23 
Impact, 109 

duration of collision on, 112 

kinetic energy of, 110 
in?ariable pendulum, 23 
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Katkr's convertible pendulum, 12 
and Sabine's experiments. 23 
Kelvin's table of thermal dSecu ae- 

oompanying strain, 1S4 
Kinetic theory of gases, 218 

explanation of diffnaioii by the, 
198 

Laplace's theorr of capiilazitj, 173 
Latitude, determ'inatinn of lei^ of 1* 

of, 21 
Liquids, capillarity of, 135 

compressibility o^ 116, 122 
diffusion o^ 183 
determination of co-efBdent of, 

184 
through memhcanea, 186 
in contact, 139 
films, stability of, 147 
flow of viscous, through c^indiical 

capillary tubes, 207 
potential energy of. due to snrfMse- 

tension, 137 
rise of, in capillary tubes, 140 
surface-tension of, 137 

relation between curvature and 

pressure of surface, 142 
methods of measuring, 155 
by bubbles and drops, 156, 161 
by ripples, 157 
temperature, effects on, 163 
table of compressibility of various, 

122 
tensile strength of, 122 
vapour-pressure over curved surface 

of, 166 
viscosity of, 205 
Loaded pillar, stability of, 97 

wires, anomalous effects in, 5$ 
Lubrication, 217 

Mass, 3 

constancy of, 5 

definition of, 4 

unit of, 5 
Maxwell's law of gaseous viscosity, 218 
Mean free path, 218, 220 
Mendenhall's gravitation experiment, 35 
Mercury, compressibility of, 121 
Metals, diffusion of, through metals, 204 

elastic properties of, 53, 57 

viscosity of, 57 
MicheU, ^ev. J., 36 
Microstructure of metals under stress, 

68 
Modulus of elasticity, 69, 102 
Young's, 70, 73, 74, 76 

of rigidity, 7 



Nbwton'S Ibeory of grai-itation, 28 

tbeorj of gravity, 20 
Nitrogen, deviation of, from Boole's law. 



Oil, effect of, on waves. 171 
Osmotic pressure, I S3 

PBNDirLUMs, BesGel's experiments, 13 

Borila and Cassini'e, 10 

clock, 9 

Defforges, 19 

fonnulicfor, 13-24 

Ualt-soconds pendalum, 24 

Hnygens' theory of, 9 

IndiEUi survey experiments, 23 

invariable, 23 

Kater's convertible, 12 

Nevton's use of, D 

Papers on the theory of, 7 

Bald's. IR 

von Sterneok'a, 24 

O.B. survey, 20 

variation in length of aeoonds, i 

yielding of support of, IS 
ParmaDent set, 53 
Picard's pendulum experiments. 9 
FieiomeCer (the), lie 
Poiaeaille's law, 209 
PoiMon's ratio, 73, 87, 120 
Foynting's gravitation experiments, 43 
Frawnre, effect ot, on rtsooslty, 917, 
219 
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Rhich's Cavendish experiraenl. 39 
Bepsold's pendulum, IS 
Be«olation of strain, 6& 
Beversible pendulum, theory of, 13 
Beversible thermal effects accompanying 

straio. 131 
Bioher, observationn on gravity, 20 
Bigidi^, co-efficient of. 83 

iD<>dulas of, 70 
Itlpple», measaremcnt of surface-tension 

by, 167 
Bods, stresses and strains of. 71. 73, 76, 

83, 85-102 

Babihe's pendulum, 23 
Sttlt solntioQB, viscosity of, 217 
BcbieluLllion experiment, 32 
Shear, 05 

angle of. 66 
Soap-bubbles, 143 



SolntioD 



191 



n o( boiling-point ot. 



of freeiing-point of, 1B3 

vapour preasnrs of, 190 
Spiral springs, 101-108 

eneigy of, 101-lOB 
Stability of cylindrical Glms, U7 

of loaded' pillar. 97 
Stemeek, von, Barymeter, 28 

half-seconds pendolntn, 24 

pendalam experiments, 3S 
Strain, 52 

anomalous effects of altematiog, on 



alterntion of micro- 

Eeqnent on, £9 
axes of, 64 
homogeneous, S2 

resolution of a, 65 
in relation to work, TO 



on barn. 71 
Stretched film. 144 

cooling due to stretching, !63 
Stretohed «ire, anomalous eSects on 

loading. J>8 
Sarface-tensioD, 137 

effects between two liquids, !79 

Id thick films, 178 
forces between 3 plates, due to, 1S2 
SDrfBce-tansion, Jaeger's method of 
measuring, 162 
oscillations of a spherical drop 

under. 160 
of thin lilms, 164 
measurement of by detachment of 
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